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Extended Controller Form and Invariants of
Nonlinear Control Systems with a Single Input*

Wei Kang

Abstract

In this paper, a normal form for nonlinear control systems with
a single-input by studying its k-jet is found. It is a generalization of
linear Brunovsky form to nonlinear control systems. A set of invari-
ants which characterizes the homogeneous parts of a control system
is also found. Then the problem of convergence and uniqueness of
the normal forms is studied.
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1 Introduction

A fruitful technique for many dynamic systems and control systems con-
sists of transforming them into a simple form. Normal forms for nonlinear
dynamic systems have been studied since the end of last century, which
was first addressed by H. Poincaré. Since then, Poincaré’s technique has
been successfully applied to the research in the area of nonlinear vector
fields, Hamilton dynamic systems, nonlinear mappings and bifurcation phe-
nomenon (see, for instance, Arnold [1], Siegel [19], Bruno [6] and Baider
[2]). In linear control theory, different kinds of normal forms was found, in
which the Brunovsky form is useful for the purpose of the design of control
laws. During seventies and eighties, the problem of how to transform a
nonlinear control system into a Brunovsky form by a change of coordinates
and state feedback was studied by many authors (see Krener [16]). Unfor-
tunately, most nonlinear controllable systems do not admit a Brunovsky
form and even when one does, the transformation of a system into the
Brunovsky form involves solving a system of first order linear partial dif-
ferential equations which can be numerically quite difficult. Therefore, it
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is natural to ask the following questions: If a nonlinear system does not
admit a Brunovsky form, what kind of simple form (normal form) it can
have under changes of coordinates and state feedback? Is there a simple
numerical method of finding the change of coordinates and state feedback
which transforms a given nonlinear system into its normal form? What
are the invariants of a nonlinear system under changes of coordinates and
feedback? These questions have been partially answered by A. J. Krener
and I in our earlier research, yet there are many interesting problems left
unsolved (see Kang-Krener [14], Krener [15]).

In this paper, we try to answer the questions mentioned above for non-
linear systems with asingle input. The idea 1s to apply Poincaré’s technique
to nonlinear control systems. The normal form given in §2 has a linear part
in Brunovsky form and some simple nonlinear terms. The transformation
which carries a nonlinear system to its normal form can be found by solving
a set of algebraic equations, which is numerically much simpler than solving
partial differential equations. In fact, a change of coordinates and feedback
which transforms the homogeneous part of certain degree of a control sys-
tem into that of another control system (not necessarily in normal form)
can be found by solving a set of algebraic equations, which are similar to
the homological equations of Poincaré for nonlinear vector fields. In §3, A
set of homogeneous polynomials associated to each system is found, which
is proved to be invariant under homogeneous changes of coordinates and
feedback. In fact, the dth homogeneous part of one system can be trans-
formed into that of another if and only if they have the same d-invariants.
In other words, the d-invariants characterize the homogeneous parts of a
control system under the transformations of homogeneous changes of co-
ordinates and feedback. Furthermore, the d-invariants of a system in the
normal form turn out to be equal to some partial derivatives of the non-
linear terms in the normal form. Since the normal form of homogeneous
parts of all degree 1s found, it is necessary to study the property of con-
vergence as degree approaches to infinity. This problem is believed to be
more difficult than the problem of finding normal forms for homogeneous
terms. The similar problem for the nonlinear vector fields was studied for
many years and it is not completely solved yet. Some nice theorems by
Poincaré, Dulac and Siegel claimed the convergence of the normal forms
and the changes of coordinates if the invariants of a vector field, i.e. the
eigenvalues of the linearization, satisfy certain conditions. But the eigen-
values (poles) of the linearized control system are not invariant under linear
feedback, therefore the nature of the problem is quite different for control
systems. The result proved in §4 1s that if an analytic nonlinear control sys-
tem can be linearized to any degree then it can be linearized by an analytic
change of coordinates and feedback. For certain kind of three dimensional
system, we can also prove the property of convergence. In §5, examples
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are given which shows that the normal form of certain degree of a fixed
control system is not unique under changes of coordinates and feedback of
lower degree. This phenomenon is similar to that of the normal forms of
nonlinear vector fields. In fact, the normal forms of formal vector fields
found by Poincaré are not uniquely determined by the original vector field.
The problems of convergence and uniqueness of the normal forms of vector
fields has been studied for a long time by many authors (see Van der Meer
[20] or Wiggins [21]) and there are still many problems left open.

