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Fixed Gain Off-line Estimators of ARMA

Parameters®

Lészlé Gerencsér!

Abstract

Let 5;{7 denote the estimator of the ARMA parameter vector §*
using a fixed gain off-line prediction error method with gain or for-
getting rate \. We show that under certain conditions 6% — 6* is an
L-mixing process and can be decomposed as the sum of an explic-
itly given L-mixing process of the order of magnitude O()\l/2) and
of a residual term of the order of magnitude O(X) + O((1 — )\)N).
Here the order of magnitude is measured as the L,(£,F,P) norm
for any ¢ > 1 where (Q,F, P) is the underlying probability space.
The result of the paper is directly applicable to fixed gain recursive
estimators of AR models. The result of this paper has been applied
in the theory of stochastic complexity.

Key words: ARMA-processes, prediction error estimation, forgetting, strong

approximation, L-mixing processes
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1 Introduction

It has been shown in [5] that the estimation error of the parameters of an
ARMA process can be approximated by the arithmetic mean of a martin-
gale so that the approximation error is of the order of magnitude Opr(N~1).
The notation Opz(+) is to be described following Definition 4.1. That result
played a key role in deriving asymptotic properties of the so-called predic-
tive stochastic complexity for ARMA processes (cf. [4] and also [11]).
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The purpose of this paper 1s to present an analogous representation of
the estimation error process when the estimator i1s obtained using fixed
gain estimation or in other words estimation with exponential forgetting.

Fixed gain estimation is typically used when we anticipate that the
parameters may vary over time and in this case it would be more natural to
consider recursive estimation methods. However the analysis of fixed gain
recursive estimation methods in general is much harder than the analysis
of the corresponding off-line estimation methods. An exception is the case
when the model that we consider is an autoregressive process, namely in
this case a suitable fixed gain recursive estimator is identical with the fixed
gain off-line estimator. Thus in this case we have a practically useful result.

There 1s substantial evidence that the theory of stochastic complexity
provides us with a new principle of statistical analysis with the help of
which we can conveniently solve statistical problems, which were considered
earlier very difficult. As an example we mention the problem of model
structure selection (cf. [14] and for a recent survey [11]). Also it is well-
known that the analysis of the so-called predictive stochastic complexity
depends strongly on the fine asymptotic analysis of the estimator process
which is used in the “encoding procedure”(cf. [4]). This explains the
motivation of the present investigation. The results of the paper have
actually been applied in [6] to derive the asymptotic properties of a new
predictive stochastic complexity. The proposed estimation procedure and
the associated predictive stochastic complexity is also relevant in a new
change point detection method (cf. [9]). Also using “fixed-gain” estimators
a new model-selection method has been developed (cf. [10, 11]).

The main result of the paper is Theorem 1.2 which gives the desired
decomposition of the estimation error as the sum of an explicitly given Lg-
mixing process of the order of magnitude OM(/\l/Z) and of an Lg-mixing
error term of the order of magnitude Opr(A) + Opn((1 — M)Y). Here A
denotes the “forgetting rate” (i.e. small A means small rate of forgetting).
The definition of Ly-mixing processes is given in Appendix II.

The results of the paper can easily be extended to multivariable finite
dimensional linear stochastic systems if a certain uniqueness theorem anal-
ogous to the one given in [1] holds (cf. e.g. [16, 18]), or even to the general
estimation problem described by Ljung’s scheme. Some of these possible
extensions are stated in [8]). Now we specify the notations and technical
conditions for the first theorem of the present paper.

Let (yn),n = 0,4£1,4+2 ... be a second order stationary ARMA (p, q)
process satisfying the following difference equation:

Un + @ yn_1+ ...+ a;yn_p =en,tclen1+ ...+ cZen_q. (1.1)

which we write in a shorthand notation as A*y = C*e where A*, C* are
— P * ,,—1

polynomials of the backward shift operator. Define A*(z71) = im0 @320
2
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C*(z7h = 3 0 iz

Condition 1.1 A*(27!) and C*(27!) have all their roots inside the unit
circle, i.e. A*(z71) and C*(271) are stable, moreover we assume that they
are relative prime and aj = ¢ = 1.

Let (F,), and (F,F),n = 0,41,£2... be an increasing and a decreasing
family of o-algebras, respectively, such that F,, and FI are independent
for all n.

Condition 1.2 (e, ) is a discrete-time, second order stationary, martingale-
difference process with respect to F,, n = 0,+£1,£2...i.e. F(en|Fn-1) =
0, and E(eZ|F,_1) = 0*? = const. a.s. Moreover we assume that (e,) is
L-mixing.

The concept of L-mixing processes together with the conditions im-
posed onto F,, F are described in Appendix 1. A detailed exposition is
given in [3]. The significance of the class of L-mixing processes is that they
are closed under all the operations which are usual in the estimation the-
ory of linear stochastic systems. This invariance property is not shared by
the class of ¢-mixing processes or mixingales which are also potential can-
didates for the analysis of estimation methods. The concept of L-mixing
processes has been used extensively in previous works (cf. [8, 11] for two
recent surveys).

Let G C IRP1? denote the set of 6’s such that the corresponding poly-
nomials A(z71) and C(z71) are stable. ( is an open set. Let D* and D
be compact domains such that 8* € intD* C int D and D C (. Here
int D denotes the interior of D. To estimate the unknown parameters
ai,cj,i=1,...p,j = 1,...¢q and the unknown variance o*? we use the
prediction-error method. (The prediction error method without forgetting
is described e.g. in [2, 12] or in [15]). Let us take an arbitrary # € D and
define an estimated prediction error process (£,),n > 0 by the equation

e=(4/C)y

with initial values &, = y,, = 0 for n < 0. Let the coefficient s of A(z71)
and C(z7') be denoted by @; and c;, respectively, and define the system
parameter vector by 6 = (a1,...,ap,¢1,. . .cq)T. To stress the dependence
of (£,) on @ and 6* we shall write g, = £,(6,60%). Then the cost-function
associated with the prediction-error method using forgetting is given by

*\ 1 N—n 2 *
Vv (6, 60%) 52_: Ae2(0,0%),
where 0 < A < 1 is the forgetting factor. The factor A is included in the

cost-function to ensure that the sum of the weights is approximately equal
to 1.
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It is easy to see that the cost function can be computed recursively as
follows:

