Journal of Mathematical Systems, Estimation, and Control © Birkhäuser-Boston Vol. 4, No. 4, , pp. 1–38

Well-Posedness, Stabilizability, and Admissibility for Pritchard-Salamon Systems^�

Ruth F. Curtain Hartmut Logemann

Stuart Townley Hans Zwart

Abstract The object of this paper is to further develop the theory of Pritchard-Salamon systems, which are abstract infinite-dimensional systems allowing for a certain unboundedness of the control and observation operators. New results are derived on the transfer function and the impulse response of a Pritchard-Salamon system, on the well-posedness of feedback systems, on the invariance properties of the Pritchard-Salamon class under feedback and output injection, on the relation between bounded and admissible stabilizability and on the relationship between exponential and external stability.

Key words: Infinite-dimensional control systems, feedback, stability, stabilizability, transfer functions, C0-semigroups

AMS Subject Classifications: 93C25, 93D15, 93D20, 93D25, 47D06

Nomenclature C λ := {s ∈ C | Re(s) > λ}, λ ∈ R. Let X and Y be Banach spaces and A a linear operator defined on some subspace of X with values in X. Then:

D(A) := domain of A R(A) := range of A ρ(A) := resolvent set of A σ(A) := spectrum of A σ_p(A) := point spectrum of A (= set of all eigenvalues of A) r(A) := spectral radius of A (if A is bounded on X)

�Received March 20, 1993; received in final form November 30, 1992; summary appeared in Volume 4, Number 4, 1994.

Moreover:

L(X, Y ) := bounded linear operators from X to Y L(X) := L(X, X) LL^p(0, ∞; X) := locally p-integrable functions (in the sense of Bochner) defined on [0, ∞) with values in X H^∞(C_λ , X) := the usual Hardy spaces of bounded holomorphic functions defined on C_λ with values in X

If S(t) is a C_0-semigroup on X, then

ω(S(·)) := exponential growth constant of S(t)

Finally, L and the superscript ^ are used to denote the Laplace transform.

1 Introduction

Whilst the Pritchard-Salamon class of linear infinite-dimensional systems does include many examples of partial differential systems with boundary control and observation and of delay systems with delayed control and sensing action, it is by no means the largest class of infinite-dimensional systems which has been treated in the literature. For example, it does not include all the examples treated in Lasiecka and Triggiani [15] or in Pedersen [21]. In fact, the Pritchard-Salamon class is a strict subset of the class considered in Salamon [30], [31] and in Weiss [35]. Consequently, this detailed analysis of a special subclass needs some motivation.

First, we recall that the class was first introduced in Pritchard and Salamon [22], [23], to provide a general abstract framework for the linear quadratic control problem. While many other solutions to this problem for even more general classes exist, other proofs tend to be tailored for a specific class, for example, one proof for hyperbolic partial differential equations and another for retarded delay equations. The Pritchard-Salamon class includes both retarded delay systems and many partial differential systems as well, and the one abstract proof applies for all these examples. Later, it was recognized by others that this same class had just the right properties for control synthesis in both time and in frequency domain, and many papers on a wide range of control problems for Pritchard-Salamon systems have appeared: Curtain [3] on the equivalence of exponential and external stability, Curtain and Salamon [9] on stabilization by finite-dimensional output feedback, Logemann [17] on circle criteria and small gain conditions, Pritchard and Townley [24], [25] on the stability radius problem (which is a H^∞-type problem), Logemann and Mårtensson [18] on adaptive stabilization, Curtain [4] on robust stabilization with respect to normalized coprime factorizations, Curtain and Ran [8] on the relaxed optimal Hankel norm problem and in Curtain [6] various robust control problems for Pritchard- Salamon systems have been surveyed. So there already exists an extensive literature on properties of and control problems for the Pritchard-Salamon class of systems. Moreover, examples of Pritchard-Salamon systems have been well-documented in the literature, for example in Pritchard and Salamon [22], [23], Bontsema [1] and Curtain [6]. In spite of this impressive list of publications, there remain several unresolved or only partially resolved fundamental issues concerning Pritchard-Salamon systems, for example,

• The existence and well-posedness of transfer functions and impulse responses (in particular, for systems with infinite-rank inputs and output).

• Perturbation results which cover perturbations induced by output feedback.

• The identification of sufficiently rich classes of feedback and output injection operators such that the closed-loop system is again a Pritchard-Salamon system.

• Stabilizability and detectability concepts which have the property that stabilizability and detectability are retained under feedback and output injection.

