Journal of Mathematical Systems, Estimation, and Control © 1994 Birkhäuser-Boston Vol. 4, No. 3, 1994, pp. 1–21

The Generalized Solutions of Ordinary Differential Equations in the Impulse Control Problems^�

Boris M. Miller

Abstract

The paper is devoted to the problems of an impulse control for the systems, whose dynamic is described by ordinary nonlinear differential equations. The problem of description for a discontinuous solution, arising from the using of an impulse control, is considered. The representation of the discontinuous (generalized) solutions is obtained on the basis of the method of a discontinuous time change. The problem of an impulse control is also considered. An existence theorem for the generalized optimization problem is proved.

Key words: nonlinear systems, impulse control, generalized solutions, differential equations with a measure

1 Introduction

The purpose of this paper is to obtain the representation of a discontinuous solution for ordinary nonlinear differential equations with an impulse control. The solution of this problem is necessary for investigating different mathematical models which arise in flight dynamics [4], in the control of observations [1], and in the control of radiation and chemical therapy [2].

The main problem for this class of systems is to find the response of the dynamic system to an impulse control of a δ- function type. Some approaches to this problem are known and they are based on using the differential equations with a measure. But using the differential equations with a measure is possible only for the special class of differential equations satisfying conditions of a Frobenious type [11]. Only in this case the response of the dynamic system to an impulse control does not depend on

�Received July 20, 1992; received in final form December 5, 1992. Summary appeared in Volume 4, Number 3, 1994.

the realization of this control. In other cases the way of realization of an impulse control will be an other additional component of the control and will give new possibilities for optimization.

In this paper we have used an approach which is based on the method of a discontinuous time change, which was proposed in the papers of Rishel [10] and Warga [12] for the systems with sublinear dependence upon the unbounded control. This method was extended on a nonlinear system in the author’s work [7,8], where the representation of discontinuous (generalized) solutions for the system with an impulse control has been obtained. Here we reduce the initial optimization problem to an auxiliary optimal control problem with bounded controls, which is equivalent to the initial problem. Thus we can obtain existence theorems for the optimal path of a discontinuous type, described by a generalized differential equation with a measure.

2 Statement of the Problem

Let a controllable system be described by the equations ẋ(t) = f(x(t), v(t), u(t), t) + B(x(t), v(t), u(t), t)w(t), v̇(t) = ‖w(t)‖, u(t) ∈ U, w(t) ∈ K. (2.1)

Here x ∈ R^n, v ∈ R^1, u ∈ R^k, w ∈ R^m. The vector variable x(t) describes the variation of the phase variables of a controllable system, where the controls u(t) and w(t) respectively denote the ordinary and the generalized control components; the former corresponds to bounded controls, and the latter to controls, which are not bounded in the norm, but bounded in the integral sense. The values of the control u(t) are selected from a closed bounded set U ⊂ R^k , whereas the values of the control w(t) are not bounded in the norm, being selected from a closed cone K ⊂ R^m. A special equation is needed for the variable v(t) ∈ R^1, for taking into account the integral constraints on the control w(.); this can be done with the aid of any of the norms of the vector W in R^m.

We shall assume that the vector function f and the matrix function B are continuous in the totality of variables (x, v, u, t) ∈ R^{n+k+2} and for any (u, t) : u ∈ V , t ∈ [0, T ], they satisfy Lipschitz’s condition in the totality of variables (x, v), i.e. ‖f(x_1, v_1, u, t) − f(x_2, v_2, u, t)‖+ ‖B(x_1, v_1, u, t) − B(x_2, v_2, u, t)‖ ≤ L_1{‖x_1 − x_2‖ + |v_1 − v_2|},

(2.2)

for any x_1, x_2 ∈ R^n, v_1, v_2 ∈ R^1 with a constant L_1 > 0.

The condition of the linear growth in (x, v) also follows from the inequality (2.2) and the continuity of functions f and B, i.e., ‖f(x, v, u, t)‖ + ‖B(x, v, u, t)‖ ≤ L_2(1 + ‖x‖ + |v|), (2.3) for any (x, v) ∈ R^{n+1} and a constant L_2 > 0.

Suppose that the control w(·) has a constraint ∫_T 0 ‖w(t)‖dt = V (T ) ≤ M < ∞ (2.4) i.e., the allowed controls can be taken in the form of functions that are as close as desired to impulse functions of a δ-function type. This, in turn, may result in the presence of a discontinuous solution of system (2.1) under the constraint (2.4), and it requires that the concept of solution be extended. In the paper [8] the following definition of the generalized solution of system (2.1) is proposed.

Definition 2.1 A pair of functions {x(·), v(·)} that are continuous from the right and have a bounded variation in the interval [0, T ] is said to be a generalized solution of the system (2.1) if there exists a sequence of allowed controls {u^k(·), w^k(·)} that satisfy the constraints u^k(t) ∈ U, w^k(t) ∈ K, ∫_T 0 ‖w^k(t)‖dt ≤ M < ∞ (2.5) and such that the corresponding sequence {x^k(·), v^k(·)} of solutions of system (2.1) is convergent to the functions {x(·), v(·)} at all the points of the continuity of the functions {x(·), v(·)}.

Let us consider the totality of all generalized solutions of the system (2.1) under the constraint (2.4) with the initial conditions {x(0), v(0)} ∈ A, where the set A is bounded and closed in R^{n+1}.