Vn(0,0%) = (1 — \)Vu_1(0,6%) 4+ e’ (6, 60%),

i.e. the correction term corresponding to the latest observation enters the
cost function always with the same fixed weight. This representation of the
cost function justifies our terminology ”fixed gain estimation”.
The estimate x5 of 6* may be defined as the solution of the equation
a * *
%VN(H,H ) = Von(0,0%) = 0. (1.2)
(Here differentiation is taken both in the almost sure and in the M-sense.
For the definition of the latter c¢f. Appendix I).
It is easy to see that £,(6,6) is a smooth function o f @ for all w, and
hence (1.2) can be written as

D> (L= Xepn(6,0%)en(0,07) = 0. (1.3)

n=1

In the special case when the process to be estimated is an AR process,
i.e. when C* = 1, equation (1.3) is linear, and its solutions, which we
denote by HAN, can be computed recursively in N. Defining the regressor
vector ¢n = (—Yn—1,—YN—2,. .-, —YN—p)., the coefficient matrix of the
normal equation 1s

N

Ry =Y (1= 2)N""Agn0f.

n=1

With this notation we have the following recursion (cf. p.18. in [13]):
Oy = On_1 + ARV ¢n(yn — ¢%_1§N—1)~

Assuming that (yy,) is actually stationary, and “freezing” HAN_l at the value
On_1 = 0%, the process (Ry), and thus also the process (Ry)~! are station-
ary, too. We get that the correction term in the above recursion is A times
a stationary process, the above recursive estimation scheme is therefore
called a fixed gain estimation method.

Since equation (1.2) or (1.3) may have no solution with positive and
asymptotically non-negligible probability we will have to define 6TN with
more care in the general case. But first we need some further definitions.

Let us introduce the asymptotic cost function defined by

1
W(0,07) = lim SEe(0,0°).

n—oQ
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It is easy to see that W (@, 6*) is smooth in the interior of D and we have
We(6*,6°)=0 and R* 2 Wye(6*,6%) >0

l.e. R* is positive definite.
Let us now define the random variables

SVen = sup [Von(8,0%) — Wa(6,6")]
9eD 6*eD*
and
§Voon = sup  ||Veon(6,0%) — Wae(0,67)]|.
9eD 6*eD*

It is easy to see (cf. Lemma 4.7) that if §Von < d' and §Vpan < d” where
d" and d" are sufficiently small then (1.2) or (1.3) have a unique solution
in D. Let us choose d’ = d'" and let us define the event

Ay = {w O Ven < d”,(SVgeN < d//},

and define a solution of (1.2) or (1.3) as a random variable which is the
solution of (1.2) and (1.3) on Ax and arbitrary but D-valued otherwise.
With this notation the first result can be stated as follows:

Theorem 1.1 Under Condition 1.1 and 1.2 we have for any solution of

(1.2)

N
Oy — 0" = —(R)S (1= )N Xegn(67,6%)en + v (1.4)
n=1
where Ty = Opr(A) + On((1 — M)N). The notation Opr(.) is introduced
after Definition J.1.

It will be seen that the dominant term on the right hand side of (1.4)
1s OM(/\l/Z). Since it cannot be expected that P(Ay) tends to zero it
will be important to characterize the process xa,, where x4, denotes the
characteristic function of the set Ax. For this we have to impose additional
conditions on the input noise process.

Theorem 1.2 If the input noise process is Lo-mizing then a suitable ver-
sion of the solution of the process (On — 0%) and the residual process (ry)
are Lo-mizing with respect to (Fn,Fi) such that for all 1 < ¢ < co and
¢ >0 we have

; q,c(aN —0*) = O(/\—1+c/2(q+1)) and | ,.(rn)= O(/\—l-l-c/Z(‘H-l)).

This theorem is useful to get pathwise results for the estimator process.
E.g. it follows, that for all Lipschitz-continuous function f

1L

limsup — > (f(On) — f(07)) < eA/?

N—oo N n=1

almost surely, with some deterministic constant c.

5
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2 The Proof of Theorem 1.1

Lemma 2.1 For any fired d > 0 and s > 0 equation (1.2) has a unique
solution in D for N > ¢/X, where ¢ is a deterministic constant, with the
property that it is also in the sphere {|6 — 6% < d} with probabilily at least
1—c'A5. Here the constants depend only on the system and on d and s.

Remark. The statement of the lemma can be weakened to saying that the
probability in question can be bounded from below by 1—¢'A% —¢(1—X)V.

Proof: We show first that the probability to have a solution outside the
sphere {# : |0 — 0*| < d} is less than ¢/A* with any s > 0 for N > ¢/\.
Indeed, the equation Wy (8, 6*) = 0 has a single solution § = #* in

D (cf. [1]), thus for any d > 0 we have

d 2 inf{|Ws(0,0%)| : 0 € D, 0" € D*, |0 —0*| > d} > 0

since Wy(#,0*) is continuous in (9, 6*) and D x D is compact. Therefore if
a solution of (1.2) exists outside the sphere |# — 6*| < d then we have for

6Voy = sup  [Van(6,607) — Wy(0,07)] (2.1)
6eD o*eD*

the inequality éVyn > d'.
But the process

n(0,07) = 290 (0,07 )en (0, 0%) — Bepn (6,07 )en (6, 0%) (2.2)

is a zero-mean L-mixing process uniformly in 8,6 and the same holds for
the process (ugn(0,60%)). By Theorem 4.3 we have

1> (=N Mepn(8,07)en(0,0%) — Eepa(8,67)en(0,6%))| = Op (A7),

n=1

Note that Eeg, (6, 0%)e, (0, 0%) = Wo(0,0%) + é,, with some 8, = Opr(c?),
where 0 < ¢ < 1, uniformly in 8. The error term &, is due to the nonsta-
tionary initial conditions gg¢(8, %) = 0,0(f,0%) = 0. Tt is easy to see that
if we let the error process (é,) pass through an exponentially smoothing
filter, then the output process at time N will be of the order of magnitude
On((1— /\)N for small A (cf. Lemma 4.5). Also note that

iu — )N =1— (1= )N

n=1
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hence
D (1= NN AEepn(6,6%)en(0,67) =
S (L= N)NTPNW(0,6%) + 8,) = Wa(6,67) + O((1 — \)Y).

