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Modelling and Controllability
of Plate-Beam Systems*

J. E. Lagnese'

Abstract

The purpose of this paper is twofold. First, a distributed param-
eter model for a dynamic elastic system consisting of a thin plate
to which a thin beam is rigidly and orthogonally attached to the
edge of the plate shall be developed, assuming that the centerline
of the beam is coplanar with the middle plane of the plate (in the
equilibrium state). Second, it is proved that the dynamical system
obtained 1s exactly controllable by means of controls applied along
an appropriate portion of the edge of the plate that excludes the
junction region between the plate and beam .
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1 Introduction

The purpose of this paper i1s twofold. First, we shall develop a distributed
parameter model for a dynamic elastic system consisting of a thin plate
to which a thin beam is rigidly and orthogonally attached to the edge of
the plate. In this model it is assumed that the centerline of the beam
is coplanar with the middle plane of the plate (in the equilibrium state).
Second, it will be proved that the dynamical system obtained is exactly
controllable by means of controls applied along an appropriate portion of
the edge of the plate that excludes the junction region between the plate
and beam.
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With regard to modelling of junctions between elastic bodies let us
mention in particular the Ciarlet-Dystunder approach that starts from the
equations of 3-d elasticity for a body that is “thin” in one or more of its
dimensions. Using either asymptotic expansions in the appropriate param-
eters or working directly from the variational equation for the 3-d body,
the junction conditions are obtained in the limit as the small parameters
go to zero; see the monographs of Ciarlet [1] and Le Dret [10] where this
method is systematically used to obtain junction conditions for a variety
of multi-body systems. When this approach is applied to bodies of differ-
ent dimensions it i1s usually required that the lower dimensional body be
embedded in some manner into the higher dimensional one. Therefore, in
the context of a plate-beam configuration in which the centerline of the
beam is coplanar with the middle plane of the plate, in the limit problem
the junction region appears as a slit in the middle surface of the plate (see
Gruais [3]). This geometry presents particular difficulties in the context
of exact controllability because of the poor regularity properties of solu-
tions of the uncontrolled problem in the neighborhood of the slit. This
lack of regularity does not allow for the application of multiplier methods
commonly used to derive the necessary observability estimates, since such
techniques can be justified only if it is known a priori that the solutions
are essentially classical. In contrast, in the framework presented below the
junction region appears as a part of the boundary of the middle surface of
the plate. The junction conditions are obtained from the very natural re-
quirements that the interface between the (three dimensional) plate and the
(three dimensional) beam be flat and that the displacements of the plate
match those of the beam along that interface, followed by linearizations of
the displacements of the plate about its mid-plane and the displacements
of the beam about its centerline.

Modelling of an elastic plate-beam junction is discussed in the next
section. The conditions arising from the requirement of continuity of dis-
placements at the interface will be referred to as geometric junction con-
ditions. These restrictions on the motion at the junction of course have
specific implications for the balance laws of linear and angular momentum
at the junction. The latter may, and will, be deduced from Hamilton’s
Principle, once the particular structures of the kinetic and strain energies
are specified, and they turn out to be nonlocal.

In Sections 3 through 5 we study exact controllability of our plate-
beam model. Tt is proved that such a system is exactly controllable (in
an appropriate function space) by means of controls acting in either the
geometric or mechanical boundary conditions along a certain portion of
the edge of the plate that excludes the junction region. Let us remark
that the methods employed below could also be used without essential
new difficulties to treat more general configurations such as a plate with
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several beams attached to the edge of the plate, or even a plate to which
is attached a network of rigidly joined beams (cf. [6]). We note also that
exact controllability of a plate-beam distributed parameter model, but one
of a completely different character than that considered below, has been
established by Puel and Zuazua [15]. The reader is also referred to the
paper [14], which motivated the present study, where exact controllability
of a model of an elastic string connected to an elastic membrane (or, more
generally, to an n-dimensional body modelled as an n-dimensional wave
equation) is proved.

2 Modelling of a Plate-beam Junction

2.1 Geometric junction conditions

We begin by considering a thin plate of uniform thickness k. Points within
the plate will be denoted by coordinates (z, y, z) with respect to the natural
i,j,k basis for IR3. It is assumed that the plate has a middle surface
midway between its faces which, when the plate is in equilibrium, occupies
a bounded, connected region 2 of the plane z = 0. Let v(x) denote the
unit exterior normal vector to , := JQ at x and 7(x) be the positively
oriented unit tangent vector at x, whenever these vectors exist.

Let e1,es,es be a fixed orthonormal basis in IR?, xo € IR?, and let
w be a bounded, simply connected closed set in IR? such that 0 € int(w)
and which is doubly symmetric with respect to the origin, i.e., (7,{) € w
implies that (—n,() € w and (1, —¢) € w. The undeformed beam, in its
reference configuration, occupies the region

{xo0 +&er +nes +Ce3| 0 < E <L (n,¢) €wl

The centerline of the beam i1s xg + &£eq, 0 < & < £, and the cross-section at
Xg + £eq 1s defined to be

A ={nes +Ces| (n,¢) € w}.

We impose the following assumptions:
(A1) xg €, and 7(xg) exists.
(A2) e; = v(x0), €2 = T(xp), €3 = k.

(A3)
h
w={mOlnl< 5. 1Kl < 3
(A4) Set
Ja = {xo + nr(xo)| In] < S}
Then J, C, .
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The region Jo X (—h/2, h/2) is the junction region. The above assump-
tions mean that the junction region is flat, that the beam is prismatic and
its centerline is orthogonal to ; at xg and lies in the zy-plane. In terms of
the e; basis, the junction region is given by

o h
xo+nex + e, |0l < 3, [¢l <3

and we may think of the beam as being “glued” to the plate along the
junction region. The assumption (A3) that the cross section w of the beam
be rectangular is unessential. At the cost of a slightly more complicated
formalism, we may just as easily consider beams with doubly symmetric
(with respect to the origin in IR?) cross sections.

We denote by R(z,y, z) the position vector to the deformed position of
the material particle in the plate which is located at (#,y, z) when the plate
is in equilibrium, and by W (z, y) the displacement vector of the material
particle which occupies position (#,y,0) in the mid-plane in equilibrium.
Similarly, r(&, n,¢) will mean the position vector to the deformed position
of the particle originally at position xg + £e; + nes + (es of the beam in
equilibrium, and w(&) the displacement vector of the point xo + &ey of the
centerline. We now proceed along the lines of [7]. Let i,j,k denote the
natural basis for IR®. Assume that we may write

R(x,y,2) = R(z,y,0)+ zR,(#,y,0) + O(zz)
=zi+yj+ W(z,y)+ 2R, (z,y,0)+ O(zz),

r(&,n,¢) =1(£,0,0) 4 nr,(£,0,0) + (re(£,0,0) + O +¢*)
=x0 +€e1 + w(&) + nr,(€,0,0) 4+ Cre(€,0,0) + O(n* 4+ ¢7),

where R, (2, y,0),1,(,0,0),r:(£, 0, 0) satisty the following assumptions (the
subscripts denote differentiation).
(A5) There is an orthogonal matrix Oy (£) with det O1(€) = 1 such that

I‘n(f, Oa 0) = Ol(g)eZa I‘C(ga Oa 0) = Ol(g)e3~

(A6) There is an orthogonal matrix Os(z, y) with det Os(z, y) = 1 such
that

R.(z,y,0) = Oz(z, y)k.

Assumption (A5) means that cross-sections of the beam move rigidly, while
(AB) is the hypothesis of Reissner-Mindlin plate theory that filaments of the
plate orthogonal to the mid-plane in the equilibrium configuration suffer
no strain under deformation.
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Since every orthogonal matrix of determinant unity is the exponential
of a skew-symmetric matrix, we have

Or=expSi = I+5S5, Oy=expSy =1+ 5,

0 —v3 s 0 —¢3 o2
St=| s 0 =1 ], S2=1| ¢3 0 —-¢
-2 Y 0 —¢2 1 0

It follows that

R(x,y,2) ~ (zi+ yj + zk) + W(z,y) + z(¢2(z, y)i — ¢1(z, v)]))
= (it g+ 2K+ W) + (),
where ¢ = ¢»1 — ¢1], and, similarly,

r(&,n, Q) ~xo+Eer +nes+Ces+w(&) +n(vies —Pser) +((Pae1 —thres).

Thus the respective displacement vectors of the points (z,y,z) and xq +
£eq +ney + Ces within the plate and beam, respectively, are approximately
given by

W(z,y)+ z¢p(z,y)
and

w(&) + n(1(Ees — s(&)er) + ((Wa(E)er — Pi(€)es).

The “angles” 1y, ¢; have the following interpretations: ; is a torsional
rotation about the e; axis, ¥, and 13 are rotations about the e; and es
axes, respectively, corresponding to the bending of the beam in the ejes
and eje; planes, respectively. Similarly, ¢; and ¢, are the rotation angles
about the i and j axes, respectively, associated with the bending of the
plate.