The set of generalized solutions of (2.1) under these propositions is compact in the topology of weak-∗ convergence in the space of the bounded variation function. Compactness in the topology of weak-∗ convergence signifies that from any set of uniformly bounded functions f_α(·) of the uniformly bounded variation we can select a sequence f_αk (·) that converges in the interval [0, T ] to a function f(·) of the bounded variation in the sense of lim_k f_αk(0) = f(0),

lim_k f_αk(T ) = f(T ), and lim_k f_αk(t) = f(t), at all the points of continuity of the function f(·).

This result follows from the properties of the functions f and B, and from the Gronwall-Bellman lemma [5], because under the constraints (2.4) and conditions (2.2),(2.3) the set of solutions of the system (2.1) is uniformly bounded and has a uniformly bounded variation. The set of generalized solutions is the closure of the set of solutions of the system (2.1) in the topology of weak-∗ convergence, and hence is compact in this topology. Our first purpose is to describe the set of generalized solutions in the conventional way.

3 Representation of Generalized Solutions by a Discontinuous Change of Time

Let us consider an auxiliary controllable system of differential equations for the variables y ∈ R^n, z ∈ R^1, η ∈ R^1 that is defined in the interval [0, T ], T_1 ≤ T + M :

ẏ(s) = α(s)f(y(s), z(s), n(s), η(s)) + (1 − α(s))B(y(s), z(s), n(s), η(s))e(s), ż(s) = (1 − α(s))‖e(s)‖, (3.1) η̇(s) = α(s), with initial conditions y(0) = x(0), z(0) = 0, η(0) = 0, and the controls in the form of functions α(·), n(·), e(·), that satisfy the constraints α(s) ∈ [0, 1], n(s) ∈ U, e(s) ∈ {K ∩ (‖e‖ ≤ 1)}. (3.2) In the description of the auxiliary system (3.1) and constraints (3.2) the functions f and B, sets U and K, and constants T and M , are the same as for the initial system (2.1). Between the systems (2.1) and (3.1) there exists a correspondence specified by the two following theorems, which are proved in [8].

Theorem 3.1 Let the functions {x(·), v(·), u(·), w(·)} satisfy the system (2.1), and let the functions {u(·), w(·)} be measurable and satisfy the constraints u(t) ∈ U, w(t) ∈ K, ∫_T 0 ‖w(t)‖dt ≤ M. Then there exist functions {y(·), z(·), η(·), α(·), n(·), e(·)} defined in the interval [0, T + v(T )], that satisfy the system (3.1) and the constraints (3.2), and such that for any t ∈ [0, T ] we have

x(0) = y(0), v(0) = z(0) = 0, x(t) = y(Γ(t)), v(t) = z(Γ(t)) (3.3) where Γ(t) = t + v(t). (3.4)

Theorem 3.2 Let the functions {y(·), z(·), η(·), α(·), n(·), e(·)}, which are defined in the interval [0, T_1], T_1 ≤ T + M , satisfy the system (3.1) and the constraints (3.2), and let also

η(T_1) = T. (3.5)

Then there exists a sequence of controls {u^k(·), w^k(·)}, which satisfy the constraints u^k(t) ∈ U, w^k(t) ∈ K, ∫_T 0 ‖w^k(t)‖dt ≤ M, (3.6) such that the corresponding sequence of solutions {x^k(·), v^k(·)} of the system (2.1) converges to the functions

x(t) = y(Γ(t)), v(t) = z(Γ(t))

at all points of continuity of the function Γ(·) defined by the relation

Γ(t) = inf{s : η(s) > t}. (3.7)

The following theorem gives us the total description of the set of generalized solutions of the system (2.1).

Theorem 3.3 Let the pair of functions {x(·), v(·)} be the generalized solution of the system (2.1), which is defined in the interval [0, T ]. Then there exists a sequence of measurable functions {α^k(·), n^k(·), e^k(·)}, which are defined in the interval [0, T_1], T_1 ≥ T, that satisfy the constraints (3.2) everywhere in [0, T_1] and such that the corresponding sequence of solution of the system (3.1) {y^k(·), z^k(·), η^k(·)} converges to the functions {y(·), z(·), η(·)} uniformly in [0, T_1]. The functions {y(·), z(·), η(·)} satisfy the relations

x(t) = y(Γ(t)), v(t) = z(Γ(t)), Γ(t) = inf{s ∈ [0, T_1] : η(s) > t},

(3.8)

where Γ(T ) = η(T_1) by definition.

3.1 Proof of Theorem 3.3.

If the pair {x(·), v(·)} is the generalized solution of the system (2.1), then by the definition there exists a sequence of functions {x^k(·), v^k(·), u^k(·), w^k(·)}, that satisfy the system (2.1) with measurable functions {u^k(·), w^k(·)}, satisfying the constraints (2.5), such that the sequence {x^k(·), v^k(·)} converges to {x(·), v(·)} at all points of continuity. For every k, by virtue of Theorem

3.1, there exists a totality of functions {y^k(·), z^k(·), η^k(·), α^k(·), n^k(·), e^k(·)} that satisfy the system (3.1) and the constraints (3.2) in an interval [0, T_1], where T_1 = T + v(T ), such that

x^k(t) = y^k(Γ^k(t)), v^k(t) = z^k(Γ^k(t)), Γ^k(t) = inf{s : η^k(s) > t}. (3.9)

The sequence v^k(T ) = ∫_T 0 ‖w^k(t)‖dt is uniformly bounded by the constant M, hence, there exists the constant T_1, such that T_1 ≥ T^k_1 for every k. Let us complete the definition of functions α^k(·), e^k(·) by zero values in the half-interval (T^k_1 , T_1] and leave the same designation for them.