• The relation between exponential and external stability for systems with inputs and outputs of infinite rank.

These issues are fundamental to analysis and control synthesis for Pritchard-Salamon systems. Some of these points have received attention in the literature, some properties have been shown to be true under extra assumptions (for example, finite-rank inputs and outputs) and others have been conjectured to be true in general. In this paper we examine these issues in some detail and so lay the necessary basis for continuing research on control design for Pritchard-Salamon systems. For example, the results of this paper form an essential first step in extending the recent results on H^∞-control for infinite-dimensional systems in van Keulen et al. [14], van Keulen [13] and Curtain [5] to the Pritchard-Salamon class. Whilst we accept that it seems artificial to allow for the possibility of infinitedimensional input and output spaces, we emphasize that this situation arises naturally in perturbation problems for linear systems. In particular, it is useful to interpret infinite-rank weightings attached to a perturbation class as input and output operators for an associated control system. Indeed in Pritchard and Townley [24, 25], the stability radius of a strongly continuous semigroup under structured perturbations is characterized via a transfer function of a control system with infinite-dimensional rank input and output operators.

In more detail, the content of the present work is as follows. In Section 2 we define the concepts of admissible input and admissible output operators, which are due to Salamon [29], Pritchard and Salamon [22, 23] and Weiss [33, 34], introduce the Pritchard-Salamon class and show that any system in this class has a well-defined transfer function. Moreover, we prove some technical results which will be useful in the following sections. In particular, if S(t) is a C_0-semigroup on Hilbert spaces W and V , where W ⊂ V with continuous dense injection, we give a number of sufficient conditions for the exponential growth constants of S(t) on W and V to coincide.

The main result of Section 3 shows that for any Pritchard-Salamon system C(sI − A^W )^{−1}B = C(sI − A^V )^{−1}B, (1.1)

where B is the input operator, C is the output operator and A^W and A^V denote the infinitesimal generators of S(t) on W and V , respectively. In particular, it becomes clear that the additional assumption

D(A^V ) → W † (1.2)

originally imposed in [23] is not necessary for (1.1) to hold.

It follows from the results in Section 2 that the impulse response of a Pritchard-Salamon system is in general a (operator-valued) distribution. The main result of Section 3 is then used to prove that the impulse response is a locally square integrable function, provided the input space is finite-dimensional.

In Section 4 we show that state feedback (output injection) applied to a Pritchard-Salamon system produces a well-posed closed-loop system which is again a Pritchard-Salamon system if the feedback operator (output injection operator) is an admissible output operator (admissible input operator). The advantage of taking the feedback and output injection operators to be admissible was suggested by Weiss [37] in a more general context. Morever, we prove that nesting of feedback loops is equivalent to closing the loop for the sum of the feedback operators. Under the extra assumption (1.2) we calculate the infinitesimal generators of the perturbed semigroup on W and V . Furthermore, we give another sufficient condition for the exponential growth constants of S(t) on W and V to coincide.

In Section 5 we introduce the concepts of bounded stabilizability and admissible stabilizability and prove that they are equivalent. Finally, we show that the boundedness of the transfer function of a Pritchard-Salamon

† Here D(AV ) is endowed with the graph norm of AV and → means that D(AV ) ⊂ W , D(AV ) is dense in W (with respect to the norm topology of W ) and the canonical injection D(AV ) → W , x → x is continuous.

system in the open right-half plane implies exponential stability of the semigroup on W and V , provided the system is admissibly stabilizable and detectable. A result in a similar vein can be found in Rebarber [28]. However, the admissible stabilizability concepts are different and apply to different classes of systems

Although we work in a Hilbert space context we make clear in a remark placed at the end of Section 5 which results extend to Banach spaces.

2 Pritchard-Salamon Systems

Let W and V be Hilbert spaces over K = R or C satisfying W → V , i.e. W ⊂ V and the canonical injection W → V , x → x is continuous and dense. We consider a C_0-semigroup S(t) on V which restricts to a C_0-semigroup on W . Occasionally we will write S^W (t) or S^V (t) in order to indicate that we consider S(t) as a semigroup on W or on V . The infinitesimal generators of S(t) on W and V will be denoted by A^W and A^V , respectively.

The following example shows that the exponential growth constants ω_W := ω(S^W (·)) and ω_V := ω(S^V (·)) of S(t) on W and V may be different and that both of the inequalities ω_W < ω_V and ω_W > ω_V are possible.