Thus we conclude that §Vay = OM(/\l/Z)—I—O((l—/\)N), and here the second
term on the right hand side is deterministic. Therefore we have with some
¢ > 0 that for N > ¢/A  O((1 — M)Y) < d'/2 and hence P(§Vyy > d') <
P(Ox(A?) > d'/2) = O(X*) with any s by Markov’s inequality, and thus
the proposition at the beginning of the proof follows.

Let us now consider the random variable

OVoon =  sup  [[Voan(0,607) — Wae(6,07)]].
6eD b*eD*

By the same argument as above we have for any d” > 0 P(6Vyon > d'') =
O(X?) for N > ¢/A. Hence for the event Ay = {w : éVon < d”,6Vien <
d"} we have with any s > 0 and N > ¢/A

P(Ax) > 1—0(\).

But on Ay the equation (1.2) has a unique solution whenever d is suffi-
ciently small. Indeed, the equation Wy (6, #*) has a unique solution § = ¢*
in D by [1] hence the existence of a unique solution of (1.2) can easily be
derived from the implicit function theorem (cf. Lemma 4.7). Thus “}ﬁ
lemma follows.

Let us now consider equation (1.2) and write it as:
0= VeN(HAN, 6") = Von(6",0")+ VGGN(aN —-0) (2.3)

where

1
Veon = / Vaon (1 — p)0™ + pfn, 0% )dp.
0

Lemma 2.3 We have HAN —6* = OM(/\l/Z) + Ou((1 = X)N).

Proof: First we prove that Voyn(6*,6%) = OM(/\l/Z) + Op((1 — X)N).
Indeed, the process (1 — A)N~"Aegy,(0%,0%)e, is a martingale difference
process with respect to the family of o—fields (F,). Hence by Burkholder’s
inequality for martingales, (cf. e.g. Theorem 3.3.6 in [17]) we get that for

any ¢ > 1
N

BV (1= NN Aepn (67,67 )en|? <

n=1
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N q/2

< G (1= hean )6 ?)

n=1
Taking the square of both sides and using the triangle inequality for the

Lq/2(2, F, P)-norm of the right hand side we get that the square of the
right hand side is majorated by

C2Y (1= A)PNTMIN M (29 (07,67)e) = O(A) + O((1 = A)*N).

n=1
Taking the square root of both sides and using the inequality (a + b)l/2 <
a'’/? 4+ b'/2 for positive a, b, we get that

D (1= NN Aepn (67,07 )en = O (M) + Onr((1 = M),

n=1

Let us now replace e, on the left hand side by , (8%, 6%). Since £,(6*,6%) =

en + Onr(c”) with some 0 < ¢ < 1, it follows as in the argument following

(2.2) (cf. Lemma 4.5) that for small A the contribution of the error term is

O ((1 — X)N), hence the statement at the beginning of the proof follows.
Let us now investigate Veon. Define

1
Woon = / Woo((1 — p)0" + plin, 0% )dp. (2.4)
0
Obviously Wygn > ¢l with some positive ¢ on Ay if d is sufficiently small.
Indeed since W is smooth we have for 0 < a <1
[|Woe (6™ + ﬂ(HAN —07),07) — Wae(6%,6%)]| < C’|9AN — 6" < Cd (2.5)

where C' is a system’s constant in the sense that it depends only on the
system parameters and on the noise characteristics M, (e),, 4(¢). Hence if
d is sufficiently small then the positive definiteness of Wyo(6*,6%) and (2.4)
imply that Woon > ¢l with some positive ¢. Since we have on Ay

[Veon — Wean|| < d”
it follows that if d” is sufficiently small then
Amin(VtQGN) >c>0 (26)

on Ax where in general Anin(B) denotes the minimal eigenvalue of the

matrix B. Hence ||Vypn|| < CN~! on Ay with some nonrandom constant
C and we get from (2.3)

Xan (On = 07) = Oar(A?) + On((1 = W)Y). (2.7)

8
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Combining this inequality with the previous inequality P(A%) = O(X°) +
On((1—X0)N) for any s > 0 where A% denotes the complement of Ay and
using the fact that |#y — 6*| is bounded we get for any s > 0

Xas, (On —07) = Oar(A) + On (1 — M)Y) (2.8)
O
for any s > 0. Adding this equality to (2.7) we get the lemma.

Now we can complete the proof of Theorem 1.1. Using the result of
the last lemma we can improve the inequality (2.5) by writing Oar(AY/?) +
O ((1 = X)Y) on the right hand side. Thus we get after integration with
respect to p that

[Weon — Wea(67, 0| = Onr(A?) + Onr((1 = W)V). (2.9)
On the other hand the inequality §Vagn = OM(/\l/Z) + On((1 = X)N)
implies that
Voor = Waanll = Orr (M) + Our((1 = H)™) (2.10)
hence we finally get
[Vaan — Waa (67, 07)]] = Oar(A?) + Opr((1 — )N, (2.11)

Let us now focus on the event Ay, where we have the inequality (2.6).
A simple calculation shows that (2.6) and (2.11) imply

——1 — * *
Xaw Voo = Wi (07, 67)| = O W) + O (L= X)), (2.12)

Now we can get our final estimate for HAN — 0" by substituting (2.12) into
(2.3) to obtain

o * -1 * %
Xan(On = 07) = =xay VioanVon (07, 607) (2.13)
= —xay (Wgg (67,67) + Onr (/%) + Onr (1 = \)V)) Vo (67,67)
= =Xy Wi (67, 67)Van (07,67) + O (A) + Oar (1 = )M)Our (AN/*)+

+O0u (1= A)*N) = =W (07, 0°)Van (07,0%) + Oar(A) + Oar((1 = A)*N)

for N > ¢/X. The last equality is obtained by taking into account that

1= xay = O (A°) with any s > 0 N > ¢/A. For the error terms we used
the inequality (a + b)? < 2(a® + b?).
Taking into account the estimate

N
Van (67,67) = > (1= NN 7" Xepn (67,67 )en + Onr (1= )Y)
n=1
for small A’s, substituting this estimate into (2.13) and adding (2.13) and
(2.8) we get the proposition of Theorem 1.1.
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3 The Proof of Theorem 1.2

Let us denote the first term on the right hand side of (1.4) by {n. i.e let
us set

N
Env = =R (L= )N X (07, 0% e
n=1

Theorem 5.2 implies that (éx) is an Lg-mixing process, and we have for
all 1 < ¢ < oo and ¢ > 0 the estimations , ,.(§) = O(/\_H'C/Z). Thus for
the dominant term of (2.14) the properties stated for (HAN —6*) and (ry)
in Theorem 1.2 are valid.