2 Extended Normal Forms

From Brunovsky [7] and Kailath [13], we know that any controllable linear
system can be transformed into a controller form by a linear change of
coordinates. If, in addition, we also allow linear changes of coordinates in
the input space and linear state feedback, any controllable linear system can
be transformed into a Brunovsky form. Therefore, under linear changes of
coordinates and linear state feedback, Brunovsky form is the normal form
of controllable linear systems. In this paper, we try to extend this result to
the following nonlinear control systems in which the control u enters the
dynamics in a linear fashion:

€= f(&) + g(&)u (1)

where £ € R, p € R, f(€) and g(¢) are n-dimensional vector fields. We
assume that £ = 0 is an equilibrium point of (1), i.e

f(0)=0. (2)

In this paper, we only consider the control systems with a single-input. In
the following, the Taylor expansion of the system (1) is frequently used:

€= Fe+Gut Y (190 + g e )p)
k=2

_ o
==

(3)
F (0) G =g(0),

where the upper index means that the entries of the vectors are homoge-
neous polynomials of degree k. This kind of upper index is also applied
to other vector fields and polynomials (e.g. ol?l, (b[k]). As mentioned be-
fore, the Brunovsky form is the normal form of linear controllable systems.
Therefore, it is the normal form of the linear part of the system (3) if (F, G)
is controllable. In Kang-Krener [14], the normal forms of the quadratic part
was found. This is the starting point of finding the normal forms for higher
degree terms. In the following, we give the normal forms for the homoge-
neous parts of degree larger than two. To avoid the problem of convergence

3
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at this moment, we consider the system (3) as a formal nonlinear control
system with a single input, i.e, the summation is a formal sum, it may or
may not be convergent. The analytic case will be discussed in §4.

Definition 1 The system (1) is said to be linearly controllable if its linear
part (F,G) is controllable as a linear control system.

In this paper, we always assume that a nonlinear control system or
a formal nonlinear control system is linearly controllable. As mentioned
above, there exists a linear change of coordinates and a linear state feedback
which transform a linearly controllable nonlinear system (or formal system)
into a system (or formal system) such that its linear part is in Brunovsky
form, 1.e,

§=Ag+ Bt Y (M) + g5 n), (1)
k=2
where the linear part (A, B) is in the following form:
01 0 0 0
0 0 1 0 0
A= B=1|01. (5)
0 0 0 1 :
00 0 0], . 1

Since the linear part of (4) is already in the normal form, we want to
leave it invariant under the change of coordinates and feedback. Therefore,
the transformation group used in this paper is the group of all formal
transformations such as

E=a+) ¢Ml(x)
k=2

z . (6)
v=p+y o)+ @ u.

The following theorem gives us the normal form of a formal nonlinear con-
trol system with a single input. Its proof and the proof of Theorem 2 will
be given after the proof of Theorem 3. In the present paper, the results are
proved using a more intuitive method, which is different from the proofs in

[14].

Theorem 1 By a formal change of coordinates and feedback (6), the for-
mal control system (4) can be transformed into a system in the following
normal form:
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n
L 2
r1 =22+ E Plj(l‘l,“',l‘]’)x]»

ji=3

n
. 2
Ty = T3+ g Poj(zy, -, x5);

j=4

n
. 2
T = Tipq + g Pij(x1, -, x5)x;
j=it2

M _ 2
xn—Z—xn—1+Pn—2n($1a"'a$n)xn
LTn—1= Tn

T, = V.

Definition 2 A control system such as (7) is said to be in extended con-
troller form.

Remark 1 Here P;;(x1,---,z;) is a formal polynomial. It is defined by
the formal summation

= k
Py(ey, - a5) = 3 P ey, ). (8)
k=0

This normal form 1s a natural generalization of the quadratic normal form
in Kang-Krener [14]. The coefficients A;; there are replaced by the formal
polynomials P;;(x1, - -, z;).