Remark 2.1 Assumption (A5), which requires that cross-sections of the
beam move rigidly, is not entirely consistent with the introduction of torsion
since the latter may introduce cross-sectional warping. The inclusion of
warping effects would result in the addition of a term x(n,{)¥1(£)e; to the
last expression for the approximate displacements of the beam, where the
function x(n,¢) is the related to the Saint-Venant warping function of the
cross-section; see [5]. However, warping is considered negligible if the beam
is thin and the torsional rotation is small, which is the situation considered
below.

We now define the geometric junction conditions. Consider a point
Xy + n7(Xx0) + zk within the junction region. We require that
W(xo +n7) + 2¢(x0 + 17)
=w(0) +n(¥1(0)es —¥s(0)er) + z(v2(0)er — ¥1(0)es),

«

h
= 2.1
<5, lel<g, (20
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where 7 = 7(xp), that is

Wi(xo +n7) = w(0) + n(¥1(0)es — ¢3(0)er), }
d(x0 +17) = P2(0)er —1(0)es, |n| < 3.

Conditions (2.2) are of rigid type. They are linearizations of the require-

ment that the displacements of the plate and beam match throughout the

junction region.

Write

(2.2)

w = ue; +ves +wes, W=Ui+Vj+ Wk := U+ Wk.
Then (2.2) may be written
v - Ulxo +17) = u(0) — n¢5(0),
7 U(xo + n7) = v(0),
Wi(xo +n7) = w(0) +7¢1(0),

$lxo+17) = $(0), |n]< 3.

(2.3)

where b = yae1 — 1e2 = av(xg) — Y¥17(xg). Note that in (2.3) the
quantities W, ¢, w, 11, 1s related to transverse motion are not coupled to
the quantities U, u, v, ¥3 related to in-plane motion.

2.2 Dynamic conditions

The geometric junction conditions related to transverse motion are

W(xo + n7) = w(0) + 511(0),

o (2.4)
D(xo +07) = $(0), Inl <5
The dynamic conditions will be obtained from Hamilton’s Principle:
T
5 / K(6) = S(1) + WD) di = 0, (2.5)
0

where K and & represent the kinetic and strain energies, respectively, of the
plate-beam system, W is the work done on the system by external forces
and 6 denotes the first variation with respect to the class of admissible
displacements. The latter must obey, in particular, the geometric junction
conditions (2.4). They must, in addition, satisfy any other geometric re-
strictions that are imposed on the motion. Since W, ¢, w, 1,12 are not
coupled to the quantities U, u, v, 13 in the geometric junction conditions,
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they will likewise not be coupled to them in the dynamic conditions, at
least under the further geometric restrictions which we may impose be-
low. Therefore, in considering (2.5) we need only take into account those
portions of K, P and W that are connected to the transverse motion.

We assume that Q has a Lipschitz continuous boundary , =, yU, pUJ,
where | n, , p and J are relatively open in , and mutually disjoint. The
part , p corresponds to Dirichlet (geometric) boundary conditions

W=0, ¢=0 on, p, (2.6)

while |, n corresponds to Neumann (mechanical) boundary conditions. We
further assume that J is connected and that J, C J. The part J —J, may
be either free, or it will be geometrically restricted in the following manner.
Since 0.J4 = xg £ (o/2)7(x0), the set J — J, may be uniquely partitioned
into two disjoint, connected sets ch such that

Xp £ %T(Xo) cJt.

Let oy, i = 0,1, be C§°(J) functions such that o; = 1 on J,. It is required
that

W = oo[w(0) + %%(0)],

¢ = o19p(0), on ch.

These conditions require that the displacement W and rotations ¢ along
J change smoothly from their values on J, to zero, and give prescribed
profiles to these quantities along ch. We refer to Puel-Zuazua [14], where
a similar boundary condition is introduced in a string-membrane problem
in a neighborhood of the point where the string meets the membrane. Note
that (2.4) and (2.7) may be combined to read

W(x) = oo(x)[w(0) + A(x)¥1(0)], }
P(x) = o1 (x)(0), x € J,

where the continuous, piecewise linear function A is given by

(2.7)

(2.8)

Ax) n if x = xo + 97(x0) € Ja,
x) =
+a/2 ifxe JE

Thus the geometric conditions which the admissible displacements must
obey are (2.4) and (2.6) when J — J, is free, or (2.6) and (2.8) otherwise.
We write

K=Kp+Kp, §=8p+S8p, W=Wp+ W3,
7
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where Kp and Kp are the kinetic energies of the plate and beam, respec-
tively, and similarly for Sp, Sp and Wp, Wg. We assume that the plate
and beam are homogeneous and elastically isotropic. Implicit in our as-
sumptions and in the approximations of the last section is that the energy
of the plate is that associated with Reissner-Mindlin plate theory, while
Kp and Sp are given by (see [5] or [7, Appendix])

1 ff : :
K= [ (alil + Ll + 111]") de. (29)
0

where "= 0/0t, py is the mass of the beam per unit of reference length,

aZ 2
Ioz = T Ig = Ta) I= Ioz 1 ;
P25 18 = P2y +1p
and
1/t .
Sp = 5/ (GM L) + BEaMg|[vh|* + Ka|w' + ¥s]?)) dé,  (2.10)
0

where E5 is Young’s modulus of the beam, K3 is its shear modulus in
bending in the ejes plane, (G is its modulus of torsional rigidity and
aZ 62
My=A—, Mg=A—, M =M, + Mg,
120 0T + Ve
A = af denoting the cross-sectional area.
The kinetic energy of a Reissner-Mindlin plate is (see, e.g., [8, Chapter

1))

1 . .

Kp = 5/ (W2 + 1P a2 (2.11)
Q

where and p; 1s the mass density of the plate per unit of reference area and

Iy = p1h?/12. To express the strain energy Sp we introduce (following

Tucsnak [17]) the following notation. Let A denote the set of two by two

symmetric matrices, and C' : A — A be the second order tensor defined by

Bk
= -2
where 7 is the identity in A, F; is Young’s modulus of the plate and p; €

(0,1) is Poisson’s ratio. For any function u : IR? — IR? with du;/dz; €
L2(), set

Cle] [H1(e11 4+ €22)T + (1 — py)e], Ve € A,

g(u) = %(Vu—l— (Vu)") = %(61@/8@ + Ju;/0x;).

8



PLATE-BEAM SYSTEMS

Then S8p may be expressed as

1

Sp =3 / [(CTe(@)), () + K1 [VW + ] d2,
Q

where for ¢,n € A, (n,€) = > nijes; and Ky is the shear modulus of the
plate.

To obtain the work done on the plate-beam system the applied forces
have to be specified. Let Fp(x,y, z) be a distributed body force act-
ing on the plate and fp(x, y,z) be an edge force distributed along , y x
(=h/2,h/2). The work done on the plate by these forces is approximately

h/2 B2

/ﬂf‘p~(W—|—z¢)dez+/ /pr~(w+z¢)d,dz.

—h/2 —hj2J,

Consider the resultant forces

2 w2
Fp(x,y) = / Fpdz, fp(x,y)= / fpdz,
—h/2 —h/2
and moments
2o 2
Mp(z,y) = / zFpdz, mp(x,y) = / Apdz.
—h/2 —h/2

The portion of the work done on the plate related to its transverse motion
may then be written (see, e.g., [8])

WP:/Q(F1W+M1~¢)CZQ+/ (AW +mi-¢)d, . (212)

y N

where

Fi(e,y) =k -Fp(z,y), filz,y) =k -tp(x,y),
M; =1 -Mpli+(j-Mp)j, m; =i -mp)i+ (j -mp)j.

Similarly, let Fg (&,1,¢) be a distributed body force acting on the beam
and f5(7, {) be a force distributed over the cross-section at £ = ¢. The work
done on the beam by these forces is approximately

/0 / i - (w(€) + n(t1(E)es — ¥s(E)er) + C(Ya(€)er — t1(€)en)) duwde
+ / fp - (w(l) + n(e1 (Oes — ¥s(£)er) + C(Wa(L)er — 1 ()es)) dw.

9
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Consider the resultant forces
FB(f) = / FB dw, fB = / fB dw,
and set

Ms(8) = /(Cez ‘Fp —nes-Fp)dw, Ma(f) = / Cei - Fpdw,

Moy = /(Cez £ — nes ~f3)dw, Moy = / Cer - fpdw.

The quantity M»1 is a twisting moment around ey, Msy» is a bending mo-
ment about es; and similarly for ms; and mss. Then the portion of the
work done on the beam related its transverse motion is

¢
Wp = / [Fow 4+ My - (Y1e1 + yrer)] dé
0

+ fow(l) + my - (Yre) +1Paer)(f), (2.13)

where

Iy =k -Fg, fo =k {5,
My = Maier + Mazes, my = mare; + maoses.
We are now in the position to calculate (2.5), where the variation is
taken with respect to displacements satisfying (2.4) and (2.6) if J — J,
is free, or (2.6) and (2.8) otherwise. We discuss only the latter situation,

since this is the one which will be considered in subsequent sections. In the
calculation we utilize the identity

A@M@M@»ﬂ:—évﬁMCMﬂMQ
+/v«qmmm¢.(m@

)

The following equations of motion and boundary conditions are obtained.