Let us consider now the sequence of the functions {y^k(·), z^k(·), η^k(·)} in the interval [0, T ]; because of Lipschitz’s and linear growth conditions of functions f and B (2.2),(2.3), the sequence {y^k(·), z^k(·), η^k(·)} is uniformly bounded and equicontinuous [5]. Then, by virtue of Artsella’s theorem [3], we can select from the sequence {y^k(·), z^k(·), η^k(·)} a subsequence, which converges to the functions {y(·), z(·), η(·)} uniformly in the interval [0, T ]. Let us take for this subsequence the same designation {y^k(·), z^k(·), η^k(·)} and prove that this subsequence is the same that is needed by the theorem. For proving the theorem it suffices to show that the sequence {y^k(Γ^k(t), z^k(Γ^k(t))} converges to {y(Γ(t), z(Γ(t))} at all points of continuity of the function Γ(·). As a first step let us prove that the sequence Γ^k(t) converges to the value of the function Γ(t) = inf{s : η(s) > t} at all points of continuity.

Indeed, let t be a point of continuity of the function Γ(·). Then we specify the sequence {s^k}, s^k ∈ [0, T ] that satisfies the relation η^k(s^k) = t (such a point s^k is unique for any fixed t by virtue of the monotonicity of the function η^k(·) for any k). Let us show that s^k converges to a point s^⋆ such that η(s^⋆) = t. For any k we have the relation

η(s^k) − η(s^⋆) = η(s^k) − η^k(s^k)

whose right-hand side tends to zero by virtue of the uniform convergence of η^k to η, and hence (lim_k η(s^k) = t).

The sequence {s^k} is bounded, and for any of its partial limits s̄ we have η(s̄) = t, and by virtue of the continuity of the function Γ(·) at the point t, a point s^⋆ such that η(s^⋆) = t will be unique.

This signifies that

lim_k Γ^k(t) = s̄ = s^⋆ = Γ(t),

and hence we have established that Γ^k(t) converges to Γ^k(t) at all the points of continuity of the function Γ(·). Then by virtue of the uniform convergence of {y^k, z^k} to {y, z} we have the relations

y^k(Γ^k(t)) − y(Γ(t)) = y^k(Γ^k(t)) − y(Γ^k(t)) + y(Γ^k(t)) − y(Γ(t)) z^k(Γ^k(t)) − z(Γ(t)) = z^k(Γ^k(t)) − z(Γ^k(t)) + z(Γ^k(t)) − z(Γ(t)) and lim_k y^k (Γ^k(t)) = y(Γ(t))

lim_k z^k(Γ^k(t)) = z(Γ(t))

at all points of continuity of the function Γ(·); and by virtue of the relations (3.9) lim_k x^k(t) = x(t) =

lim_k y^k(Γ^k(t)) = y(Γ(t)),

lim_k v^k(t) = v(t) =

lim_k z^k(Γ^k(t)) = z(Γ(t))

at all points of continuity of the functions x(·), v(·).

Hence the relation (3.8) is valid at all points of continuity; but the functions x(·), v(·) and Γ(·) are continuous from the right, and Γ(·) is monotonically increasing, hence for every t in the interval [0, T ]

lim_τn_{↓t} x(τ^n) = x(t) =

lim_τn_{↓t} y(Γ(τ^n) = y(Γ(t)),

(3.10)

lim_τn_{↓t} v(τ^n) = v(t) =

lim_τn_{↓t} z(Γ(τ^n) = z(Γ(t))

where τ^n ↓ t is monotonically decreasing sequence of the points of continuity. Theorem 3.3 is proved.

Let us consider the set of vectors L ∈ R^{n+2}, denoted by L(y, z, η), such that L(y, z, η) = (3.11) αf(y, z, n, η)+ (1 − α)B(y, z, n, η)e (1 − α)‖e‖ α

| | | | | | | | α ∈ [0, 1] n ∈ U e ∈ {K ∩ (‖e‖ ≤ 1)}

Theorem 3.4 Let us suppose that sets L(y, z, η) be convex for every (y, z, η). Then for every generalized solution {x(·), v(·)} defined in the interval [0, T ] there exists a totality of functions {y(·), z(·), η(·), α(·), n(·), e(·)}, that satisfy the system (3.1) under the constraints (3.2) almost everywhere in the interval [0, T_1], with T_1 ≥ T ; such that at all points of interval [0, T ] the equality (3.8) takes place.

3.2 Proof of Theorem 3.4

By virtue of the convexity condition of the set (3.11) the right-hand side of the system (3.1) is the convex set for every (y, z, η). The existence of the uniformly convergent sequence (y^n, z^n, η^n) follows from the Theorem 3.3 and the limit functions (y, z, η) satisfy the equality (3.8). Then from the convexity condition and by virtue of Fillipov lemma [13] there exists the totality of functions (α, n, e), such that the totality of functions (y, z, η, α, n, e) satisfies the system (3.1) under the constraints (3.2) almost everywhere in the interval [0, T_1]. Theorem 3.4 is proved.

Now we shall consider some examples of systems which satisfy the condition of convexity.

3.3 Example 1

Let the sets f(y, z, U, η) = {L ∈ R^n : L = f(y, z, n, η) | n ∈ U } (3.12) be convex for every (y, z, η); the function B does not depend on the control n and the sets B(y, z, η)K = (3.13) { B(y, z, η)e ‖e‖ | | | | e ∈ K ∩ {‖e‖ ≤ 1} } be convex for every (y, z, η). Then the sets L(y, z, η) are convex for every (y, z, η) and conditions of Theorem 3.4 are satisfied.