Remark 2 In the theory of vector field, the first kth terms in the Tay-
lor expansion of a vector field is called a k-jet. Therefore, the extended
controller form is the normal form of k-jets, & > 1, for nonlinear control
systems.

To investigate the local property of a nonlinear system, higher degree
terms of a system is not important. So, sometimes it is enough to transform
only lower degree terms of a system into their normal forms and ignore the
higher degree terms. The following theorem shows that homogeneous terms
of different degree can be transformed into there normal forms separately
by homogeneous transformations of the same degree. A (homogeneous)
d-transformation 1s defined by

=+ ¢[d](x) (9)
v=p+ o) + AN
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A d-transformation leaves all the homogeneous parts of a nonlinear sys-
tem of degree less than d invariant. So, given a nonlinear system, we can
transform the linear part into Brunovsky form at first; then transform its
quadratic part into its extended controller form while leaving the linear
Brunovsky form invariant; then transform the cubic part into its extended
controller form leaving the linear and quadratic part invariant. Continuing
in this way until we obtain the normal form of a desired degree. Therefore,
the following theorem implies that if terms with degree greater than or
equal to d + 1 is omitted, every linearly controllable nonlinear system can
be transformed into its extended controller form (to degree d) by a trans-
formation contains terms of at most degree d. In the following, We use
O(z, u)?*! to represent the summation of homogeneous parts of at least

degree d + 1.

Theorem 2 By a suitable d-transformation (9) the system () can be
transformed into

d—1
P=Avt Br+ Y (f[’“](l‘) + g[’“‘”(l‘)’/) + /M) + Oz, ™ (10)
k=2

where f[d](x) is in the extended controller form, i.e,

n
Hwy = 30 P e (11)
j=i42
The nonlinear term f[d](x) is uniquely determined by fl¥ and gld=11.

A homogeneous change of coordinates and homogeneous feedback of
degree d 1s needed to transform the dth homogeneous part of a nonlinear
control system into its normal form. But how to find such a change of
coordinates and feedback? We can ask this question in a more general
way, i.e, if two systems have the same linearization (not necessarily in
Brunovsky form) and the same homogeneous terms of degree less than d,
if the dth homogeneous part of one system can be transformed into that
of another by a d-transformation, how to find the d-transformation? The
advantage of Poincaré’s technique 1s that instead of solving a set of off line
partial differential equation to find out the control law, which is a standard
method for many control problems, we only solve a set of linear algebraic
equations to find the desired change of coordinates and feedback.

Theorem 3 The system

d—1

€= Fe+Gu+ Y (M) + g0 ) + 1N+ g N )+ O, i)™
k=2

(12)
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can be transformed into

d—1
= Fx—i—Gl/—l—Z (f[k](x) + g[k_l](x)y) + A (@) + gl (2w +O0(x, v)?H?
k=2
(13)
by a d-transformation (9) if and only if there is L9 (x), ol (x) and 1= (x)
in (9) which satisfy the following equations

[Fz, ¢l (x)] + Gald(z) = flA(¢) — fld(2)

|G, ol ()] + GBI~ (2) = gli=11(¢) — gli=T(a) (14)

Remark 3 The Lie bracket of two vector fields vy (#) and va(x) is defined
by

[vi(2), va(x)] = F—v1 — ——va.

If the family of all homogeneous polynomials of degree d is considered as a
linear space with a basis

then the equations in (14) can be written as a set of linear algebraic equa-
tions. Therefore, finding its numerical solution 1s not difficult.

The Proof of Theorem 3: Each element in W4 represents a d-trans-
formation (9), which transforms (12) into

=%
—

&= Fr+ G+ (f[k](x) + g[k_l](l‘)l/)
2

+(1(2) = [Fa, 61(a)] = Gall(2))

B
I

(15)

+ (g[d—l](l,) _ [G, qb[d](x)] _ Gﬁ[d—l](x)) v+ 0(z, I/)d+1.