Equations of motion of the plate:

W — K div(VW + ¢) = Fy, } 15)
. 2.15
Ing — divCle(¢p)] + K1 (VIV 4+ ¢) = M;.
Boundary conditions along , y:
(2.16)
Cle(@)ly = my;.

10
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Equations of motion of the beam:
a0 — Ka(w' + ¢2) = F,
Tty — Ba Mgtf + Ko(w' + t5) = Moo, (2.17)
[y — GMY] = May.

Boundary conditions at £ = /:
Ka(w' +12) (L) = fo,
EzM@’l/)/z(E) = Ma2, (218)
In addition, we obtain the variational junction condition
0= / [45 (Cle(P)lv) + Ky W(VW + @) - v| d,
J
— GM Y5 (0)41(0) = E2Mps(0)92(0) — Ka(w' + ¢2)(0)w(0)  (2.19)

for all test functions W, ¢, w, 1 which satisfy (2.8), where W = thoe; —thres.
We may deduce from (2.19) the following junction conditions.

Dynamic junction conditions:
J
—o1ey - (Cle(@)lv)}d,

EoMgips(0) = /Jo'lel (Cle(p)v) d, | (2.20)

Ko(w' +12)(0) = Ky / oov - (VW + ¢)d, on J;
J

in which it should be recalled that e; = v(xp), ez = 7(x0).

If desired, one may in the same manner obtain the equations of mo-
tion and boundary and junction conditions for the components U, u, v, 13
related to in-plane motion of the plate-beam system.

3 Controllability

In this section exact controllability of the plate-beam system will be stud-
ied. Only controllability of the subsystem for W, ¢, w, 1 will be considered,;

11



JOHN E. LAGNESE

however, a similar analysis could be carried out on the subsystem for U, u, v
and 3. Controls are to be applied through the boundary conditions of the
plate only. Two cases will be considered: (i) controls are applied through
Dirichlet boundary conditions and there are no mechanical boundary con-
ditions, or (ii) controls are applied through the mechanical boundary con-
ditions on , . The latter situation is more interesting than the former
from a physical point of view, but is technically more complex.

Without loss of generality, we may assume that all distributed forces
and moments vanish, as do those at the free end of the beam. (Once
the reachable set of the homogeneous problem is identified, that of the
inhomogeneous problem is also known.) The system to be considered may
then be written

W — Ky div(VIV + ¢) = 0, }
(3.1)

Ind — div Cle(¢)] + KL (VW + ¢) = 0;

par — Ko (w' 4 ¢2) =0,
Ioths — EaMa + Ko(w' +1b5) = 0, (3.2)
Iy — GMyY = 0;

Koy (w' +1h)(€) = E2Mpipy(£) = GMY () = 0; (3.3)
W=0, ¢=0 on,:=, p; (3.4)
W = oo[w(0) + A1 (0)], ¢ = o14p(0) on J; (3.5)

—oiez - (Cle(@)]v)Hd,
EMy040) = [ mrer - (Cleolw)d,.

J

Ko(w' +12)(0) = Ky / oov - (VW + ¢)d, on J;
7

When controls are applied in the Dirichlet boundary conditions, the re-
maining boundary conditions are

W=Ff ¢=mon, :=, —,0—J, (3.7)
12
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where f and m = myi+msj are the controls. When the controls are in the
mechanical boundary conditions the remaining boundary conditions are

Ki(VW+¢) v=Ff Ce(¢d)lv=m on,:=,n. (3.8)

To complete the description of the system, initial conditions are specified:
W=w" W=Ww' ¢=9¢" ¢=¢

(3.9)

w:woaw:wla 1/)22 ?a 1/)221/)21 att:oalzlaQ

3.1 Description of results

The region €2 is open, bounded and connected with a Lipschitz boundary
, = ,0U, 1 UJ consisting of a finite number of smooth arcs. The sets
, 0, , 1 and J are relatively open in , and mutually disjoint, J is connected
and ,_1 NnJ=0.

For s > 0 we set

H(Q) = H*(Q; (i) D H* (2 [§]) D H* (2 [K),
H0,6) = H* (0,6 [er]) @D H* (0, 6 [ea]) D H*(0, £; [e3]),

where [e] denotes the linear span of the vector e. Let
B = goi—1j+ Wk = ¢+ Wk eHQ)
and
W = tpse; — hrey + wes := 1 + wesz € (0, ).
We define the norms

1/2
1@ l30() = [/ﬂ (P IW1* + Inlo]*) dﬂ] ,

1/2

¢
| ||200,0) = l/ (P2|w|2+fa|1/)2|2+I|1/)1|2)d€] ;
0

and we set

H =H"(Q) x ®H°(0,¢)

with its natural product topology. For s > 0 the norms on H*(£2) and
H?(0,£) are those induced by the corresponding H?® spaces with their stan-
dard norms.

Let 7 be a nonempty, relatively open subset of , — J, and consider the
set

H#(Q) ={® cH'(Q)|® =0 on~}.

13
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For ® € H#(Q) we set

1/2
(@l = { [ [(Clto o) + KT 407 an)
According to Korn’s Lemma, ||- ||H‘ly(ﬂ) defines a norm on H#(Q) equivalent
to that induced by H'(Q). We further introduce
V,={(®,¥)|® cH(Q), ®eH (0,() and @ = c¥(0) on J},

where ¢ is a 3 by 3 matrix which with respect to the e, es, e3 basis is given

by

01 0 0
g = 0 g1 0
0 _O'OA (o]

Note that the condition @ = o ®(0) just expresses the geometric condition
(3.5). We define a norm on V, by setting

@, ®llv, = {I®1F )

P 1/2
+ {/ (GM 3 ° + ExMp|ts|* + Ko w’+¢z|2)d€} :
0

The Hilbert space V, is dense in H with compact injection, so that if H is
identified with its dual space we have the compact embeddings V, C H C
V., where V. denotes the dual of V.

We denote by (®°, ®°), (@', ®') the initial data (3.9), i.e.,

3" =¢"+ W%k, & =¢'+W'k,

B0 =% + wles, B = + wles.
We also set

f=mii+moj+ fk
and
U= ;DL )DL i KD,

The next two theorems concern the well-posedness of the control problem.

Theorem 3.1 (Well-posedness of Dirichlet control problem.) Let vy =, —
J and suppose that

(@", ¥ eH, (8", ®) eV, feL?0,T;U).
Then (3.1)-(3.7), (3.9) has a unique solution
(. ®) € C([0, 7] H)NCH([0, T]; V).

14
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Theorem 3.2 (Well-posedness of Neumann control problem.) Assume

that , o # 0 and that
(@", ®°) e H, (&', ®")eV' 6 fel’0,T;U).
Then (3.1)-(3.6), (3.8), (3.9) has a unique solution
(®,®) € C([0,7); H)nC*([0,T]; V' ).

Remark 3.1 The assumption in Theorem 3.2 that , o # @ is unessen-
tial, but if , o = @ we need to replace the norm on V by (||(®, ®)||} +
Jo |®12d2)1/2.

Suppose that ®° = &' = 0 and ®° = ¥! = 0. For 7' > 0 set
Ry = {((B(T), ©(T)), (B(T), ¥(T)))|f € L*(0,T;U)}.

In order to say something useful about Ry we shall need to impose geomet-
ric restrictions on , . We therefore assume that there is a point x5 € IR?
such that

(x —%0) v <0 forx€,o, (x—%0)-v<0 forxeJ. (3.10)
Set
T ={xe,il(x=%0)-v>0}, ,7 ={x€,1|(x—%0) v <0}

When the controls act in the Dirichlet boundary conditions, one may as-
sume without loss of generality that | 1" =, or, to say the same thing,
that the controls f are supported in 1", which amounts to redefining | ¢
to be , o U, | . However, when the controls act in the Neumann boundary
conditions the explicit assumption

(x —%¢)-v>0 on, (3.11)
1s needed.

Theorem 3.3 (Dirichlet boundary control.) Assume that (3.10) holds and
let v =, —J. Then there is a time Ty > 0 such that Rp = H x VW’ for
T>1Tp.

Theorem 3.4 (Neumann boundary control.) Assume that (3.10) and (3.11)
hold, that , o # O and that , o and , | either do not intersect or else in-
tersect in a strictly convex corner. Then there is a time Ty > 0 such that

V.o x HC Ry forT >Ty.

15
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Remark 3.2 One may eliminate the geometric condition (3.11) in Theo-
rem 3.4 but at the expense of enlarging the control space and working in a
weaker state space. For example, if one admits controls in the space

(10, T5U4)) P 10, T ), (3.12)

then one may prove that H X V’D C Ry for T large enough, without
assumption (3.11). In (3.12),

Uy = G EDED LG HEDED LG T3 KD,
KD = GEDEC IO HE 1K)

The proofs of Theorems 3.1-3.4 are given in Section 5. In the next
subsection the observability estimates needed to prove Theorems 3.3 and
3.4 are presented.