3.4 Example 2

Let the cone K be the set of vectors with non-negative component and the norm of the vector is defined as a sum of the absolute values of components. Then for every e ∈ K the norm of e is equal to ‖e‖ = m∑ i=1 e_i, and the set B(y, z, η)K in above example can be represented in the following form B(y, z, η)K = (3.14) L_1 ∈ R^n = ∑_m i=1 B_i(y, z, η)e_i L_2 ∈ R^1 = ∑_m i=1 e_i

| | | | | | e_i ≥ 0, i = 1, ..., m ∑_m i=1 e_i ≤ 1

It is obvious that the sets (3.14) are convex for every (y, z, η).

If conditions of Theorem 3.4 are held, then the generalized solution of the system (2.1) may be represented by a differential equation with a measure.

4 Representation of Generalized Solutions via Differential Equations with Measure

Let us consider {x(·), v(·)} which is a generalized solution of a system (2.1) in the interval [0, T ]. The pair of functions {x(·), v(·)} has a bounded variation, and the function v(·) is monotonically non-decreasing in the interval [0, T ], and bounded, hence it defines in the interval [0, T ] a scalar nonnegative measure V (dt). The set of points of discontinuity of v(t) = V {[0, t]}

D = {τ : Δv(τ ) = v(τ ) − v(τ −) > 0} (4.1)

is countable, and the function v(·) can be represented in the form

v(t) = v^c(t) + ∑ τ∈D∩{τ≤t} Δv(τ ) (4.2) where v^c(t) is a continuous function.

The generalized solution {x(·), v(·)} can be represented in the following way.

Theorem 4.1 Let the sets (3.11) be convex for every (y, z, η). Then for every {x(·), v(·)} which is a generalized solution of the system (2.1) in the interval [0, T ] there exists:

(i) a vector-measure a(dt) in the interval [0, T ], such that

a(A) ∈ K (4.3)

for all V -measurable sets A;

(ii) both V and Lebesgue measurable function u(·), such that

u(t) ∈ U (4.4)

almost everywhere with respect to both V and Lebesgue measure;

(iii) the totality of Lebesgue measurable functions {n_τ (·), e_τ (·)} which are defined for every τ ∈ D in the interval [0, Δv(τ )]; every pair {n_τ (·), e_τ (·)} satisfies the constraints n_τ (s) ∈ U, e_τ (s) ∈ K ∩ {‖e‖ ≤ 1} (4.5) almost everywhere in the interval [0, Δv(τ )] with respect to Lebesgue measure, and satisfies the condition ∫_{Δv(τ)} 0 e_τ (s)ds = Δa(τ ) = a({τ }); such that generalized solution {x(·), v(·)} satisfies the differential equation with a measure dx(t) = f(x(t), v(t), u(t), t)dt+ B(x(t), v(t), u(t), t)da^c(t)+ (4.6) ∑ τ∈D∩(τ≤t) Δx(τ )δ(t − τ )dt,

v(t) = V ar_{[0,t]}a^c(s) + ∑ τ∈D∩(τ≤t) Δv(τ ),

and values of functions x(·), v(·) in the points τ ∈ D are defined by relations

x(τ ) = y_τ (Δv(τ )), v(τ ) = z_τ (Δv(τ )),

where functions {y_τ (·), z_τ (·)} satisfy the system of the differential equations ẏ(s) = B(y_τ (s), z_τ (s), n_τ (s), τ )e(s) ż(s) = 1.

(4.7)

with the initial conditions y(0) = x(τ −), z(0) = v(τ −). 4.1 Proof of Theorem 4.1

By virtue of the Theorem 3.4 there exists a totality of functions {y(·), z(·), η(·), α(·), n(·), e(·)}, such that {y(·), z(·), η(·)} satisfies the sys- tem of differential equation (3.1) under the controls {α(·), n(·), (·)} that satisfy the constraints (3.2), and equalities (3.8) are valid everywhere in [0, T ]. Let us define the vector-function a(·) by the relation a(t) = ∫_{Γ(t)} 0 (1 − α(s))e(s)ds, (4.8)

and the vector-function u(·) by the relation

u(t) = n(Γ(t)). (4.9)

Let us prove that the function u(·) is both Γ− and Lebesgue measurable in the interval [0, T ], where measure Γ(dt) is defined in half-intervals (a, b] by the relation Γ{(a, b]} = Γ(b) − Γ(a). The measurability of a function with respect to Lebesgue’s measure follows from the equation

η(N_c) = L_c ∪ D_c (4.10)

which holds for any constant C and any component n_i of the vector function n(s). Here L_c = {t : n_i(Γ(t)) ≤ c}, N_c = {s : n_i(s) ≤ c} and D_c is a subset of set D^Γ = {t : ΔΓ(t) > 0}. The subset D_c is at most countable, and therefore its Lebesgue measure is zero, whereas the set N_c is Lebesgue measurable by virtue of the measurability of n(·) in the interval [0, T ], and the function η(·) is absolutely continuous; therefore the set η(N_c) is Lebesgue measurable, and hence the set L_c is also measurable [9].