It is obvious that equation (15) coincides with (13) up to degree d if and
only if the equations (14) are satisfied. O

The following notations will be frequently used in this section. It defines
the family of homogeneous parts of control systems and the family of d-
transformations as linear spaces.
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pla = {(ﬂd] (), gli-1)(gy) | £1(€) and g1(E) are }

homogeneous vector fields in (3)

(&), ol(&) and pl=1(¢) are
wldl = & (pldl(¢), aldl(¢), pld=11(¢)) | homogeneous vector fields }

and functions in (9)
v = {(714(2),0)

It is obvious that V14, VI and W4 are linear spaces.

it 1s in the normal form (11)} :

(16)
Definition 3 Define a linear map A: Wl — VI py

"4(¢[d]a a[d]a 6[d_1]) = ([AI, ¢[d]:| + Ba[d]a |:Ba ¢[d]:| + Bﬁ[d_l]) . (17)
The image of WU under A is denoted by
v = Ay, (18)

Based on Theorem 3 and Definition 3, we can prove Lemma 2 and
Lemma 3 in the appendix.

The Proof of Theorem 2: By (ii) of Lemma 3, we know that
(F42), g4 0w)) € (D), g 0w) ) + 1, (19)

for a unique pair (f[d](x),ﬁ[d_l](x)) in normal form (11). Theorem 2
follows (19) and Lemma 2. O

The Proof of Theorem 1: Consider the case d = 2. From Theorem
2 or the result in Kang-Krener [14], we can transform (4) into a system
whose quadratic part (f[z](x), g[l](x)) is in the quadratic normal form by
a quadratic transformation. Then we use a cubic transformation to trans-
form the resulting system into one whose cubic term is in normal form
(Theorem 2) and this cubic transformation leaves the quadratic part in-
variant. Continuing in this way for d = 4,5,6..., we can find a sequence of
d-transformations in the form of (9) for d > 2. The composition is the for-
mal transformation (6) which transforms (4) into the extended controller

form (7). O
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3 Invariants Under d-transformations

Suppose two linear control systems are controllable. They can be trans-
formed from one into another by a linear change of coordinates and feed-
back if and only if they have the same controllability indices. Therefore,
controllability indices completely determine a linear system up to the lin-
ear change of coordinates and feedback. If a control system is nonlinear,
what are the invariants under the homogeneous change of coordinates and
feedback (9)? If two systems have the same linear part, we want to find a
set of invariants for each homogeneous part of a system so that the degree
d homogeneous part of one system can be transformed into that of another
by a d-transformation (9) if and only if the two systems have the same set
of invariants. We still consider system (3). In Kang-Krener [14], a set of
constant numbers was proved to be the invariants of the quadratic part. If
the degree d > 2, the invariants are not constants any more, in fact, we will
find a set of homogeneous polynomials of degree d — 2 which are invariant
under d-transformations of the form (9). Consider an analytic or formal
nonlinear control system (3), its linear part is not necessarily in Brunovsky
form. If it is linearly controllable, then there exists a constant row vector
(H) of dimension n such that

0 0<i<n-—1,

HFG = (20)
1 :=n-1.
Let
alldtr (&) = (d — 2)th homogeneous part of
HE' [adic) e (G4 g70() adi? ) (G +g11(9)| )
Definition 4 The d-invariants are defined to be
aldlir (&) = a1ldlir(gy o €y _rp0,0,--+,0) ? 2 :g::: (22)

So al* is a homogeneous polynomial of degree d — 2 with respect to
&1, &n—ry2. The following theorem shows that the d-invariants defined
above uniquely determines the homogeneous parts under d-transformations.
Denote the d-invariants of systems (12) and (13) by

{a[d]tr
{a[d]tr

2<r<n-1
1<t<n-r

2<r<n-1
1<t<n-—r ’

respectively.
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Theorem 4 The system (12) can be transformed into the system (13) with
an error O(z,v)*! by a d-transformation (9) if and only if

(ditr _ fdtr  2<r<n-—1
a —a 1<t<n—r (23)
Corollary 1 The system
€= FE+ Gr+ f19E) + g + 0, )™ (24)

can be linearized to degree d, or equivalently, there exists a d-transformation

(9) which transforms (24) into
&= Fae+Gr+4 O, p)ttt

of and only if
[d]tr _ 2<r<n-1
=0 oy
To prove Theorem 4, we first prove the following theorem which reveals
a simple relation between the d-invariants of a system in normal form and
the coefficients of the nonlinear terms. Like (11), we denote fl(z) to be
the normal form of degree d, i.e,

n
d d—2
@y =3 P, ap)al, (25)
j=it+2
Theorem 5 There is a natural one-to-one correspondence between the set

of all d-invariants and the set of all extended controller forms of degree d.
In fact, the d-invariants of the system