We shall prove directly that the proposition of Theorem 1.2 holds for
process (O — 0%), i.e. for a suitable version of dx the process (Oy — %)
is an_Lo-mixing process such that for all 1 < ¢ < co and ¢ > 0 we have
, gy —6%) = O(/\_l‘i'c/z(q‘l'l)). Combining these two statements the
proposition of the theorem for the process (ry) follows.

First let us define the event Ax in a different way as follows: define

oy = max{6Vyn, 6Vaan }
and write
Ay ={w:éy <d’'} and By ={w:énx >d"}.

The “suitable” version of 6TN will be defined as follows. If d’ is sufficiently
small then on the event Ay the nonlinear algebraic equation Von(6) = 0
has a unique solution which we take for HAN. We shall extend the definition
of O to By by setting 85 = 8y € Dy on By where 8 1s fixed in advance.
We prove that with suitable choice of d' = d}l\, this version of the solution
i1s Lo-mixing with “mixing rate” indicated above.

Lemma 3.1 The process (6n7) is Lo-mizing and we have for all ¢ > 1 and
c>0
, 0,0(8) = O(AT1He/2), (3.1)

Proof: Note that the process ¢,(0,6*) and all its derivatives with respect
to # are Lg-mixing. Indeed this follows from the fact that ¢,(6,6*) and
its derivatives are obtained from (e,) by the application of an exponen-
tially stable linear filter, hence Theorem 5.2 implies our claim. It follows
that £, (6,0%)e,(0,0%) is Lo-mixing uniformly in 0 for # € D, and also it
follows that Vx(6,60*) is Lg-mixing uniformly in @ for 6 € D. Similarly
all derivatives of Viy(6,0%) can be shown to be Ly-mixing uniformly in 6.
Moreover we have by Theorem 5.2 for all ¢ > 1 and ¢ > 0, ,.(V(6,6%)) =

10
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O(/\_H'C/Z), uniformly in 6 for all # € D, and similar estimates hold for all
derivatives of Viy(6,0*) with respect to 6.
By Theorem 5.3 we conclude that for all ¢ > 1 and ¢ > 0

s 0,0(6Van) = O(ATH/%)

and
s g.e(8Vagn) = OATHH/%),
But then the lemma follows by the remark after Definition 5.1 since ény =
O
HlaX((SVQN(SVggN).

Let us now take an M such that 0 < M < N. To find a good ]-"A'Z—
measurable approximation of #5 we consider the function
VAL (0) = E(V (0)F5)).-
Since Viy(f) is smooth in the strong L3(£2, F, P) topology, it follows that

d
75V (0) = EVan (O1F) = Vil 3, (0),

and similar conclusion is valid for the second derivatives. Let us now con-
sider the equation

Ve (0) =0 (3.2)

and proceed with its analysis in the same way as we did with the equation

Ven(6) = 0. So let us define

Vil = Sup [Vitv ar (60) = W (6)] (3.3)
and
6V€-5N,M = GSUE |V9-5N,M(6) — Waa(0)] (3.4)
and set
5??'1_\/1 = max(éve-IJ_\T,M’ 6V€-5N,M)' (3.5)

Since Vyn(0) is M-Lipschitz-continuous in @ the same holds for V. ,,(6),
due to Jensen’s inequality. The same argument applies to higher order
derivatives of V. Since by convention we take separable versions of VG‘IJ'\, o

and V‘G-I‘;N,M(g)’ the random variables 6V€'|J'\,7M and 6V€'5N7M are well defined,

hence 6?\',"]'” 1s also well-defined.
Let us now consider the events

A}'{,yM ={w: 6;'{,:'1'” <d"} and BJ‘{',’M ={w: (SJ"\‘,:'M > d'"}

11
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where d”’ > 0. Now an }"J"\;[—measurable approximation HAE‘IM of HAN 1s defined
as follows. If ¢ is sufficiently small then the equation (3.1) has a unique
solution in D for all w € A}'{,M, which we take for 9?\',";” We extend the

definition of HAE'IEW onto By, setting HAE'IEW = fy there. Obviously @"{,"}W 18

}"J"\;[—measurable and we have
%}N(ﬁj\}‘h) =0 on A}'{,M and 9}'{,"’ =0y on B}'{,M.

Let us now estimate 6y — 9?\}";\4 First we consider this approximation

error on the set Ay N Aj'i\', M

Lemma 3.2 We have for any s > 0

Vawnat - (Ox = 055,) = Oar((1 = WYV MN?) 1 O3y (N = M),

Proof: Let us define

Veoﬁ,M = sup [Von(0) — V;J_VM(HH
9eDo,
We have on Ay N A, the inequality |9AN — HAJT,‘E\A < CV% 3 with some
systems constant C'. (cf. Lemma 4.7).
To estimate Vyx 5y note that Vpn(f) satisfies

iu — )N X0, (0, 0%)e,(0,0%)

n=1

where £9,(0,0%) and ,(6,0%) are Ly-mixing. Therefore this product is
also Lg-mixing and thus we can apply the estimate (4.2) obtained in the
derivation of Theorem 5.2 Thus we get for any ¢ > 1 and s > 0 that

B4 Van (6,07) = Vil 3 (0,67)|Y = O((1 = )T MA2) + O((N — M)™)

uniformly in N and M and 6.

Now the same procedure can be repeated for the second derivatives
of Vn(60,6%). Combining these two estimates and applying the maximal
inequality given as Theorem 4.2, we get that for any ¢ > 1 and s > 0

EYVER |t = O((1 = WY MAY2) 4 O((N — M)

uniformly in N and M, thus the lemma follows.