For proving that the function u(t) = n(Γ(t)) is Γ− measurable let us consider once again the set L and show that its indicator function I{L_c} = { 1 for t ∈ L_c 0 otherwise

is Γ− integrable for any c. It follows from the properties of the function that

Γ(η(s)) = { s for η(s) ∈ [0, T ] \ D Γ(τ ) for η(s) = τ ∈ D

and therefore I{s : Γ(η(s)) ∈ N_c}I{s : η(s) ∈ [0, T ] \ D} = I{s : s ∈ N_c}I{s : η(s) ∈ [0, T ] \ D}. (4.11)

The function in the right-hand side of (4.11) is Lebesgue measurable; according to the formula for a change of variables in the Lebesgue-Stielties integral. We therefore obtain

∫_{Γ(t)} 0 I{s : Γ(η(s)) ∈ N_c}I{s : η(s) ∈ [0, T ] \ D}ds = ∫_t 0 I{t : Γ(t) ∈ N_c}I{t : t ∈ [0, T ] \ D}dΓ(t). (4.12)

Now let us note that the set L_c can be represented by a union of two disjoint sets L_c = {{t : Γ(t) ∈ N_c} ∩ {t : t ∈ [0, T ] \ D}}∪ {{t : Γ(t) ∈ N_c} ∩ {t : t ∈ D}}, where the second set is at most countable and is a subset of the set D; hence it is Γ− measurable. With regard to the first set, its indicator function is Γ− integrable by virtue of (4.12), and therefore the set itself is Γ− measurable.

Thus, the indicator function of the set L_c is Γ− integrable for any c; by virtue of the absolute continuity of the measure V (dt) with respect to the measure Γ(dt) (that is result of equality (3.8) v(t) = z(Γ(t)) = V {[0, t]} and of the absolute continuity of the function z(·) with respect to Lebesgue measure), it hence follows that the indicator function of the set L_c is integrable with respect to the measure V (dt). Thus we have proved that the function n(Γ(t)) is both Γ− and V − measurable.

The generalized solution {x(t), v(t)} by virtue of Theorem 3.4 can be represented in form

x(t) = y(Γ(t)) = x(0−) + ∫_{Γ(t)} 0 α(s)f(y(s), z(s), n(s), η(s))ds + ∫_{Γ(t)} 0 (1 − α(s))B(y(s), z(s), n(s), η(s))e(s)ds (4.13) = x(0−) +

∫_{Γ(t)} 0 α(s)f(y(s), z(s), n(s), η(s))ds + + ∫_{Γ(t)} 0 (1 − α(s))I{s : η(s) ∈ [0, T ] \ D} × B(y(s), z(s), n(s), η(s))e(s)ds + ∑ τ∈D∪(τ≤t) ∫_{Γ(τ)} Γ(τ−) B(y(s), z(s), n(s), τ )e(s)ds = x(0−) + x^a(t) + x^c(t) + x^d(t),

v(t) = z(Γ(t))

IMPULSE CONTROL = ∫_{Γ(t)} 0 (1 − α(s))‖e(s)‖ds = ∫_{Γ(t)} 0 (1 − α(s))I{s : η(s) ∈ [0, T ] \ D}‖e(s)‖ds (4.14) + ∑ τ∈D∪(τ≤t) ∫_{Γ(τ)} Γ(τ−) ‖e(s)‖ds = v^c(t) + v^d(t).

In accordance with the formula for the change of variable in the Lebesgue-Stielties integral [6] for τ = η(s), and α(s) = η̇(s) we can obtain the following relations

x^a(t) =

∫_{Γ(t)} 0 α(s)f(y(s), z(s), n(s), η(s))ds = ∫_{Γ(t)} 0 f(y(s), z(s), n(s), η(s))dη(s) = ∫_{η(Γ(t))} 0 f(y(Γ(τ )), z(Γ(τ )), n(Γ(τ )), τ )dτ (4.15) = ∫_t 0 f(x(τ ), v(τ ), u(τ ), τ )dτ,

x^c(t) =

∫_{Γ(t)} 0 (1 − α(s))I{s : η(s) ∈ [0, T ] \ D} × B(y(s), z(s), n(s), η(s))e(s)ds = ∫_{Γ(t)} 0 B(y(s), z(s), n(s), η(s)) × d{ ∫_s 0 (1−]alpha(ω : η(ω) ∈ [0, T ] \ D}e(ω)dω} (4.16) = ∫_{Γ(t)} 0 B(y(Γ(τ )), n(Γ(τ )), τ )da^c(τ ) = ∫_t 0 B(x(τ ), v(τ ), u(τ ), τ )da^c(τ ), where

a^c(t) =

∫_{Γ(t)} 0 (1 − α(s))I{s : η(s) ∈ [0, T ] \ D}e(s)ds = ∫_t 0 I{τ : τ ∈ [0, T ] \ D}da(τ ), (4.17) 13 and v^c(t) =

∫_{Γ(t)} 0 (1 − α(s))Is : η(s) ∈ [0, T ] \ D}‖e(s)‖ds = = V ar_{[0,t]}a^c(τ ). (4.18)

Then, for Δx(τ ), Δv(τ ) we can obtain relations

Δx(τ ) = y(Γ(τ )) − y(Γ(τ −)),

Δv(τ ) = z(Γ(τ )) − z(Γ(τ −)),

in interval [Γ(τ −), Γ(τ )] functions {y(·), z(·)} satisfy the system of differential equations ẏ(s) = B(y(s), z(s), n(s), τ )e(s), ż(s) = ‖e(s) with the initial condition y(Γ(τ −)) = x(τ −), z(Γ(τ −)) = v(τ −).