&= Az + Bu+ fll(x) (26)
are
a2 _ 2<r<n-—1
e — Y pld-2] Srsn
a - 873721_7«4.2 Ptn—r+2(x1’ ’x”—T+2)xn—r+2 1 <t<n-r.
(27)

Proof: At first, we prove the following relation for r > 2:

10
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i 1 i 6F{tﬁﬂ+2xi_r+2 T
OCn_rg2
n—r+1 PR 2
r—1 _ 6Pn—rn—r+2xn—r+2
adl ey (B) = + CES——
0
L U L 0 _
d— d—
'+h£n;g+3(x1f"a$n—r+3)xn—r+3'+"'+‘h£n H($1,~",$n)$n-+(9($)%
(28)
where hgg_l](xl, -+ -, ;) 1s a vector field depends only on #q,- -, ;. Obvi-
ously, for r = 2, the equality (28) is correct because
r 6Pw—ﬂ 2 7]
0 e
0
ad ey faye(B)= | 1 |+ | oplie2 (29)
1 OT
0 0
0 -
Suppose that (28) is correct for r, then
i
s i) (B)
0 ] i 6fﬂi:ﬂ+2xi_r+2 T
. OCn_rg2
0 n—r4+ 1 .aP[d—2] N 22 42
_ - n—rn—r42- n—r
= adye flae é + . G —
L 0] L 0 _

+ 2 h%_l](%“w%)%+0(l‘)d)

i=n—r+3

11
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0
0 n—r—+1
= adAf-l—f[d](f) 1
0
. 0 -
—|—h£i__17],+2(l‘1, CUy xn—r+2)xn—r+2
LD DR CINE A A 0<x>d) , (30)
i=n—r+3
for some vector h%—_l;_l_z(xl, “+, ®p_pt2). Using the fact
[Az, h(z1, 29, -, x5)x;] = her, @o, - 2j)aj + bz, 29, -, 25410) 2541

_ - (31)
for some h and h, it is obvious that the right side of (30) equals

r 0 T 6P[d_2] 22

1n—r+1¥n—r41
OC g1
0 n—r ’ n
6P[d_2] 22

nern-r41¥n—r41 2 : [d—1]
1 + DT ri1 + hr+1i ($1a"'a$i)xi
0 0 i=n—r+2
0 0

(32)

plus some higher degree terms. By induction, we proved the equality (28).
From (28), it is easy to show that

12
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adrA_xi_f[d](x)(B)’ adrA_xif[d](x)(B)]
- 2 d—2 1
6@'{)_T+2 Pl[n—r]+2x721—r+2
S n (3)
a2 - S Td—
= R Pn—rn—r+2x721—r+1 =+ Z hEd 1]1‘2' =+ O(x)d
0 i=n—r+3
L 0 _
Therefore
allr = (d — 2)th homogeneous part of

CA! [adi\_xi-f[d](x)(B)’ adg_xif[d](x)(B)] (l‘l, o Tporg2, 0,0 ,0)

0 [da—2] 2
=%z, (Pm_r+zl‘n_r+z) :

(34)
Theorem 5 is proved. O

The proof of Theorem 4 is based on Theorem 5 and the following lemma.

Lemma 1 The polynomial a7 (&1, €n_pi0) is invariant under a d-
transformation (9).

Proof: It is enough to show that a1l (€) is invariant. Given any formal
vector field

V(e =Y Vi) (35)

i=kg

By the change of coordinates

z =&+ ¢l(e), (36)

the vector V() is transformed into

[D(g(e)\
(I + %T(;()) > V(@) = VI@) + Ox)o . (37)

i=kg

13
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So, homogeneous changes of coordinates leave the first nonzero homoge-
neous part of a formal vector field invariant. Therefore, by a change of
coordinates of the form (36), the (d-2)th homogeneous part of

r—1 d—1 r—2 d—1
adpe plare) (G+g[ ](5)) »adpey ey (G+g[ ](5))] (38)

is invariant. This implies that a1l%* is invariant under the change of
coordinates (36). Now let’s consider a state feedback

p=v+ o) + 4G, (39)
the resulting system has the following homogeneous part of degree d:
(£19&) + Gal, gl=1(e) + Gti=Tl(g)) (40)