12
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On the set By N Bt we have |9AN - HAJT,‘IEVH = 0. Finally on the set
Diy = (Ax N By 3) U (AY 3 N Bw) (3.6)
we use the trivial inequalities
O _ gt -
|08 — 0% | < Kxpe,
where K is the diameter of the set D. Hence we have altogether the
following inequality:

On — 05 | < CViRor + Kxpg, ,, (3.7)

Lemma 3.3 For any d > 0 there exists a d}l\, such that 0 < d}l\f < d and
that wi th d' = d}l\, we have for any ¢ > 1 and ¢ > 0

N
Y EYxcay (65) = Xo<ay, (85517 = O /20041
M=1

uniformly in N.

Proof: We can write
D?\T,M = ANAAJ"\} o

where A denotes the symmetric difference operator. Now remember the
definitions of Ax and A}'{, M

Ay ={w:éy <d"} and ALy ={w:6fh, < d')
We have for any ¢ > 1
EVi|sy — 634,19 < O/ (N = M, V)

where
7(/]//(7—’ V) = 7(](t’ V) + 7(](7—’ VG) + 7(](7—’ V99) + 7(](7—’ V999)'
Now since (ep) is Lo-mixing we conclude as in Lemma 3.2 that
7/ (r,0) = O((1 = A)"AY?) + O(r)

for any s > 0. Thus (6x) is an Lo-mixing process , ,.(6) = O(A™!F¢/2)
and Theorem 5.7 would imply that for some 0 < d}l\f < d the process
KN = Xx<d’1<,(6N) is Lo-mixing and for any ¢ > 1 and ¢ > 0

N
cae(B) =Y B e can (58) = Xacay (83,17 <
M=1

13
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< QAT e 2akitenylatite)/a]) — (A~ 1+e/2atD)y, (3.8)

Now it 1s easy to check that in the proof of Theorem 5.7 we can replace
at = E(za|FL) by any Fi;-measurable random variable zit, and to
approximate Xgp<d, (¥n) by Yw<d, (l‘;t%) Then in (5.6) v, (n — m,z) will
be replaced by sup,, El/’”|xn — x;';%V. In our case x, is replaced by én
and m is replaced by M, and 73;'{% is replaced by 6}'{,:']'” Thus Theorem 5D7
implies the claim of the lemma.

APPENDIX I: L-mixing Processes

We summarize a few results published in [3] and used in this paper. The
set of real numbers will be denoted by IR, the p-dimensional Euclidean
space will be denoted by IRF. Let D C IR be compact domain and let the
stochastic process (£,(0)) be defined on Z x D, where Z denotes the set
of natural numbers.

Definition I.1 We say that (2,(0)) is M-bounded if for all 1 < ¢ < >

My(z) = sup EY 2, (0)]7 < oo.
8eD
We shall also use the notation x, = Opr(1) to indicate that (x,) is
M-bounded. Moreover if ¢, is a sequence of positive numbers, we write
z, = Op(en) if 2p/en = Opn(1). Analogously if (z))) is a parametric
family of stochastic processes, parametrized by the real-valued and positive
parameter A, then we write 2} = Opr(c())) ,where ¢()) is a real-valued,
positive function of A, if for all ¢ > 1 we have M,(z*) = O(c(A)). Finally,
we can combine the above two notations, i.e. we can write z) = Ops(cn (X))
,the definition of which is self-explanatory.
We say that a sequence of r.v. z, tends to a r.v. z in the M-sense if
for all ¢ > 1 we have
lim EY?|e, —z|? = 0.
n—oo

Similarly we can define differentiation in the A -sense.

Let (Fn),n > 0 be a family of monotone increasing o-algebras, and
(FF),n > 0 be a monotone decreasing family of o-algebras. We assume
that for all n > 0,F, and F} are independent. For n < 0 FF = ]-"6". A
typical example is provided by the o-algebras

Fn=ofe; i< n} Fl =o{e;:i>n}

where (e;) is an i.i.d. sequence of r.v.’s.

14
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Definition I.2 A stochastic process (2,(#)),n > 0is L-mixing with respect
to (F,, F;7) uniformly in @ if it is F,-progressively measurable, M-bounded
and with 7 being a positive integer and

Yo(ry2) = 74(7) = sup BV (6) — B (0)|F1_, )|

n>r
8eD

we have for any 1 < ¢ < co.

v q = q(®) :Z'Yq(T) < 0.

If we consider a single stochastic process (x,) which does not depend on a
parameter & we can still use the above definition but the phrase “uniformly
in 6”7 will be omitted.

Example Discrete time stationary Gaussian ARMA processes are L-
mixing. (This can be seen using a state space representation).

Theorem I.1. (c¢f. Theorem 1.1 in [3]) Let (un),n > 0 be an L-mizing
process with Eu, = 0 for all n and let (f,) be a deterministic sequence.
Then we have for all1 < m < oo

N N 1/2 1/ 1/
Y o™ < G (Z fs) M), Y2 ()
n=1 n=1

where Cy, = 2(2m — 1)1/2.

Corollary Let us take f, = (1 — )N ="\ where 0 < A < 1. Then we get

N

> (1= )N Ay,

n=1

2m

El/Zm SCAl/z

where C' depends only on m and Mopm(u) and | o (u).
Define
Az /AYG = |ep (0 + h) — 2, (0)|/|1]”

defined for n > 0,0 0+ h € D with 0 < o < 1.

Definition I.3 The stochastic process z,(8) is M-Holder-continuous in
6 with exponent « if the process Ax/A%0 is M-bounded, i.e. if for all
1 < ¢ < oo we have

My (Az/A%9) = sup EY|e, (0 +h) — 2,(0)|7/|h]* < cc.

n>0
6#£6theD

15



LASZLO GERENCSER

Example If (2,(0)) is absolutely continuous with respect to 6 a.s. and
the gradient process (x,(0)) is M-bounded, then (z,(6)) is M-Hoélder-
continuous with o = 1, in other words (x,(#)) is M-Lipschitz-continuous.

Let us consider the case when (z,(0)) is a stochastic process which
is measurable, separable, M-bounded and M-Holder-continuous in 6 with
exponent « for # € D. By Kolmogorov’s theorem the realizations of (z,(#))
are continuous in # with probability 1, hence we can define for almost all
w

= max |z (0)|

where Dy C intD is a compact domain. As the realizations of #,(0) are
continuous, x) is measurable with respect to F, that is # is a random
variable. We shall estimate its moments.