Let us map the interval [Γ(τ −), Γ(τ )] into the interval [0, Δv(τ )] by the change of variable ω = z(s) − z(Γ(τ −)). Then by the change of variable p_τ (ω) = inf{s : z(s) − z(Γ(τ −)) > ω} we can obtain the system of equations for functions y_τ (ω) = y(p_τ (ω)), z_τ (ω) = z(p_τ (ω)),

ẏ_τ (ω) = B(y_τ (ω), z_τ (ω), n(p_τ (ω)), τ )e(p_τ (ω), ż_τ (ω) = 1 (4.19)

with the initial condition y_τ (0) = y(Γ(τ −)) = x(τ −), z_τ (0) = z(Γ(τ −)) = v(τ −). For every τ functions n_τ (·), e_τ (·) can be defined by relations

n_τ (ω) = n(p_τ (ω)), e_τ (ω) = e(p_τ (ω)), (4.20)

and hence functions n_τ (·), e_τ (·) are defined in the interval [0, Δv(τ )], and they are measurable with respect to Lebesgue measure. The measurability of functions n_τ (·), e_τ (·) can be proved as above for the function u(t) = n(Γ(t)).

The combination of relations (4.16)-(4.21) proves the theorem.

5 Impulse Control Problem

Let us consider the problem of control of system (2.1) with the following performance criterion which must be minimized J[x(·), v(·), u(·), w(·)] = φ(x(0), x(T ), v(T )), (5.1) under terminal and phase constraints h(x(0), x(T ), v(T )) = 0, S(x(0), x(T ), v(T )) ≤ 0 g(x(t), v(t), t) ≤ 0 for any t ∈ [0, T ],

(5.2)

where φ, h, S and g are continuous (in the totality of variables) vector functions of a correspondent dimension, with (5.2) being understood as componentwise relation.

A solution of the problem of control of system (2.1) under the constraints (2.4) and (5.2) will be sought in the class of generalized solutions. We shall require that the constraints (5.2) should hold for a generalized solution, whereas (5.2) holds only in the limit for the sequence of ordinary solutions that approximates the former, i.e. the approximating sequence {x^n(·), v^n(·)} must satisfy the equations

lim_n h(x^n(0), x^n(T ), v^n(T )) = 0, lim_n S(x^n(0), x^n(T ), v^n(T )) ≤ 0, lim_n Sup_{[0,T ]}g(x^n(t), v^n(t), t) ≤ 0 for any t ∈ [0, T ].

(5.3)

Now, in order to solve this problem, we consider an auxiliary control problem, which will be formulated as a problem of control of system (3.1) under the constraints on the control (3.2), with a performance criterion J^0 [y(·), z(·), η(·), α(·), n(·), e(·), T ] = φ(y(0), y(T ), z(T )) (5.4) under terminal and phase constraints

h(y(0), y(T ), z(T )) = 0, η(T_1) = T, S(y(0), y(T ), z(T )) = 0, z(T ) ≤ M, g(y(s), z(s), η(s)) ≤ 0 for any s ∈ [0, T ].

(5.5)

By virtue of compactness of the totality of generalized solutions and continuity of performance criterion the solution of the primary optimization problem exists, if the totality of admissible solutions non empty. But this solution can be expected to have points where the equations (5.3) are not satisfied. This can be illustrated by the following example.

5.1 Example 3

Let the system be described by the differential equations:

ẋ_1(t) = x_2(t)w(t), ẋ_2(t) = −x_1(t)w(t),

(5.6) with the initial condition x(0) = 0, x(t) = 1; under constraints w(t) ≥ 0, ∫_1 0 w(t)dt ≤ π, x_1(t) ≤ 0, (5.7)

with a performance criterion

J[x_1(·), x_2(·)] = (x_2(1) + 1)^2 → min . (5.8)

The solution of the system (5.6) can be represented in form

x(t) = sin a(t), x(t) = cos a(t), (5.9)

where a(t) = ∫_t 0 w(τ )dτ . The generalized solution of the system (5.6) has the same form, where a(t) is the nondecreasing function which satisfies the constraints a(0) = 0, a(1) ≤ π, and the optimal generalized solution are the functions x_1(t) ≡ 0,

x_2(t) = { 1 at t < τ , −1 at t ≥ τ ,

where τ ∈ (0, 1), and a(t) = { 0 at t < τ , π at t ≥ τ .

The performance criterion is zero. But this solution does not satisfy the constraint

lim_n sup_{[0,1]} x^n(t) ≤ 0

because this limit is equal to 1 for every sequence that approximates the generalized solution (x_1(·), x_2(·)).

Definition 5.1 A pair of functions {x(·), v(·)} that are continuous from the right and have a bounded variation in the interval [0, T ] is said to be an admissible generalized solution of system (2.1) under constraints (2.4),(5.2) if: (i) functions {x(·), v(·)} satisfy the constraints (5.2) in the following sense h(x(0−), x(T ), v(T )) = 0, S(x(0−), x(T ), v(T )) ≤ 0, g(x(t), v(t), t) ≤ 0for any t ∈ [0, T ];

(ii) there exists a sequence of admissible controls {u^n(·), w^n(·)} that satisfy the constraints (2.5), and such that the corresponding sequence {x^n(·), v^n(·)} of solutions of the system (2.1) converges to the functions {x(·), v(·)} at all points of continuity, and in addition

lim_n x_n(0) = x(0−), lim_n x_n(T ) = x(T ), lim_n v_n(T ) = v(T ),

lim_n sup_{[0,T ]} g_k(x^n(t), v^n(t), t) ≤ 0 for any k = 1, ..., N_3.