By induction on r, it can be proved that
adieh ey gam (G +0170E) + GA ()
r—1
= oyl e (G +977©) + AT O F G+ o), (a1)
i=0

Ed_l] are homogeneous polynomials. Denote the Lie bracket be-

tween the vectors

where A

adrF_fif[d]+Ga[d] (G + g[d_l] 4 Gﬁ[d_l])
and
ad;‘_g‘l"f[d]+Ga[d] (G + g[d_l] + Gﬁ[d_l])
by X, then
HEt-'x
— -1 r—2 d—1 1 i
= HF' [adpf+f[d] (G—I-g[ ]) cadc) (G+ J ])]
r—1
+HFt_1Z;\£»d_2]FiG + O(f)[d_l] (42)
=0

— al[d]”(f) + O(f)d_l,

for t <n —r. In (42) we used the fact that HF/G = 0 for j < n— 1. So,
it is proved that a1l* are invariant under both homogeneous changes of
coordinates and state feedback of degree d. O

14
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The Proof of Theorem 4: Suppose that the system (12) can be trans-
formed into (13) with an error of at least degree d+1, by a d-transformation.
Then, the two systems have the same d-invariants (Lemma 1). On the other
hand, assume that the d-invariants of (12) and (13) are equal to each other.
There is a linear change of coordinates and feedback which transforms the
linear part of the two systems into Brunovsky form, it can be proved that
the resulting systems still have the same d-invariants. So, we can assume
that (F,G) = (A, B). Theorem 2 implies that the dth homogeneous part
of these two systems can be transformed into two normal forms by a d-
transformation, and these two normal forms have the same d-invariants

{a[d]tr 2<r<n-1 }

1<t<n-r
By Theorem 5, the dth homogeneous part of these two normal forms must
be equal to each other if they have the same d-invariants. Therefore, by a
d-transformation, (12) and (13) can be transformed into the same system
with an error of at least degree d 4 1. O

(43)

4 Some Insight in Convergence and Analyticity

Another problem we are going to discuss in this paper is the following
convergence problem. If the nonlinear control system (4) is analytic, i.e, the
infinite summations involved are convergent in a region around the origin,
is it possible to find a convergent transformation (6) so that the system (4)
can be transformed into an extended controller form by 1t? Under certain
special assumptions, this is proved to be true. But in general, the problem
1s still open.

Theorem 6 If an analytic system

ab:Ax—l—Bu—l—Z (f[k](x)—l—g[k_l](x)u) (44)

1s linearizable by a formal transformation, then it is linearizable by an
analytic transformation.

Proof: System (44) is formally linearizable implies that it is linearizable
to any degree d. By the theorem in Krener [15], the distributions D", 1 <
r < n—1 (see (58)), are degree d — 1 involutive for all d. This implies
that D" is involutive for any 1 < r < n — 1. Therefore, system (44) is
linearizable by an analytic transformation (see Krener [17] or Isidori [12]).
O

If a nonlinear analytic system is not linearizable, the convergence prob-
lem becomes complicated. The following theorem shows that a special kind

15
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of three dimensional system can be transformed into its extended controller
form by an analytic transformation.

Theorem 7 Consider

€f1 =&+ [1(&2) + fa€a)Es + f3(&1,62,63)E3
£ =83 (45)
3= p.

Suppose that f;(€),i = 1,2,3, are analytic. Then, there is an analytic
change of coordinates and feedback (6) which transforms the system (45)
mto an analytic system in its extended controller form.

Proof: Let E
fal&a) = ; Ja(t)dt. (46)
Define )
21 = &1 — f2(E2)
Ty =&+ jg(ﬁz)
e géfZ)&’ (47)
2
ki . §€(§€2)€?2> + 81;52)&3”

Under the new coordinates we have

g1 = &+ fil€) + f2(62)Es + f3(61,62,63)65 — Fo(€2)E3

= xo+ f3(€1,62,63)65 (48)
i‘z = X3
1.‘3 = V.