3.2 Observability estimates
We consider the problem

p1 7 — K1 div(VZ + ) =0,
) (3.13)
Ing — divCle(p)] + K1(VZ + @) = 0;
pzé — [(2(2/ + 92)/ = 0,
105 — Es Mg + Ko(2' + 02) = 0, (3.14)
16, — GM#} = 0;
Ko(2' + 02)(0) = Es Mg, (0) = GME;(¢) = 0; (3.15)
Z =0, ¢ =0 on, g; (3.16)
7 = og[z(0) + A01(0)], ¢ = 010(0) on J, (3.17)
where 8 = fse; — 01 e9;
GME(0) = /{le\aol/ (VZ 4+ )
J
—o1ez - (Cle(p)lv)}d,

(3.18)

EMyti(0) = [ mrer (o).

Ks(2' + 62)(0) = Kl/ oov - (VZ+9)d, onJ;
J

16
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and either

Z=0, p=0on,;:=, —,0—J, (3.19)
or
Ki1(VZ+9) v=0, C(le(p)lv=0 on, ;. (3.20)
The initial conditions are
2=2° Z2=2' ¢o=¢° ¢=¢', }
e

z2=2" =2zt 0:00,9:01 at t = 0.

bl

(3.21)

As in the last section, we define
E2=p+ 7k, © =20+ zes,

and 2, 2", ®°, ©®' with obvious connotations.

The Dirichlet initial-boundary value problem (3.13)-(3.19), (3.21) and
the Neumann problem (3.13)—-(3.18), (3.20) (3.21) have simple variational
formulations. Let

:¢+2k, @:é—l—feg,

[

and assume that

(A (:)) Vo wh { , —J for Dirichlet BC on , 1,
=, €V, where v =

, o for Neumann BC on , ;.

We multiply the two equations in (3.13) by Z,gb, respectively, add the
products and integrate over 2. Similarly, multiply the three equations in
(3.14) by é,éz and él, respectively, add the products and integrate over
(0,¢). By adding the integrals over £ and over (0,£) and then carrying
out appropriate integrations by parts, utilizing (2.14), we obtain (this is
implicit in the manner in which we derived the system in the first place)

((E’ G)’ (é’ é))H + ((E’ G)’ (é’ é))v‘y =0, V(é, é) € V%
(2,0)+ AE,0) =0 in V], (3.22)

where A is the Riesz isomorphism of V, onto VW’. We may now apply
standard variational or semigroup theory to conclude that the initial value
problem for (3.22) has a unique solution with the following regularity:

((EO’ GO)’ (El’ 61)) eW—= ((E’ G)’ (E’ G)) € C([Oa OO); W)a

17
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where W stands for any one of H X VW’, Vy x H or Dy x V,, and where
Da={(E,0) e ,|AE 0) e H}, [I(§ 0)lp, =IAE, 0|

Moreover, the solution is given by a unitary group in all cases:
I((E(t), ©1)), (E(t), ©W))llw = [|(E", ©°),(E", 0))|lw, t>0.

Remark 3.3 It may be verified through integrations by parts that

Da D {(E,0)|(E,0) € (H*(Q) x H*(0,6))N V5,

(2, ©) satisfy the dynamic junction and boundary conditions}.

The injection of H?(Q) x H?(0,¢) into D4 is continuous and

[

(A(2.0).(2.0))n =~ [ {ldiv Cletoll - Ku(VZ +9)) ¢

£
+ Ky div(VZ 4+ )2} dQ — / {GMO 6,
0
— [BaMp0lf — Ko(2' 4 05))09 + Ko(2' + 02)'2} dQ2.
On the other hand, it follows from results of Nicaise [13] that under the

stated assumptions on the region @, an element (E,@) € D4 has the
following spatial regularity:

EEH(Q), Vs < sp, s <2, for some sg > 3/2, (3.23)

in the case of Dirichlet conditions on , 1, and also in the case of Neumann

conditions on , 1 provided , g and , 1 either have an empty intersection or
else intersect in a strictly convex corner. If | ¢ and , ;| meet in a nonconvex
corner, (3.23) holds for all s < sp, s < 3/2, for some sq > 5/4. Since
dim(£2) = 2, it follows from a Sobolev imbedding theorem that

= € O i) PO (@ i) € 0 (X [K])

all @ € (0,s — 1] [2, Theorem 1.4.5.2]. With regard to @, we have © €
H12(0,¢). The injection of D4 into H*(Q) x H?(0, ) is continuous.

The main results of this section are the following a prior: estimates.
Proposition 3.1 Let the hypotheses of Theorem 3.3 hold and suppose that

(B, 0% e Dy, (E,0YH eV,

18
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There is a constant Ty such that if T > Ty, the solution of (3.13)-(3.19),
(3.21) satisfies

I((E", 0%, (", 0)l[}xn

saﬂéﬁrw

AR

d¥
ov

ICle(@vl* + K

bl

wherer =x —xg and 1 =, 1 x (0,7).

Proposition 3.2 Let the hypotheses of Theorem 3.4 be satisfied and sup-
pose that
(EO’ GO) € Da, (El’ 61) eV,

There is a constant Ty such that if T > Ty, the solution of (3.13)-(3.18),
(3.20), (3.21) satisfies

(2%, 0°), (E", @))lfiy, xa < C(T)/E (r-v)|E*dx.
The following is an 1immediate consequence of Proposition 3.2, using

the idea of “weakening the norm” (see, Lions [12]).

Corollary 3.1 Let the hypotheses of Theorem 3.4 be satisfied and suppose
that
(=, 0Mev,, (E,0")cH.

There is a constant Ty such that if T > Ty, the solution of (3.13)-(3.18),
(3.20), (3.21) satisfies

(& 0. (. " lfiery, < 1) [ (v as,

4 Proofs of Propositions 3.1 and 3.2

Our starting point for the proofs of both propositions is an identity from
[4, Lemma 3.3.1] that may be stated as follows.

Lemma 4.1 Let E = ¢+ Zk and assume that  satisfies (3.23) for some
s> 3/2. Then

/ﬂ{(chr) [div Cle(w)] — K1(VZ + )]

+ Ki(r-VZ2)div(VZ 4 )} dQ = K, / (VZ+ @) pdQ
Q

1

— 5 [ (CE@Lete) + K12+ o) d

)

+ / {(Ver) - (Cle(@)) + Ki(x - VZ)VZ 4+ ) vid, . (4.1)

)

19
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Remark 4.1 If s < 2, the integral on the left may be interpreted (on a
term-by-term basis) in the duality between H27*(Q) and H*~2(Q) since,
for s > 3/2, H*=Y(Q) C H>*~*(Q) = HZ*(Q). All of the other integrals in
(4.1) are well-defined. The constant Ky in (4.1) is arbitrary, but we shall
shortly use this identity with = a solution of (3.13).

Later on we shall also need the following identity which, when K; = 0, is
a generalization of Lemma 4.1 from the radial vector field r to an arbitrary

vector field h.

Lemma 4.2 Leth be any W™ vector field in Q and @ = @1i+paj, where
p; € H5(Q2) for some s > 3/2. Then

[ (7eb) - divCeN a0 = —5 [ - w)(CEe) (o)) o

+ [ (el Cleevd. - [ averan, @)

)

where Q(V) is a quadratic form in ¢; ; == Op;/0x; given by

Dy

Q) = SHI(6 s — 0ha) + 5 (1= )by — £ al(hus — o)

+ hi 2l 1((1+ p)w21 + (1= p1)e12) + 202 202 1]
+ ho1fp22((L+ p1)pr2 + (1= pa)pa1) + 201,191 21},

where Dy = E1h3/12(1 — u3).
Proof: From Green’s formula (2.14) we have

[(7eb) - div (o) an = - [ (- w)(CEe). (Vo)

)

+ [(Teb)-Cletolvd..
so to prove (4.2) we need to calculate (Clz(¢)], e(Veh)). We have
(Cle(@)], e(Veeh)) = Di{p11(Ver -h) 1+ 925(Vips -h) o
+p1lp11(Vpa - h) 1+ ¢29(Ver - h) o]
5= m)pra+ 92, )[(Ver 1)+ (Vo )]}

2
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A lengthy, but straightforward, calculation shows that the right side of the
last equality may be written

Dy . 1
71 le{h[(@%@ ‘Hog,z) +2u101,102,2+ 5(1 —p)(p1,2+021) M+ Q(Ve)

D, .
= 71 div{h[(e]; + €35 + 2p1£11622 + 2(1 — p)eds]} + Q(Ve)

_ % div{h(C[e(¢)], 2(¢))} + Q(V ),

from which Lemma 4.2 follows.
We need to rewrite the integrals over , in (4.1) in forms more suitable
for proving Propositions 3.1 and 3.2. We have on

(Ver) - (Cle(o)]v)

= 022 (Clele) + (0 1) 9 (Clelly) (143)

and
Op _, 00 0%
dr; gy t or’ (4.4)

where v = (v1,v2), T = (11, 72) = (—v2,11). Write Cle(e)]v in terms of
normal and tangential components:

Cle(@v = Cul@v + Cr(0).