Definition 5.2 An admissible generalized solution {x^0(·), v^0(·)} is said to be an optimal generalized solution if the following inequality takes place

φ(x^0(0−), x^0(T ), v^0(T )) ≤ φ(x^0 (0−), x^0 (T ), v^0 (T )). (5.10)

for any admissible generalized solution {x^0 (·), v^0 (·)}.

An approach based on the using the auxiliary control problem (5.4),(5.5) permits us to obtain the theorem of the existence of the optimal generalized solution.

Theorem 5.1 Let us suppose that sets L(y, z, η) be convex for every (y, z, η) and let the totality of solutions of the system (2.1) under constraints (2.4), (5.2) is nonempty. Then there exists the optimal generalized solution.

5.2 Proof of Theorem 5.1

Let us consider the auxiliary control problem for the system (3.1) under constraints (3.2), (5.5) with a performance criterion (5.4) in the interval [0, T + M ]. By virtue of the existence of an admissible solution the totality of admissible controls in the problem (3.1), (3.2), (5.4), (5.5) is nonempty, and hence, by virtue of convexity of sets L(y, z, η), there exists the optimal control {α^0(·), e^0(·), n^0(·)} that is defined in the interval [0, T_1], where T_1 ≤ T +M [5]. The optimal solution of the system (3.1) {y^0(·), z^0(·), η^0(·)} corresponding to the optimal control defines a generalized solution of a system (2.1) {x^0·), v^0(.·)} by the relations x^0(t) = y^0(Γ^0(t)), v^0(t) = z^0(Γ^0(t)), where Γ^0(t) = inf{s : η^0(s) > t} and Γ^0(T ) = T^0_1 by virtue of the constraints η^0(T^0_1 ) = T.

Let us prove that {x^0(·), v^0(·)} is the optimal generalized solution. Indeed this solution satisfies the constraints (5.2), besides there exists the sequence of functions {α^n(·)} which is uniformly convergent to α^0(·) in the interval [0, T ] and satisfies the constraints 0 < α(s) ≤ 1, ∫_T 0_1 0 α^n(s)ds = T (5.11)

(see the proof of Theorem 2 in [8]). Then the sequence of solutions of the system (3.1) {y^n(·), z^n(·), η^n(·)} with controls {α^n(·), n^0(·), e^0(·)} converges to {y^0(·), z^0(·), η^0(·)} uniformly in the interval [0, T ]. By virtue of (5.11) the function Γ^n(·) which is the inverse of η^n(·) (with η^n(s) = α̇(s) > 0) and is defined in the interval [0, T ] will be absolutely continuous, and we can specify a sequence of controls

u^n(t) = n(Γ^n(t)),

w^n(t) =^{(1−α}

n_{(Γ}n_{(t))} αn_{(Γ}n_{(t))} e(Γ^n(t))

(5.12)

that generates a sequence of solutions {x^n(·), v^n(·)} of system (2.1) i.e.

x^n(t) = y^n(Γ^n(t)), v^n(t) = z^n(Γ^n(t)). (5.13)

By virtue of the absolute continuity of the functions Γ^n(·) we can prove the measurability of controls {u^n(·), w^n(·)} with respect to the Lebesgue measure in exactly the same way as in the proof of Theorem 1 in [8]. Besides by definition x^n(0) = y^n(0) = y^0(0) = x^0(0−), v^n(0) = z^n(0) = z^0(0) = v^0(0−) = 0, and x^n(T ) = y^n(Γ^0(T )) = y^n(T^0_1 ), v^n(T ) = z^n(Γ^0(T )) = z^n(T^0_1 ), where the sequence {y^n(T^0_1 ), z^n(T^0_1 )} converges to {y^0(T^0_1 ), z^0(T^0_1 )}. Hence

lim_n x^n(T ) = y^0(T^0_1 ) = x^0(T ), lim_n v^n(T ) = z^0(T^0_1 ) = v^0(T ).

By virtue of the uniform convergence of sequence {y^n(·), z^n(·), η^n(·)} to {y^0(·), z^0(·), η^0(·)} and of the continuity of functions g(x, v, t) k = 1, ..., N_3,

lim_n sup_{[0,T ]} g_k(x^n(t), v^n(t), t) =

lim_n sup_{[0,T ]} g_k(y^n(Γ^n(t)), z^n(Γ^n(t)), η^n(Γ^n(t))) ≤

lim_n sup_{[0,T 0} 1 ] g_k(y^n(s), z^n(s), η^n(s)) ≤ 0. Hence we have proved that {x^0(·), v^0(·)} is admissible generalized solution.

Let us take any admissible generalized solution {x^′(·), v^′(·)}. By virtue of the Definition 5.1 there exists a sequence of controls {u^n(·), w^n(·)} and a corresponding pair of functions that satisfies the constraints (2.4), and the system of equation (2.1), such that by virtue of the Theorem 3.1 there exists a totality of functions {y^n(·), z^n(·), η^n(·), α^n(·), n^n(·), e^n(·)} that satisfy the system (3.1) and the constraints (3.2), and such that

y^n(s) = x^n(η^n(s)), z^n(s) = v^n(η^n(s)), η^n(s) = inf{t : t + v^n(t) > s}. (5.14)

Functions {y^n(·), z^n(·), η^n(·)} are defined in the interval [0, T^n_1 ] = [0, T + v^n(T )] where T + v^n(T ) ≤ T + M and are uniformly bounded and equicontinuous. Let us complete these functions by values y^n(T^n_1 ), z^n(T^n_1 ), η^n(T^n_1 ) in the half-intervals (T^0_1 , T + M ], then there exists a totality of functions {y(·), z(·), η(·)} and a subsequence of functions {y^nk(·), z^nk(·), η^nk(·)} that converges to {y(·), z(·), η(·)} uniformly in the some interval [0, T_1], T_1 ≤ T + M . By virtue of the convexity of the sets L(y, z, η) there exists the totality of admissible controls {α(·), n(·), e(·)} such that functions {y(·), z(·), η(·)} satisfy the system (3.1) with this controls. The functions {y(·), z(·), η(·)} and the generalized solution {x^′(·), v^′(·)} are connected by relations

x^′(t) = y(Γ(t)), v^′(t) = z(Γ(t)),

where Γ(t) = inf{s : η(s) > t}, Γ(T ) = T_1.