From (47) we have
§3 = a3+ Y(2)as (49)

for some function ¢(x). Substitute this into (48), we obtain
1 =2y + f3(€(2))(L+ ¥(x))*23
i‘z = I3 (50)

i‘g:l/.

This 1s a system in the extended controller form and the transformations
used are analytic. O

16
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5 Examples

The following example gives us the extended controller form and invariants
of linearly controllable systems of dimension three.

Example 1 The extended controller form of a three dimensional formal
control system 1is

(o)
. [k—2] 2
=9+ g Py % (e, x0, 23)23
k=2

i‘z:l‘g
r3 = U.

The d-wnvariants, by Theorem 5, is simply
62

d—2
o (P (en, o0, 2a)a).
3

For example, the quadratic invariant is a constant P1[03].

Theorem 1 shows that any formal control system with a single-input
can be transformed into the extended controller form (7) if it is linearly
controllable. This result is related to the classification of the formal control
systems under formal transformations. But it is not the solution of this
problem because a formal system, in general, can be transformed into dif-
ferent systems which are in the extended controller form (7), i.e, the normal
form given above is not uniquely determined by the original system. In fact,
the normal form of degree d of a system is unique under d-transformations
(Theorem 2), but it is not unique under d-transformations of lower degrees.
This 1s similar to the theory of vector fields. It is known that the normal
forms of formal vector fields found by Poincaré are not uniquely determined
by the original vector field. This phenomenon has been studied for many
years by several authors; notably by Kummer [18], Bruno [4], Bruno [5],
Bruno [6], Van der Meer [20], Baider-Churchill [3] and Baider [2]. Right
now, we only know very little about the uniqueness problem of the extended
controller form of nonlinear control systems. The following example shows
a nonlinear system and its different extended controller form.

Example 2 Consider

51252-1-532,
€ =& (52)
£3=p.

This system is already in extended controller form. By the following quad-
ratic change of coordinates and state feedback
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Ty =& +f% + %(52 + 25152)2

o = Ea + 26160
T3 = 5+ 260(&s + €2) + 26165 (53)

v =iz = pt+ 68283 + 465 + 4Eaap + 261 41,
system (52) is transformed into

&1 = 2o + 23 — 2z22 + O(2)?
i‘z = I3 (54)

i‘g:l/.

This is also in the extended controller form. Therefore, the normal form
of (52) is not unique.

The reason why this system can be transformed into different extended
controller forms is because there is nontrivial quadratic transformations
which does not change quadratic part but can make changes to the higher
degree terms and this change can not be canceled by a d-transformation of
degree greater than or equal to three. In general, the extended controller
form of degree d is unique under transformations of degree > d, but not
untque under lower degree transformations.

6 Conclusions

The results in this paper are the extension of the results in Kang-Krener [14]
to higher degree terms. In [14], we find a normal form and a set of quadratic
invariants of a nonlinear control system. In this paper, we continue the
study by finding the normal forms and invariants of a nonlinear control
system with a single-input for each homogeneous part of degree d > 2.
The problem of approximate linearization of a nonlinear system by dynamic
feedback 1s closely related to the results of the present paper and Charlet
[8], [9]. Some results on this problem will be addressed in another paper.
The results in this paper are valid around a fixed equilibrium point. The
problem of approximate linearization of nonlinear control systems around
a manifold is addressed in Hauser [10], [11] and Xu [22].

Appendix

Lemma 2 System (4) can be transformed into system (10) by a d - trans-
formation if and only if

(F9@) = (@), ") ) € Vi, (55)

18
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Proof: It follows Theorem 3 and Definition 3.

Lemma 3 (i) If fl4 45 in the normal form (11), then (f[d],O) s not in

Vr.
(i) V4 = v gy vl
(iii) If
(417, a1, 51411} € ker(A) (56)
then (b[ld], (b[zd], cee qSELd]_l are functions independent of x,, and (/)E»C_lﬂl = LqubEd]

forl<i<n-—1.