Theorem 1.2 (cf. Theorem 3.4 in [3]) Assume that (x,(6)) is a stochastic
process which is measurable, separable, M-bounded and M-Holder continu-
ous in B with exponent « for 8 € D. Letl x), be the random variable defined
above. Then we have for all positive integers q and s > p/a

My(2%) < C(Mys(x) + Mys(Az/A%0))

where C' depends only on p,q,s,a and Dy, D.

Combining theorems I.1 and 1.2 we get the following theorem when
n=1and o = 1.
Theorem 1.3 Let u,(6) be an L-mizing process uniformly in 0 € D such
that Eup(0) = 0 for alln > 0, § € D and assume that Au/AG is also
L-mixing, uniformly in 0, 6 +h € D. Let 0 < A < 1, then we get

sup | > (1= )" Mun ()] = O (A7),

#€Do n=1

Theorem 1.4 Let (u,), n=0,1--- be an L-mizing process with respect
to a pair of families of o-algebras (F,,, F;7). Define the process (z,,) by

n

T, = Z(l — )" Ay,

r=0

where 0 < A < 1. Then (x,,) ts L-mizing with respect to (F,,, F;¥) and we
have for ¢ > 1
, o(2) SO, (1.1)

16
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Proof: We can assume Eu, = 0 for all r since this normalization of the
mean does not effect , (). Let 7 be a fixed positive integer and approxi-
mate x, by

¥ = 1—=N""" A ut
n,n—T Z( rn—T
r=0

where uf = E(u4|FI_,). Then obviously z; is F__ measurable

rn—T nn—7 n—r1
and the summation actually goes from n — 7 to n since for r < n — 7 we

have E(u,|F}_,) = 0. Furthermore it is easy to see that

n—71—1 n
|l‘n - x;,n—7| S Z (1 - /\)n_r/\u(] + Z (1 - /\)n_r/\|ug,n—7'|
r=0 r=n-—rt
where vl , . =u, —ujjn_T. Taking the L, (2, F, P) norm of the right hand

side and using the corollary after Theorem 1.1 for the first term we get
EV ey — a0 < (1= A OM(AY2) + (0 7,)(7)

where * denotes discrete time convolution which is now applied to the dis-
crete sequences p = ((1 — A)"71A%2,) and (y,(7, u))°2;. Applying Lemma
2.1 of [3] gives

Ta(r ) < 21 = A0 (W) 4+ 2(p + 7)(7). (1.2)

Let us perform summation over 7 form 1 to co. The contribution of the
first term on the right hand side is /\_10M(/\1/2) = OM(/\_l/Z). For the

second term we apply the inequality

oQ

D)) <D ((L=27TIN) Y yg(mw) = () = O(1).

7=1
Thus the proof of the lemma is complete. =

Lemma 1.5 (cf. Lemma 7.4 in [7]). Let (up),n > 0 be an M-bounded
process and define a process (r,) by

g1 = (1 = Azp) + Ap"uy g =0
where 0 < (1 =A)<p<1l. If0<p<(1=2A)<1 then we have

EY7 |2, | < (1= A1 My (u).

17
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Lemma 1.6 (cf. Lemma 7.5 1in [7] ). Let v;,i = 1,2... be an IR valued
stochastic process such that v; = Opn(g:i), where g; > 0 satisfies
lim; oo gi/gi—1 = 1. Define x by

TN = Arn_1+ v ro =0

where [A| < 1. Then xnxy = Op(gn).

Finally we formulate a simple analytical lemma which is easily derived
from the 1implicit function theorem:
Lemma 1.7 Let G(0) and 6G(0) be RF -valued continuously differentiable
functions, 0 € D C RP. Assume that G(6) = 0 has a unique solution
0 = 0" inintDy, where Dy is a compact subset of D. Assume that Gy(0*) is
nonsingular. Then for any d > 0 there exists a positive number d’ such that
if |6G(0)] < d and |6Go(0)| < d' for all 6 € Dy then G(8) + 6G(0) = 0
has a unique solution 0 c Dy, moreover |0* —§| < d and also the inequality

|9A— 6| < C'd’ holds where C' depends only on G and G,.

Appendix II: Lo-mixing Process

Let us now define a class of stochastic processes which is smaller than the
class of L-mixing processes. The notations are the same as in Definition
1.2.

Definition I1.1 A stochastic process (#,(6)), n > 0is Lo-mixing uniformly
in 6 (with respect to (F,, FT)) if we have for any ¢ > 1 and any ¢ > 0

(o]
g = Z'yg(r) < 0.
7=1

Obviously the defintion extends to processes which are not parameter
dependent.
Remark Tt is easy to see that if (z,) is Lo-mixing processes and (F'(z)) is
a function which grows at most polynomially together with its first deriva-
tives, then (F'(xy)) is also Lg-mixing. Thus e.g. if (#,) and (y,) are
Lo-mixing then (#, - y,) is also Lg-mixing. Or if 2,y are Lg-mixing then
setting z, = max(z,, y) yields an Lo-mixing process. It is easy to see that
s 0,e(2) <A g e(®) 4, g0 ()

Theorem IL.1 If a stochastic process (xy) is Lo-mizing then we have for
all s > 1

Yol ) < 4%, 4 qys(x)n™", (I1.1)
Conversely if for all s > 1 we have v, (1, 2) < Cyn™° then (z,) is Lo-mizing
and for any ¢ > 0 and s > ¢ we have

L ge(®) < CHes/(s —¢). (I1.2)

18
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Proof: Define the sequence v; (7, ut) by

7:;(7-’ /’L) = minOST'ST(T/a U)

and define for 0 < e < 1

oQ

(@) =D (g (r ).

7=1

Obviously 77 () < 74,c(x) < co. Writing (v; (7, 1£))° = a, the sequence
a,; 1s nonnegative and monotone decreasing. Since

A:Za.r:,zyc(l‘)<oo

7=1

a well-known elementary result implies that a,, < 2A/n. Hence we conclude
that

(g (n,2))" < 2,3 (2)/n <2, 4 o(2). (I11.3)

Now note that for 0 < 7/ < 7 we have v,(7, 2) < 2v,(7', ) (cf. Lemma 2.1
in [3]), and hence we have

(Yo (7, 2))" < 29y (1, 2).