It may be verified from (4.4), after some calculation, that

B O O
1—p)D 0 0
c,(cp):%[r.a—‘}ru.a—f], (4.6)

where Dy = E1h3/12(1 — p?) is the flexural rigidity of the plate. Therefore

o2 _(,. 92\, (,.2¢
v \" )" )7
O O

1 2
=D [C’,,(cp)l/ + qCT(CP)T] ST SV =V ST

Insertion of this expression into (4.3) yields

(Vo) (Cletoll) = 9 { - [IGut@)F + 210

— (i Gt B ) - (Cl@)  + 1) 52 - (CEo)
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Another rather lengthy calculation show that on |

2
L=y

(Cle(p)] () = D% Cu(e)” + ICr(cp)lz]

2

)
+ Di(1 = pf) |- ar (4.7)

In addition,

(0 VIV +9) v =@ D(TZ+9) v v o(TZ+p) V]
4
or

IVZ+ o> =(VZ+@) v’ +|(VZ + ) 7|°.

+@x- 1) —(VZ+¢) v,

Therefore

1

-3 [ (ol el + KilTZ 40P}

+ [ {Te0) (CE@W) + K- T2)(TZ 4 ¢) v} d

=5 [eo 5 Jleer + ]

2
ov
Dil=pd) | Op|*, Ki|0Z :
_/(P.V){ 2 T or + 2 6T+CP.T

+ Ki(p - ) (VZ+ ) v

+ /(I‘ - T) {3_90 (Cle()v) + K1 g—f(VZ + ) 'V} d,. (4.8)

This last expression will eventually be used in the right side of (4.1)
Two other simple identities that will be needed are

/ﬂ o [divCl=(9)] - K1(VZ + )] d,
- /ﬂ (Cl(@). () + Krp- (VZ + )] d.

4 / - (CE@W)d,, (49)
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and
/ZdiV(VZ—I-QO)dQ:—/VZ~(VZ+<p)dQ
Q Q

+/Z(VZ+<p)~Vd,. (4.10)

)

Now suppose that = is a solution of (3.13) with regularity
EcC(0, TR Q) NCH0, T, HTHRQ)), s>3/2.  (4.11)
We integrate the left side of (4.1) with respect to ¢ from 0 to 7. Thus

T
| [Fen v cen - 5172+ )
+ Ki(x - VZ2)div(VZ + @)} dQdt

:/OT/Q{Ih(chr)~g"o—|—p1(r~VZ)Z} dQdt

:Oz1(t)|g—/()T/ﬂ{fh(vsbr)'¢+P1(P'VZ)Z} dS2dt,

where
ai(t) = /Q[Ih(Vgor) o+ pi(r-VZ2)Z]dSQ.

One has

| (Ton) paa =3 [ ivelel’) - 206 a0

1 ) .
5/(P'V)|<P|2d, —/ |p]*d2
, Q

and, similarly,

/ﬂ(r.vz')z'dsz: %/(r.y)|z'|2d, _/ |Z|2d6.

Q

)

Therefore
/Q (Ver) - {div Cle()] — Ki(VZ + )
+ Ki(x-VZ)div(VZ + @)} dQ

= + | [pI22 4 1igk] d

-5 L) 128+ Blef] 4z, (1)
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where @ = Q x (0,T) and X =, x (0,7). Substitute (4.12) into the left
side of (4.1) and (4.8) into the right side of (4.1) (after integrating (4.1) in
t). We obtain
@+ [ [nl2F + 11eP] da - i [ (V24 ) a0
Q Q
1 212 12
=5 [ o) [l 21 + alel] d=
b

Lo {5 loor + Zoicer]

1

_|_

2
}dz

2

G
ov v

_/E(r.y){w‘,g_f

+ Ki(p - ) (VZ+ ) v

s (i G2 20 ) (e fas

+ K

+ /E(r - T) {g—f (Cle(@)v) + K1 g—f(VZ + ) 'V} d¥. (4.13)
One also has

/ o - [AV(CE(R)) — K1(VZ + 9)]dQ = an(t)[T — T, / 9[2dQ,
Q Q

Ki [ 269(V7 +0)dQ = as(oll 1 [ 17140,
Q Q
where
as(t) = Ih/ - pdQ, as(t) = pl/ 77 dS.
Q Q

Use of the last two relations in (4.9) and (4.10) yields
ax(t)f + [ [(CT(ol) =(e)) ~ Tlol)dQ
Q
+E [ o (VZ40)dQ= [0 (CEe) s, (110
Q by
and
as()[F = pr / |Z]2dQ + K, / VZ - (V7 +¢)dQ
Q Q
= Kl/ Z(VZ + ) vdS, (4.15)
b
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respectively.

Let 0 < § < 1. Multiply (4.14) and (4.15) by 1 =6 and by &, respectively,
and then add the product to (4.13). We obtain the following expression,
where & = a1 + (1 — §)aa + bavs:

a(OIF + /Q (1= )l 217 + 1|3 + (1 — 8)(Cle(p)), ()
LK, (V2] — |ol?)}dQ
=3 L@ [l + 1ol a

e {3 o+ e

2
+ K3 6—Z—|—<p~1/ }dZ
ov
Di(1—pd) | dp|" K |0Z :
/E(r V){ 2 T or 2 6T+(p T

+ Ki(p - ) (VZ+ ) v

s (i G2 Z20) (Ol fas

+ /E(r - T) {g—f (Cle(e) ) + Klg—f(VZ—i— ) ~I/} d¥

+ /E{(SKlZ(VZ +) v+ (1-8)¢ (Cle(e)v)}dE

=Is,+7Ix,+1Ix,,

where Iy, Iy, and Zx, denote integrals over £y := , ¢ x (0,7), ¥y :=
,1x(0,7) and £y :=J x (0,T), respectively. If = satisfies (3.16), then

1 1 ) 2 o oz
ro, =5 [ ">{D1 (Gl + iG] + 10 [5| fas

When E satisfies the Dirichlet boundary conditions (3.19) on X, then

=3 | 1<r~v>{Dil[|cu<so>|2+ RO E Y }dZ.

1—/,L1 8_1/
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1

while if = satisfies the Neumann boundary conditions (3.20) on ¥, then
Lo, =5 [ 00 [l 2 + il a
21
1 2
Y R
21

2
} s
As a consequence, we obtain the following estimates.
(1) If = has regularity (4.11) and satisfies (3.13), (3.16) and (3.19), and if

the geometric conditions (3.10) are satisfied, then

8902

—| +K 07
T 87’ A1

or TP T

a()|F + /Q (1= O)p|2 + 611l + (1 - $)(CL(9)], 2(0)

+ 8KV 2]~ o])}dQ

<3 [ o [lewr+ o]

2
02 } dY +Is,. (4.16)
174

+ K

(2) If E has regularity (4.11) and satisfies (3.13), (3.16) and (3.20), and if

the geometric conditions (3.10) are satisfied, then

a()|F + /Q (1= O)p|2 + 611l + (1 - $)(CL(9)], 2(0)

+ 8KV 2]~ )} dQ

1 . .
<5 [ @ [pIZP + nigp] as
P

1 9 dp |
—5/21@'”){1)1(1—“1“'@7
A ?

+ K, a——|—90~7' d+7s,. (4.17)
T

We proceed to estimate further in (4.16) and (4.17). One has

IVZ12 = |l > 2|V Z 4 o|* — 2|

N | —

and, since , ¢ # @, by Korn’s Lemma

/Q|90|2d(2 < C(Q)/ﬂ(ck(cp)],e(cp))dg,
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We choose and fix § < 1 so that 26 K, C'(£2) = (1 — é)/2. We then obtain

the estimate
/Q (= )l 212 + 8 Talel? + (1 = )(Cle(e)], ()

T+ ORIV 2P — lel?)}dQ
>eq /Q {0122 + L@l + (Cle(e)] <())

. (4.18)
260/0 (B Beogy + =M ) dt

for some constant ¢g > 0.
Let us next estimate the integrals over X ;. Assume that @ = 6 + zeg
has regularity

® € C([0,T]; H*(0,€)) N CL([0, T]; HY(0, ), (4.19)

and that =, ® satisfy the geometric junctions conditions (3.17). We then
have the following rough estimates:

2

} s

—%/EJ(PV){Dl(l—uf) -

T
< (Ioollsy +Inllp ) [ 1000, at

0z

2
[/7
T or

¢
or

K [ ) ) (T2 4 ) v

T
§€K1/ |I‘~I/||(VZ—|—§0)~V|ZCZE—|—CE/O'%d, / 16(0,1)|%dt;
T 7 0
where € > 0 is arbitrary,
—/ (r-v) T 6—(‘01/—1—1/ 3_907_ (Cle(w)v) dE
Sy f or or ?
80'1

T
/ 16(0.1)|d;
0

o7
)—i—lxla—(VZ—l—cp) }dE

< / vl s+ c [ |

I‘T{
Xy
<e

Ir V|[ICTe(p)wl” + Ky

\ QJ“G

(VZ + ) -v|]dE

T
+Ce (vl +llorlfncry) [ 10000
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and

. K1 Z(VZ + ) v+ (1 =8¢ (Cle(e)v)} dE

e [ RV + ) v 4 [T
Xy
T
+C’E/|00|2d,/ |©(0,1)|dt.
J 0

It follows that

Imé%é}“ﬂhﬂw+hwﬂﬁ
HE =9 [ lICE@ + Kil(TZ + ) -] as

+c/ @0, 1)|%dt, (4.20)

for a suitable constant C, where C, depends on ¢, the physical parameters
of the plate, on sup; |r-v|~! and on the H*(J) norms of o and o7.