Proof: The proof of (i). We prove it by contradiction. Suppose (f[d] ,0) is
in V7. Lemma 2 implies that

&= Az + fl(z) + By (57)

is linearizable to degree d. By the theorem in Krener [15], we know that
the distributions

D’“:C"X’span{ad (B); 1§l§r}, 1<r<n-1 (58)

Axt flal(x)

are degree d — 1 involutive, i.e,

maz{i,j}
i—1 j—1 d—1
adAx+f[d](x)( ), adAx+f[d](x) ] Z ’\kadA e )( )+ O(x)
(59)
for any ¢,j < n — 1. Since
Zpl xla ) ])$]2
ZPd 2 (21, ,x])xf
1 = : (60)
PTE{—ZZA($1’ T l,n)l,i
0
0

we assume that the largest j such that P # 0 is jo, and the largest ¢
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such that P # 0 is ¢p. Then we have

Zpl Yar, o wp)ad
Jo—1
oz )a? 4+ Pl
f[d] — ; %2 10J l‘l, ,l‘])l‘] + PZQ]U Zj, (61)
Jo—1
Z ZU-I—l] 1‘1,"',l‘]’)l‘]2'
j=t0+3
L 0
So
_ r—1
X, = adAx+f[d](x)(B)
© 0
n—r4+1
1
= (-1 ifl1<r<n—jo+1 (62
0
L 0 -
and
Xn—j0+2 adAx+f[d](x)(B)
- . -
0
: Jo—1 * %
1 8P [d 21@‘2
— (—1)n-iot! | (63)
0
: 0
L 0 - E
L 0 i
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This implies

- -
* io
o2pli=lg2
[X”—j0+1’Xn—jo+2] = (_1)n_j0+1 6@'?0 . (64)
0
L 0 -
2 pld=2], 2
Since 230]% 79 £0 and jo — 1 > 4, we know that
xr<
Jo
n—jo+2
[Xojort, Xnojoral # D AiXi+O(2)*™". (65)
i=1

This is equivalent to say that D?/o+2 is not degree d — 1 involutive. It is
a contradiction.

The proof of (ii) and (iii).
v v = . (66)

So, the summation in the lemma must be a direct sum. We need to show
that

dim(VI¥) = dim(V1¥) + dim(v14). (67)

It 1s obvious that

. [d] _ n+d—1 n+d—2
dim(V) = n( d +n d—1

n—+d-—3
d—2

+(n—3)<n;ii;4)+~'+<di2 ) (68)

dim(Vldy = (n—2)<

and

dim(V) = dim(WD) = dim(ker(A)) = n ( ntd-1 )

d
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+( HEIH)* ( anlIQ)—dim&er(A)).

(69)
By the definition of A, we have
_ 6¢[1d] -
LAx¢[1;l] - ¢[2;l] ;’;[g]
Lass! = 63 T
A(qS[d], a[d]’ ﬁ[d—l]) — : N . (70)
Lastyl, — o) | | 205
d T
Lazgi + ol I %ﬁﬁ—FBW—” |
where 96 96 96
Lapd = —— - . 1
A ¢ 6x1x2+ 61*2363—1_ + 690”_196 (7 )

The equations (70) and (71) implies that the result in (iii) is correct.
By the definition of L4,, we know that if ¢(z) = ¢(z1,---,2;) and

Lag
3_(/) # 0, then La,¢ depend on z;41, ie, 0L ard # 0. Assume that
ot

890]»

(61, o, g1=1) € ker(A). 1f ¢ (2) = o\ (1, 2;) and if - #0,
Zj

by the result in (iii) and the property of L4, we know that (/)Efl]_j_l_l =

LZ;j [1d] and

dxj 1

d
95 4

SO (72)

Because only ¢£Ld](x) can be a function depending on z, (part (iii)), we
have

n—j+1=mn, (73)
i.e, j = 1. Therefore
ot = daf. (74)
So,
dim(ker(A)) = 1. (75)

From (68), (69) and (75), we have

dim(V¥) — dim(vI¥) =
o= (MR )- () e
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By using

we have

dim(V1d) —dim(VI[d])
o (S0 ™

By using (77) again, this equals

(n—2)(”§f;3 )+(n—3)<"§fg4)+m+<df2 ) (79)

This is the dimension of V4. Therefore (67) is correct and (ii) of Lemma
3 is proved. O
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