(5.15)

By virtue of the uniform convergence of {y^n(·), z^n(·), η^n(·)} to {y(·), z(·), η(·)}, and by virtue of the relations (5.14), (5.15), the relations

y(0) = lim_n y^n(0) = lim_n x^n(0),

y(T_1) = lim_n y^n(T_1) = lim_n y^n(T^n_1 ) = x^n(T ),

z(T_1) = lim_n z^n(T_1) = lim_n z^n(T^n_1 ) = v^n(T ),

(5.16)

are valid, and hence {y(0), y(T_1), z(T_1)} satisfy the constraints (5.5) at terminal points. In addition for any ϵ > 0 and k = 1, ..., N_3, the function g_k(y^n(s), z^n(s), η^n(s)) = g_k(x^n(η^n(s)), v^n(η^n(s)), η^n(s)) ≤ ϵ at n ≥ N (ϵ) at any s ∈ [0, T + M ]. Hence

lim_n sup_{[0,T1]} g_k(y^n(s), z^n(s), η^n(s)) ≤ 0 (5.17)

and by virtue of the continuity of g and uniform convergence of {y^n, z^n, η^n} to {y, z, η} from (5.17) follows the inequality

lim_n sup_{[0,T ]} g_k(y^n(s), z^n(s), η^n(s)) ≤ 0.

Then it is proved that to any admissible generalized solution {x^′(·), v^′(·)} there corresponds an admissible solution {y(·), z(·), η(·), α(·), n(·), e(·)} of system (3.1) in any interval [0, T_1] with the same value of the performance criterion. It follows from the relations (5.16). Hence from the optimality of solution {y^0(·), z^0(·), η^0(·)} in the problem (3.1),(3.2),(5.4),(5.5) the following inequality takes place

φ(x^0(0−), x^0(T ), v^0(T )) =

φ(y^0(0), y^0(T^0_1 ), z^0(T^0_1 ≤

φ(y(0), y(T_1), z(T_1)) = φ(x^′(0−), x^′(T ), v^′(T )). (5.18)

The inequality (5.18) proves the theorem.

6 Conclusion

In this paper we have studied a new class of problems of generalized control of dynamic systems that can be transformed to conventional control problems by the method of discontinuous time change. This transformation makes it possible to find a generalized solution, to establish a theorem of existence of an optimal generalized solution, to construct an approximating sequence of ordinary controls, and to derive an equation for the generalized solution.

References

[1] F.L. Chernous’ko and V.B. Kolmanovskii. Optimal Control under Random Perturbations [in Russian]. Moscow: Nauka, 1978.

[2] V.K. Ivanov, B.M. Miller, P.I. Kitsul and A.M. Petrovskii. A mathematical model of control of the healing of an organism damaged by a malignant growth, in: Biological Aspects of Control Theory [in Russian], Inst. Control Problems, Moscow (1976), 15-22.

[3] A.N. Kolmogorov and S.V. Fomin. Elements of Theory of Functions and Functional Analysis, [in Russian]. Moscow: Nauka, 1976.

[4] V.F. Krotov, V.Z. Bukreev, and V.I. Gurman. New Methods of Variational Calculus in Flight Dynamics, [in Russian]. Moscow: Mashinostroenie, 1969.

[5] E.B. Lee and L. Marcus. Foundations of Optimal Control Theory. New York: Wiley, 1967.

[6] P.A. Meyer. Probability and Potentials. Waltham, MA: Blaisdell, 1966.

[7] B.M. Miller. Sampled-data Control of Processes described by Ordinary differential equations I,II, Automation and Remote Control 39 (1978), 57-67, 338-344.

[8] B.M. Miller. Optimization of dynamic systems with a generalized control, Automation and Remote Control 50 (1989), 733-742.

[9] I.G. Natanson. Theory of Functions of a Real Variable, [in Russian].

Moscow: Nauka, 1974.

[10] R.W. Rishel. An extended Pontriagin principle for control systems whose control laws contain measures, SIAM J. Control 3 (1965), 191- 205.

[11] A.N. Sesekin. Nonlinear differential equations containing product of discontinuous function by generalized functions, in: Generalized Functions and Differential Equations [in Russian], Ural. Nauchn. Center Akad. Nauk USSR, Sverdlovsk (1985), 48-61.

[12] J. Warga. Variational problems with unbounded controls, SIAM J.Control 3 (1965), 424-438.

[13] L.C. Young. Lectures on the Calculus of Variations and Optimal Control Theory. Philadelphia: W.B. Saunders Company, 1969.

Central Design Bureau Industrial Association “Krasnogorskii zavod”, 8, Rechnaya street, Krasnogorsk, Moscow region, 143400, Russia.

Currently: Institute for Information Transmission Problems, Russian Academy of Sciences, 19 Ermolovoy Str., 101447 GSP-4, Moscow, Russia.

Communicated by Clyde F. Martin