We substitute (4.18) and (4.20) into (4.16) and (4.17) and obtain the

following estimates:

T
oOF + v [ (E e +1E ) d

oz

ov

2
)dz

(0= [ @ nICEWE + KI(TZ+ ) v a3

gco/E (r-v) (IC[e(so)]vFHﬁ

1 . .
45 [ @) Iz + 1] as
¥ (4.21)

+c/ ©(0,1)|2dt
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in the case of Dirichlet boundary conditions (3.19), where Cy = 1/Dy(1 —
); and

T
oOF + v [ (E e +1E ) d

1 . .
<5 [ o [I2P+ nigp] as
21

_%/EI(T'V){El

+ (G - 6)/2 (r-)[|Cle(@)w|” + Ky

2

0z
+ K

or ¥ T

dp

T'a—T

2
}dz

(VZ + ) v]']dS

1 . . T
+§/ (x -v) [p1|Z|2—|—Ih|cp|2] d2+ce/ |©(0,1)*dt, (4.22)
E] 0]

in the case of Neumann boundary conditions (3.20).
We next need to obtain an estimate analogous to (4.22) on the time
integral of the total beam energy

£
En(t) = / (Pl + Lol + 161 ) dé
0

L
+/ (GM|07|> + EaMg|0y|* 4+ K|z’ + 05]?) d€.
0

Let @ be a solution of (3.14) with regularity (4.19) and denote by Eg(£,1)
the energy density:

Ep(t) = /0 FEp(&,t)dé.

It follows from [5, Proposition 3.1] that the following identity holds for ®:
1 /T gt .
BT + 5/ / [K'Ep — 2kp2205 + 2 K205(2" + 02)] dédt
0o Jo

= @/OT Eg(l,t) dt — @/OT Eg(0,t) dt,

where & is an arbitrary C[0, ¢] function and

)
6(t> = / 5[1919/1 + pzZ.'(Z/ + 92) + Iagzglz] df
0
We choose & so that

k<0, & >0, k?py — (¥)*1, <0,
KKy — () EaMg <0, 0<E<LL
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For example, one may choose

k(&) = —exp(—kE), k> max(\/p2/Ila,\/Ko/EsMp).

Then the quadratic forms

&' poqd + 2kpaqiqo + K T0 g’

and
H’Ezngf + 26 K9q192 + n’qug

are uniformly positive definite on 0 < ¢ < £, hence
K'Ep — 2/~fp2z'éz + 26 K2045(2" + 0)
= W[I|61)2 + GM|0L ] + [k p2|2* = 26paibs + /14104

+ [/ Ba Mg |04|% 4 26 Ko 04 (2' + 0) I > coFp

for some ¢g > 0 and the following estimate holds for the solution @:

BO|E + co /OT Ep(t) dt < —@/OT Eg(0,t) dt. (4.23)

We estimate in the right side of (4.23), using the junction conditions
(3.18), as follows:

_ @/OT Es(0,1) dt
k(0

= _T)/T( 2200, ) + Lo |02(0,1)[* + 11610, 1)) dt

ol(2 + 02)(0, 1)) dt

c(/ 16 (0t|dt—|—/ao /EJ|V (VZ + @)|2ds
/01 /EJ o)y dE) (4.24)

We then obtain from (4.23) the estimate

T
S5 + co (/0 1915000,

T £
+ / / (GMI0,]? + 2 My 64"
0 0

- (T/ (GM07(0,1)|* + EsMg|05(0,1)|?

2) dgdt)

gc(/o |(L)(o,t)|2cht+/E (|C[6(<p)]1/|2—|—V~(VZ+<P)|2)dE) (4.25)
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where C' depends the physical parameters of the beam and on the L%(J)

norms of oy and 0.

Multiply (4.25) by € and add the product to (4.21) and to (4.22) to
obtain

T .
(1) + eBOIT + e / [ETE—"

T T
—I-coe/o ||®||%0(Oyz)dt+60‘/0 ||E||?-t;(ﬂ)dt

)m

1
+§/ (r-v) [p1|Z|2—|—Ih|<p| ] dE—i—eC/ O(0,1))%dt
Xy

|?) dédt

T £
e [ [ @M+ M
0] 0]

oz
v

<Cy / (rv) (m (W] + K,

(VZ + @) - v]?]ds

HE == ) [ @wllClel + K

Xy
+c/ ®(0, 1)|%dt

in the case of Dirichlet boundary conditions (3.19) on X;; and

T
[a(t) + D)L + co /0 1E 130yt
T ) T
—1—606/0 ||®||%u(oyz)dt+co/0 IIEII%;Dm)dt

|?) dedt

T £
e [ [ GMILE + Bl
0 0

1 . . T
<5 [ o izl + niep|as+c. [ ot
1 0]

2
2
}dz

—%/E (I‘~V){E1 T
(VZ + @) -v|*]dE

HE == ) [ @wllClel + K

Xy

oo |? o7
Lz K| == .
87" thilg T T

1
+§/ (r-v) [p1|Z|2—|—Ih|<p| ] dE—i—eC/ O(0,1))%dt
Xy
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in the case of Neumann boundary conditions (3.20) on X;. Choose € > 0
so that Cy — (1 + C) > 0. Also, it is possible to choose € so small that

1

T
5/ (r-v) [p1|Z|2—|—Ih|g'o|2] d2+ec/ |©(0,1)|%dt < 0. (4.26)
E] 0]

In fact, by utilizing the geometric junction conditions (3.17) one obtains
| v a1z + nler] as
Xy
= [ @ mned0.0+ 26 0,0P
Xy

+ Tn? (101(0,0)* +102(0, 6) ) 1.

It is easy to check that the quadratic form
p10012(0,8) + 201 (0, 1) + TnoT (10:(0, ) + 102(0,)])

is positive semi-definite on J. Since r - < 0 there,

{}dZS {...}dE’
Xy X7,

where ¥; = J, x (0,7). On J, we have o;(x) = 1 and
r-v=(xo+ n7(x0) — X0) - ¥(Xg) = (%0 — Xg) - ¥(Xg) = constant < 0.

Since

we have
[ 6o [mr128 4 1P a
< (x0 — %) - ¥(x0) /OT {p1l2(0,)

2 . .
+a <p1‘1“—2 + Ih) 16,(0,1)]2 + th|92(0,t)|2} dt,

from which (4.26) immediately follows.
We have therefore proved the following estimates: if the initial data
satisfy
(B, 0"),(E", @) € Da x V,
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where

, —J for Dirichlet BC on , 1,
"}/ =
, 0 for Neumann BC on | 1,

and if the hypotheses of Theorem 3.3 are satisfied, the following estimate
for the solution of (3.13)—(3.19), (3.21) holds for some positive constants
Co, COa Cl:

T . .
[a(t)+€5(t)]g+c‘o/o I(Z.0),(Z, 0|V, xndt

2, o |9Z)
<Cy | (r-v)||Cle(@v]” + K1 |5—| | dE
N 31/
T
+ Cl/ 1©(0,1)|%dt.
0
For the solution of (3.13)-(3.18), (3.20), (3.21) the estimate is
T
00+ B + <o [ (. ©).(E O

1 . .
<5 [ v (mlZ + P as
P

_%/EI(T'V){El

T
+C4 / 1©(0,1)|%dt.
0

dp
T._

2
0z
[/7
or +

oy T

2
}dz

Since the solution is given by a unitary group on V, x H, we have

T
/0||((Ea®)a(5a®))”%/7det:T”((EO’Go)a(El’Gl)NﬁQxH'
Moreover, it is easy to see that

|a(t) + ()] < CII((E, ©), (B, )i xn
= Cll(E",0°%), (=", II¥, xa-
Therefore, the last two estimates may be replaced by

(eoT = 20)[[((E°, ©°), (@', O)I[}: xn

< (10/E (r-v) (|C[€(<p)]l/|2—|—K1 gf )dZ

T
—|—(Jl/ |©(0,1)*dt, (4.27)
0
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and

(el = 20)||((E°, @°), (", "))}, xut

1 . .
§§/ (- v) (I 2] + I |@l?) ax
3

_%/EI(T'V){El

T
+a [ e ofa
0]

del” oz
Toor| Thigr e T

2} a4y (4.28)

respectively. Except for the last term on the right side, (4.27) is the esti-
mate of Propositions 3.1, where Ty = 2C/¢o. Similarly, when v -2 > 0 on
, 1, the second integral over X1 on the right side of (4.28) may be dropped
and we obtain the estimate