Combining this inequality with (I1.3) and setting ¢ = 1/s we get the first
part of the lemma.
To prove the second part note that

[e’e} [e’e} %) 1
Sorine < el < ali [ amian = oV )

T=1 T=1

from which (I1.2) follows. =

We show that the class of Lg-mixing processes is closed under the op-
erations we need in system identification. First we prove the following
lemma.

Theorem IL.2 Let (uy) be an Lo-mizing process and define (xy) by
tn = (1 = Nap_1 + Auy,

with g = 0 and 0 < A < 1. Then (&) is Lo-mizing, and we have for all
g>1and e>0
ge(@) = O(ATIH2),
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Proof: We proved in (I1.2) that
Yq(r,2) <201 = N O?) +2(p 5 7)(7) (11.4)

(cf. (1.2)). Write the right hand side as a + b, and apply the inequality
(a4 b)° < 2°(a® + b°) for a,b,¢ > 0. Now a(7) = 2(1 — A)*T+DO(A/?),

hence summation over 7 gives the upper bound
21— (1 =25t 0(\/?).

Since (1 — A)* = (1 — eX) + O(A?) for small X’s we finally get the upper
bound A~TO(X/?), i.e.

> (a(m)” = O/,

7=1

For the second term in (I1.4) we apply Lemma II.1 twice. First take
an s to be fixed later and consider the inequality (IT.1). Then consider
the sequence (b'(7)) defined by the convolution of the sequences p = ((1 —
A)77E)e2, and (77%)%2,. Lemma 1.6 implies that &'(7) = O(7=%). Hence
for fixed ¢ > 0 taking s > ¢ we get that

> V() =0()

and the claim of the lemma follows.

Theorem IL1.3 Let @ = (2,(0)) be as in Theorem L2 and assume that
(z(0)) and Ax/A6O are Lo-mizing with respect to (F,, F¥). Then the pro-
cess ©* = (x%) is also Lo-mizing with respect to (F,, F¥) and we have for
any ¢>0andr >p

s ae(87) S 20 rg,e(2)) 45 rg(Ax/AB)).

Proof: We have for any r > p

7q(27,7) < 2(7rg (2) + 7rg(Az/AG)).
This inequality easily follows from Theorem 1.2. Applying the inequality

(a + b)° < 2(a® + b°) for a,b,¢,> 0 we arrive at the proposition of thDe
theorem.
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It is easy to see that if (#,) is an L-mixing process and (f(x)) is an
absolutely continuous function which grows at most polynomially together
with its first derivatives then the process (y,) defined by y, = f(#,) is also
L-mixing. However if we take a discontinuous function f say f(z) = vs>s,
i.e, f is the characteristic function of the set {& > é} then the proposition
above is no longer true. In other words it is not necessarily true that the
level set

Aspn ={w 2, > 6}

can be well approximated by sets which are F,\-measurable. However we
do have some results for Ly-mixing processes. But first we need a lemma.
In this lemma we use the set-theoretic notation AAB = (A\B) + (B\A4).

Lemma I1.4 Let x,y be the two random variables for which the q-th mo-
ments exist with some ¢ > 1, and let us define the sets

As={w:2>8} and By={w:y>é}.
Then for any K > 0 we have
P(AsABs) < CqKq/(q+1)E1/(q+1)|x — gl

for all 6-s except a set of 6-s of measure al most 1/K.

Proof: Let ¢ > 0 and consider the sets A5\ Bs_. and Bs \ As_.. We have
As\Bs—e ={w:2z>8y<dé—c} Clw:lz—y|l>e},
hence we have for any ¢ > 1
P(As\ Bs_2) < Bl — yft /2.
Similar estimation hold for Bs \ As_.. Now note that
AsABs C (As \ Bs—e)U (Bs—: \ Bs) U (Bs \ As—e) U (As_. \ Asg).

Setting
P(Bs—: \Bs) = P(6—c <y <8)=¢(8)

we have

/_: $(8)ds = «.

This can be easily seen by Fubini’s theorem. Indeed we can write

6(6) = Expre.5)(y) = /ﬂ Nti—e ) (w)dP
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/_:o $(0)ds = /_:o /QX[é—e,a)(y)deé -

+o0
// X[é_ayé)(y)dédPI/EdPIE.
QJ -0 Q

Since ¢(é) > 0 we conclude that for any K > 0 we have ¢(8) < Ke except
perhaps on a set of é-s, say N, of measure not greater that 1/K.
Thus we get that for é ¢ N

hence

P(AsABs) < 2E|x — y|¢ /! + 2Ke.

Let us now minimize the right hand side with respect to €. In general
let us consider the function

W(e) = as™* + bef.
Lemma IL.5 The minimized value of ¥(g) is of the form
CallletBIpalath)

where C' depends only on o and (.

Proof: Differentiation with respect to € gives
d —a—1 p—1
d—1/)(€) = —wac + Bbe” ™.
€

Setting this expression equal to zero and solving the resulting equation for

€ gives
_(aa 1/(e+p)
€= b

B 3b af(a+eta) aa Bl (a+p)
= (B

and thus

aa
Taking out the powers of a and b we get
b(e) = Cafl/atP)pel(a+h)

where ' depends only on « and 3, which proves the lemma. =
Applying Lemma I1.5 with « = ¢, =1 a = 2E|o — y|? and b = 2k we
get the proposition of Lemma I1.4.
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Let ||z —y||z, = EY/?|z —y|?. Then we can write Lemma II.4 as follows:

P(AsABs) < (jqKq/(qH)Hl, _ y”qL/q(qH).

Lemma IL.6 With the notation of Lemma 1.4 we have for any ¢ > 1 and
L>0ande>0

P(AsAB;s) < Cqu/(q+1)||x _ yH(qu—&)(J/(qH)

except for a set of &’s of measure at most ||z — y||€Lq/L.

Proof: Setting K = Lz — y||7” we get from Lemma II.4

P(AsABs) < Cqu/(q+1)||l‘ _ y||£§q/(q+1)||x _ y||qL/q(q+1)

which simplifies to the expression given in the lemma.