(coT = 20)|[((E°, ©%), (B", )|}, xir

1 . . T
< 5/ (r-v) (p1|Z|2—|—Ih|cp|2) d2+01/ |©(0,1)*dt.  (4.29)
pg 0

Therefore, to complete the proofs, it suffices to show that for T' > Ty,
4

T
2
<
/0 |©(0,1)|%dt < C o

(r-v) (IC[E(sO)]VI2 + K

2) dx. (4.30)

P
in the case of (4.27), and
T 1 .
/ 1©(0,8)|%dt < 5/ (r-v) (p1|Z|2 +1h|¢|2) ds  (4.31)
0 3

in the case of (4.29). The proofs of both (4.30) and (4.31) follow along
standard lines (see Bardos, Lebeau, Rauch [12, Appendix II] and Zuazua
[12, Appendix I]), so we shall only sketch the ideas in the case of (4.30).
One first proves that
2
—| | dX
ov )

1((Z%, 0%, (E", @)IF xu
= 0 mp0 00y (4:32)

<cm [ wow) (|c[e<<p>]u|2 + K,
| 1ewora<cm [ wow (IC[€(¢)]V|2+K1 iy )dz

+IEN = 075000y (4:33)

oz

for T'> Ty by showing that
07
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Estimate (4.33) may be proved by contradiction, using (4.27) and the com-
pactness of the injection (see Simon [16, Section 8])

(E,0) € L=0,T;V,) N Whe2 (0,75 H) — L=(0,T;[Vy, Hla), 0< a <1,

where [+, ], denotes the interpolation space of order .
Let X be the space of all (2, @) which satisfy the conditions

(E,0) € L=(0,T;V,) N Whe(0,T; H),

(2,0) satisfy (3.13)-(3.19), (4.34)
oz
@ =02 =0 onxy,

with norm

IE.O)llx = I(Z,0), (=, 0))l|z=(0,1v,xm-

We wish to show that &' = {0}. This is done in two steps.
(1) One first proves that A is finite dimensional. This is achieved
by using (4.32), (4.34) and conservation of total energy to show that if

(E,0) € X then (E,0) € X and the map

(£,0)— (£,0): ¥ — X (4.35)
is continuous. Since the injection
{(E,0)eX|(E,0)cX}—X

is compact [16], it follows that X itself is compact and, therefore, finite
dimensional.

(2) Next, one shows that X = {0}. In fact, since the map (4.35) is
continuous, it has an eigenvalue A (here we need to work in the complexi-
fication of X'). In particular, 2 = AE, so that = = ¢ + Zk satisfies

p1/\2Z — [\71 le(VZ + cp) = 0,
NI —div(Cle(e)] + K(VZ + ¢) =0,
o7
=0, Z=0, Cle(e)]vr =0, 6_1/:0 on , 1.

Since this is a second order elliptic system with constant coefficients and
with Cauchy data on , 1, we may conclude that ¢ =0 and Z = 0.
Finally, one may prove (4.30) by contradiction, using the fact that X' =

{0}.
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5 Proofs of Theorems 3.1-3.4

5.1 Proofs of Theorems 3.1 and 3.2
Theorem 3.2 will be proved first. The system (3.1)-(3.6), (3.8) may be

written as a variational equation by forming

0= /{[plv"v KL div(YW 4 )
Q .. ~
+ [Ing — div Cle(P)] + K1 (VW + ¢)] - ¢}dQ
4 . ~
+ / {(p2t0 — Ko(w' + ¢2) )0 + (Itpy — GM YY)y
0
+ (Laths — Ex Mgty + Ko (w' + ho))ha }dE. (5.1)

Set
=+ Wk, T=1e — e+ wes =P + wes,

and suppose that ('i, \il) € V , = V. Upon carrying out integrations by
parts in (5.1) one obtains with the aid of (2.14)

(2,9),(2,9)n +((2,9),(2, )y —/ m- ¢+ fWld, , (5.2)

3y 1

where ® = ¢ + Wk, ¥ = yyoe; — th1e5 + wez. We have
[ e | < e w,
where £ = m + fk, so there is an operator B € L(U, V') such that

/ [m- ¢+ fW]d, = (Bf (®,®))y, (5.3)

)

(-, )v denoting the pairing in the duality between V and V’. Therefore
(5.2) may be written

(®, )+ A(®, ®) = Bf
or, alternately, as the first order system

X = AX + Bf, (5.4)

V(@) 5 () ()
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It is well known that A, as an unbounded operator in H x V' with domain
V' x H, generates a Cy-unitary group on H x V’. The conclusion of Theorem
3.2 follows immediately, since Bf € L?(0,7; H x V).

To obtain a variational equation for the Dirichlet control problem (3.1)-
(3.7) we again begin with (5.1) where we now assume that (&, ®) € Dy.
Since ('i, \il) =0on, —J we have

/ﬂ{—K1 Av(VW + &)W — [div C[e(¢)] — KL (VW + @)] - ¢} d
= /ﬂ{—Kl V(YW + ¢)W — [div Cle(d)] — K1 (VW + ¢)] - ) dQ
+ /J{—Klu (YW + )W + Ky - (VIV + )W
— ¢ (Cle(@)v) + ¢ (Cle(9)]v)} d,
+ [ e + s G4

)

Also
L
/ {=Ka(w' + o) Yo — GMhy — [BaMphly — Ko(w' + tbs)|ths }dé
0

£
= / {= Ko (0 +h2) Jw — GM Y1 — [ExMp ) — Ko + )]}
0

+ Ko(w' +12)(0)(0) + GM (0)1h1(0) + Eo Mgt (0))5(0)
— Ka( 4 12)(0)w(0) — GM 4 (0)¢1(0) — FaMrh(0)tba (0).
Since (@, ®) and (@, \il) each satisfy the geometric and dynamic junction
conditions, it follows that the sum of the integrals over J with the boundary
terms at zero in the last two equations vanishes and therefore (5.1) may be

written (see Remark 3.3)

(((D’ ‘I’)’ (é’ ‘i’))H + (((D’ ‘I’)’ A((ﬁ’ ‘i’))H

Write ('i, \il) = A_l('i \il) where ('i, ) € H. Then (5.5) takes the form

(((D’ ‘.I.’)’A_l((i’ ‘i’))H + (((D’ ‘I’)’ ((i’ ‘i’))H
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One has, for 5 > 3/2,

‘/ )—I-Alf—]

< C||f||U||(‘?a‘%’)||DA
= Cliflloli(®, )|z
Thus
[ il + Ko 2
N _ (BE (.9, (8%) = AN B), (51)
for some B € L(U, H), so that (5.6) may be written

((é".I.’)’A_l((i"i’))H + (((D"I’)’(é"i’))ff = (Bf’((ia‘i’)) )

This is the same as the equation
(®, %) + A(®, ®) = ABf in D'y, (5.8)

where A is an isomorphism of H onto D', (it is the extension to H by
continuity of the Riesz isomorphism of V,, onto VW’ through the formula

(Au,v)v, = (u, Av)g, Yu €V, v € Dy).

Equation (5.8) may be written as (5.4) with

0
Bf = (ABf), Be L(U, V! x DYy).

The operator .A, as an unbounded operator in V. x D', with domain H x V7,
generates a Cy-group of unitary operators. Therefore, for initial data

(@°, 9% eV, (&' ®")eD),,
the initial value problem for (5.8) has a unique solution with
(@, ®) € C([0,7],V}) x C([0,T], D).

We need to show that if the initial data satisfy the stronger regularity
assumptions of Theorem 3.1, then the solution has the regularity stated
in that theorem. This result cannot be obtained from abstract semigroup
theory but rather is a consequence of the following regularity estimate for
solutions of the homogeneous system (3.13)—(3.19).
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Lemma 5.1 Let (E,0) be the solution of (3.13)—(3.19) with initial data
(=0 eV, (E',®0YcH,

where v = J. Then
L

The proof is deferred until the end of this section.
To complete the proof of Theorem 3.1, we utilize the idea of transposi-
tion. Set V' := V. The solution of (5.8) having initial data

v=(35))

ClE(l + I (g_f) i

<C(T+DIE", 0%, (&, O, xn- (5.9)

is given by
t
X(t) = exp(tA)X° +/ exp((t — s)A)BE(s)ds, 0<t<T,
0

where exp(t.A) is the unitary group on V' x IV, generated by .A. Suppose
that X® € H x V', let Y? € V x Da and B’ € L(V x Da;U) be the dual
of B, defined by

<Bf,Y0>V><DA = (f,B/YO)U, vt e U, Yo eV x Dy.
Let 7 € (0,7T] be fixed. We have
<X(T),Y0>V><DA = <X0,eXp(T.A/)Y0>HXV

+ /OT(f(s),B/ exp((1 — 8)A)Y)pds.  (5.10)

Here A’ is the dual of A, defined by
(AX° YOy up, = (X0 AY Ny, VX € Hx V', Y2 €V x Dy.
One has

, (0 —A N
A_<I 0),D(A)—V><DA.

As is well-known, A’ generates a unitary group exp(tA’) on H x V and
exp(tA’) is the dual of the restriction of exp(tA) to H x V'. Therefore
(5.10) is the same as

(X(1), Y xp, = (X° Y (")) axv —|—/()T(f(s),B’Y(s))Uds, (5.11)
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where Y (1) := exp((1 — t)A)Y", 0 < t < 7, satisfies
Y =-AY, 0<t<r, Y(r)=Y" (5.12)
If we write
Y =((81,01),(80)), Y'=(E,0),2"0"),

(5.12) signifies that

In addition,
(Bf , Yyvxp, = (ABf,(E,0))p, = (Bf, A(E,0))q.
From (5.7) we have

Z

(BELAR O = [ [ (Cleloll) + KI5,

where 2 = ¢ + Zk. It follows that

0z

BY = Cle(o)lv + Ky £y

k

2

We insert this expression into (5.11) to obtain the estimate

(X (), Y YWwupal < NXaxv |IY° | axv
0z
+ [If]| 220, 700 || Cle() v + K a_VkHL2(0,T;U)
< Co(T + DX v + Il 2o, 0o HIY llaxyv, 0< 7 < T,

in view of Lemma 5.1. Tt follows that X € L*(0,7; H x V'). One may
pass from L™ to C by a standard argument.

Remark 5.1 That X € C([0,T]; H x V') also follows directly from a “lift-
ing theorem” of Lasiecka and Triggiani [9] once Lemma 5.1 is established.

Proof of Lemma 5.1: It suffices to prove (5.9)&)1‘ initial data in Dg x V.
We first use a trick from [14]. Let ¢ € C°°(Q2) such that { = 1 is a
neighborhood of |, ; and { = 0 in a neighborhood of J, and set 2 = (=.
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For any ¢ = @11+ ¢2j with ¢; € H*(Q) we have

div Cle(¢o)]
a—xl(En(C‘P) + pgaa(lw)) + 3—962(1 — p1)e12(Cep)
=0 9
8—901(1 — p1)e12(Cep) + a—m(Ezz(Cso) + e (Ce))
—_ 1 ﬂ P22  —P21
= Cdiv Ole()] + 20[=()VC + Dy (_m 7w
1- 1+
¢11+ QMC,zz QMC,Q
+ D1 14 p 1—p
5 1C,12 G2+ 9 1C,n
It follows that = satisfies the equations
7 — Ky div(VZ+ ) = F
pr2 — Ko div( ?) } (5.14)

Iip —divC[e(@)] + K1(VZ+p) =M

F=—-K\V¢-(VZ+¢)

where
and
M = —2C[e(@)]V¢ — Dy =M ( ©2,2 —soz,l) e
2 P12 P11
1-— 14+
¢+ 2ﬂ1 ¢ 22 2ﬂ1 ¢ 12
- ¢+ Ki(ZVC+(p);
5 612 22 5 G
(5.15)

the boundary conditions
Z=0, =0 onX;

(0) = c=".

[1]:-

and the initial conditions
(0) =¢E%,

[1]:

For a solution of (5.14), (5.15) with initial data (é(O),é(O)) € H} () x

H°(Q2) := 'H we have the energy estimate
. v
O+ C [ OByt

[1]:

IE), Z0) < I(E(0),
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where F = M + F'k. We shall show that

/.

Iﬂd@bﬁ+KlG§)]d2

T .
/0 IIF(t)II%om)dtJr(T+1)||(E,E)|Iiw<o,T;H>]~ (5.16)

<C

N om0 < (E(0), 5O ))||H+C/ |1 (1)] 30t

T
<C (H(EO = )HHl(Q)xHU(Q) ‘1‘/0 ||F(t)||%0(n)dt) ;

i
[1-

T T
| IRt < © [ IR0 oyt
<o [ 6=, 0100, €0, 6N, et
= CT|(( :0,90) (& O,
and since Z = = on ¥, Lemma 5.1 follows from (5.16).
The idea leading to (5.16) is standard (cf. [12], for example). One
multiplies (5.14) by h - VZ and (V@)h respectively, where h is a W1

vector field in € such that h = v on | , adds the products and integrates

the sum over © x (0,7'). One thereby obtains

/T / ([0 7 — K1 div(VZ + )b - V7
0 Q
+ [Inp — div C[e(@)] + K1 (VZ + )] - (V@)h)} dQdt

/ / h-VZ)F + (Ve)h)M]dQdt. (5.17)

One has

T .
/ /(h~VZ)Zdet: /(h V2)Zd|T + / / (div h)|Z|dSut,
0 Q
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/OT /ﬂ(h~VZ) div(VZ + @) dQdt
:/OT /ﬂ{div[(hVZ)VZ]—(VhVZ)~VZ
- %div(h|VZ|)2 + %(div h)|VZ|* + (div @) (h - VZ)}dQdt
:/OT /ﬂ{%(divh)|vZ|2—(VhVZ)~VZ

+ (dive)(h - VZ)}det—I—Q/E (g—f) dx,

/ / (Veh)dQdt = / (Veh)dQ|r + / / (div h)|g|2dQdt.
Q

Also, from Lemma 4.2 we have

/ /chh div C[e(p)] ddt = / (Cle(@)], e(@)) dE

/E(chh v)ds — / /Q V@) dQudt.

When the last four formulas are inserted into (5.17) the result is

. T
/ﬂ{mZ(h VZ)+ 1 - (V@h)}dQ

0

1 T . 5 B
b3 [ [ @il 27 + o
0 Q

4 I - S
+/0 /Q{Q(ch)—I—A1[—§(d1vh)|VZ| +(VhV7)-VZ

— (dive)(h-VZ) + (VZ + @) - (Ve)h)] }dQdt
-/ {% (g—f) +(Vh) (L)) - 5 (CI)) e<¢>>} @
= /T / [F(h-VZ)+ M- (Veh)| dQdt.
On ¥ on has (see (4.5)-(4.7))

~ _6_470 ~ _ 6_(0 1—/11 690
Veh = 5 Cle(@)|lv = Dy [(V'ay)v+ 5 (T 81/) ]
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Therefore, on X
(Veh) - (C(@)) — 5 (CI@), (%))

_ D, 02N Lo (L 0gY
T2 V.ﬁl/ + 2 T.ﬁl/

In addition,

/T / {F(h-VZ)+M - (Vgh)} dQdt

T
<C [ Uy + 1Bl ) .

T .
< CIEBMLe 0,001
0

/ﬂ{mf(h VZ)+ Ing - (V@h)}dQ

T .
< Il / 1E ooyt

T .
/ /(divh){p1|Z|2—|—Ih|§o|2}d9dt
0 Q

/OT /Q{Q(cho) + K1[—%(divh)|VZ|2 +(VhVZ) VZ
— ([dive)(h-V2)+(VZ+¢)- ((cho)h)]}det‘

T
<C [ 1Bl @)

It follows from the above estimates that

/ |Cle(@v|* + K (g—f) ] dx.
b

T L .
sc/o (IIF(t)ll%D(Q)+||(E,E)||$1) dt+||(E,E)||%w(07T;H)]

T
<C /0 IIF(t)II%om)dtJr(TJr1)||(E,E)|Iiw<o,nn>]~
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5.2 Proofs of Theorems 3.3 and 3.4

We begin with the proof of Theorem 3.3. Consider the control-to-state
map

Srf = /0 exp((T — s)A)Bf (s) ds.

We have already proved that Sp € L(L*(0,T;U), H x V) for each T > 0.

Since
(STE, Y v, :/0 (f(s), BY(s))vds, (5.18)

the dual map Sh : H x V, +— L*(0,T;U) is given by S5.Y? = B'Y (-), where
Y = ((E1,0,1), (B, ®)) satisfies (5.13) with 7 = T". Therefore Range(St) =
H x VJ is equivalent to

IBY (|p2o,r0) > co||YO|laxv,, ¥Y° € H x Vy, (5.19)

for some ¢y > 0. From the proof of Theorem 3.1, it is seen that (5.19) is
equivalent to showing that

2
}S > col[(E°, ©°), (B, ©") I, -

O + K 9

2

The last estimate follows from Proposition 3.1 for 7" large enough.

The proof of Theorem 3.4 is similar. In this case one again has (5.18),
where now B’ is given by (see (5.3)) B'Y = E|g, = ¢ + Zk|s,. However,
(5.19) will not hold in general, so to prove Theorem 3.4 we use the Hilbert
Uniqueness Method introduced by Lions [11]. One defines a norm

Y0l = IBY ()l L2(0,7,0)5 YPeHxV,,

and a space F which is the completion of f x V ;| in the F norm. Then
Sk is an isometry of F onto L*(0,7;U). Since

(S75p2°, Y %) F = (2°,Y")F,

St S is the Riesz isomorphism of F onto F/, the dual space of F. Therefore
Ry = F' for T > 0. On the other hand, according to Corollary 3.1 one has
F C V' x H for T large enough, and therefore V , x H C F' for 1" large
enough. If X° € Ry and Y% = (S7.54)71X?, then £ = S5 Y? is the control
of minimum norm in L?(0,7; U) for which Spf = X°.

Acknowledgement. The author wishes to thank G. Leugering, E.J.P.G.
Schmidt and E. Zuazua for useful discussions related to the material pre-
sented herein.
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