Theorem IL.7 Let (x,), n > 0 be an Lo-mizing process, and let I C R be
a fized nonempty open interval. Then there exist a sequence of real numbers
8nel such that the process yn = Xp>s,(2n) is Lo-mizing, and we have for
any r>1 and ¢ >0

r4+l4e)/(r+1
rely) <260, THR T (@)

where Cy depends only on I and r.

Proof: Let us apply Lemma I1.4 with « = z,, y = l‘;l;m where 0 < m < n.
Then Elx —y|” < 5 (n—m,x). To make sure that the estimation provided
by Lemma II.4 is simple we choose with K = Ly °(n — m, z), where L
and € are to be fixed later. We shall approximate x> s(2,) by Xx>&(l‘;m)~
Then we have with As and By defined as in Lemma 11.4

Elxz>s(2n) — Xl‘>5(x;ll—,m)| = P(AsAB;s) <

< C’TL_T/(T+1)7£1_€)T/(T+1)(n —m, ), (I1.5)

except for a set of 8’s of measure at most 1/K = y2(n—m,z)/L. For fixed
n and running m the union of the sets of exceptional §’s has measure at
most

Z'yi(T’ $) =5 T,€($)/L'

To ensure the existence of a non-exceptional 6,1 we choose L so that
,re(z)/L < |I|. Let us set L =2, . .(2)/|I].
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Let us substitute this value of L into (I.1) and take the r-th root of
both sides with some r > 1. We get for some 6, € I

BV Nasi, (20) = Xasi, (2 )| < CH7(2/11])0+D.
D (@) =D (0 ), (11.6)

. A . . .
Since 2% = Xuss, (Tn) — Xe>6, (2} ,.) is a random variable with values 0

or 1 the left hand side of (I1.6) can also be written as El/’“|y2?m|’“.

Now applying Lemma 2.1 of [3] we get that EY" |y, — E(y,|FE)|" and
hence v, (n—m, y) is majorated by twice the right hand side of (I1.6). Hence
for any ¢ > 0 we get

P(n —myy) < 2G| R, D

yeU=) D () ). (I1.7)

Let us set

Co = 212G/ (2/) )1 +)

and let us now choose € so that we have ¢ = ¢(1 —e)r/r(r+1), i.e. we
set ¢ =" = ¢/(r + 1 4 ¢). Then summation of the inequalities (I1.7) over
T =n—m gives

Z,}/f‘(T’ y) S COa i(g(r+1)($) Ty T,a(x)~
7=1

The exponent of | .. will be ¢/(r+1)+1=(r+1+¢)/(r + 1) Whicﬂ
was the proposition of the theorem.

References

[1] K.J. Astrom and T. Séderstrdm. Uniqueness of the maximum-
likelihood estimates of the parameters of an ARMA model, TEEE
Transactions on Automatic Control AC-19 (1974), 769-773.

[2] P.E. Caines. Linear Stochastic Systems. New York: John Wiley, 1988.

[3] L. Gerencsér. On a class of mixing processes, Stochastics 26 (1989),
165-191.

[4] L. Gerencsér. On Rissanen’s predictive stochastic complexity for sta-
tionary ARMA processes, J. of Statistical Planning and Inference,
1993. To appear.

[5] L. Gerencsér. On the martingale approximation of the estimation error
of ARMA parameters, Systems & Control Letters 15 (1990), 417-423.

24



[6]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

ARMA PARAMETERS

L. Gerencsér. Predictive stochastic complexity associated with fixed
gain estimators, in Proceedings of the 2-nd European Control Confer-
ence, (J.W. Nieuwenhuis, C. Praagman and H.L. Trentelman, eds.)

(1993), 1673-1677.

L. Gerencsér. Rate of convergence of recursive estimators, SIAM J. of
Control and Optimization 30(5) (1992), 1200-1227.

L. Gerencsér. Strong approximation results in estimation and adaptive
control, in (L. Gerencsér and P. Caines, eds.), Topics in Stochastic Sys-
tems: Modelling, Estimation and Adaptive Control, 268-299, Lecture
Notes in Control and Information Sciences, Springer, 1991.

L. Gerencsér and J. Baikovicius. Change point detection using stochas-
tic complexity, in Preprint of the 9th IFAC-IFORS Symposium on
Identification and System Parameter Estimation (1991), 395-400.

L. Gerencsér and J. Baikovicius. Model selection, stochastic complex-
ity and badness amplification, in Proceedings of the 30-th IEEE Con-
ference on Decision and Control (1991), 1999-2004.

L. Gerencsér and J. Rissanen. Asymptotics of predictive stochas-
tic complexity: from parametric to nonparametric models, in (D.
Brillinger, C. Caines, J. Geweke, E. Parzen, M. Rosenblatt, and M.
Taqqu, eds.), New Directions in Time-series Analysis, The IMA Vol-
umes in Mathematics and its Applications, Volume 46, 1993.

L. Ljung. Identification. Theory for the user. Englewood Cliffs, NJ:
Prentice-Hall, Inc., 1987.

L. Ljung and T. Soderstrom. Theory and Practice of Recursive Iden-
tification. Cambridge: The MIT Press, 1983.

J. Rissanen. Stochastic Complexity in Statistical Inquiry. World Scien-
tific Publisher, 1989.

T. Soderstrom and P. Stoica. System Identification. New York: Pren-
tice Hall, 1989.

T. Soderstrom and P. Stoica. Uniqueness of prediction error estimates
of multivariable moving average models, Automatica 18 (1982), 617—

620.

W.F. Stout. Almost Sure Convergence. New York: Academic Press,
1974.

25



LASZLO GERENCSER

[18] Vagd Zs. and L. Gerencsér. Uniqueness of the Maximum-Likelihood
estimates of the Kalman-gain matrix of a state space model, in Pro-
ceedings of the IFAC/IFORS Conference on Dynamic Modelling of
National FEconomics (1985), 483-486, Budapest.

COMPUTER AND AUTOMATION INSTITUTE, HUNGARIAN ACADEMY OF

ScieNcES H-1111, BunaPEST KENDE U 13-17, HUNGARY

Communicated by Clyde F. Martin

26