Example 2.1 Define W := L^2(0, ∞; R) and V = {f ∈ LL^2(0, ∞; R) | exp(−1·)f ∈ W}, where ‖f‖_V := ‖exp(−1·)f(·)‖_W . Clearly W ⊂ V with continuous dense injection.

(i) The translation semigroup given by (S(t)f)(x) = f(x + t) is a C_0- semigroup on W and V . It is straightforward to show that ‖S(t)‖_{L(W )} = 1 and ‖S(t)‖_{L(V )} = e^{2t} and hence ω_W = 0 and ω_V = 2, and so ω_W < ω_V .

(ii) The semigroup defined by (S(t)f)(x) = { 0, 0 ≤ x < t f(x − t), x ≥ t is strongly continuous on W and V . Now ‖S(t)‖_{L(W )} = 1 and ‖S(t)‖_{L(V )} = e^{−2t} and therefore ω_W = 0 and ω_V = −2 showing that for this example ω_W > ω_V .

The following proposition describes the relationship between ω_W and ω_V in the selfadjoint case.

Proposition 2.2 Suppose that S^V (t_0) is self-adjoint for some t_0 > 0. Then ω_W ≥ ω_V and under the extra assumption that

σ(S^W (t_1)) ⊂ σ_p(S^W (t_1)) ∪ {0}

cd for some t_1 > 0 we have ω_W = ω_V .

Proof: It follows from Lax [16] that σ(S^V (t_0)) ⊂ σ(S^W (t_0)) and hence r(S^V (t_0)) ≤ r(S^W (t_0)). Now it is easy to see that for X = W, V

r(S^X (t)) = e^{ωX t} for all t ≥ 0 (2.1)

(see e.g. Nagel [19], p. 60), which implies ω_W ≥ ω_V . Moreover, it is trivial to see that σ_p(S^W (t)) ⊂ σ_p(S^V (t)) for all t ≥ 0. By the closedness of the spectrum it follows that

σ_p(S^W (t)) ⊂ σ(S^V (t)) for all t ≥ 0 .

Under the extra assumption

σ(S^W (t_1)) ⊂ σ_p(S^W (t_1)) ∪ {0}

we obtain r(S^W (t_1)) ≤ r(S^V (t_1)), and hence by (2.1) we see that ω_W ≤ ω_V . 2 Remark 2.3 Proposition 2.2 says, in particular, that ω_W ≥ ω_V if A^V is self-adjoint. Under the extra assumption that S^W (t_1) is compact for some t_1 > 0 equality holds.

For the following it is useful to introduce the space Z := D(A^V ). Endowed with the inner product ⟨x, x⟩_Z := ⟨x, x⟩_V + ⟨A^V x, A^V x⟩_V Z becomes a Hilbert space. It is clear that the resulting norm ‖x‖_Z = (⟨x, x⟩_Z)^{12} is equivalent to the graph norm of A^V .

Remark 2.4 (i) As is well-known, S^V (t) restricts to a C_0-semigroup S^Z (t) on Z and ω_Z = ω_V , where ω_Z := ω(S^Z (·)), see e.g. Salamon [29].

(ii) If Z ⊂ W then it follows that Z → W . Indeed, since D(A^W ) is dense in W (with respect to ‖ · ‖_W ) the same holds for Z = D(A^V ) ⊇ D(A^W ). Moreover an application of the closed graph theorem shows that the canonical injection Z → W , x → x is bounded.

On the basis of Remark 2.4 one might conjecture that if Z ⊂ W , then ω_W = ω_V . However, the following example shows that this is not true in general.

Example 2.5 Set V := L^2(0, ∞; R) and consider again the translation semigroup on V given by (S(t)f)(x) = f(t + x). It is well-known that

Z = D(A^V ) = {f ∈ V | f is a.c. and f^′ ∈ V } † and A^V f = f^′ for all f ∈ Z.

† The abbreviation ”a.c.” stands for “absolutely continuous”.

Morover, if we define

W := {f ∈ V | f is a.c. and ∫_∞ 0 |f^′(x)|^2e^{−2x}dx < ∞} and ⟨f, g⟩_W := ∫_∞ 0 f(x)g(x)dx + ∫_∞ 0 f^′(x)g^′(x)e^{−2x}dx then it is clear that W is a Hilbert space, S(t) restricts to a C_0-semigroup on W and Z → W → V . Since ‖S(t)‖_{L(V )} = 1 for all t ≥ 0 we see that ω_V = 0. Next we shall calculate ‖S(t)‖_{L(W )}. It is easy to see that

‖S(t)‖_{L(W )} ≤ e^t for all t ≥ 0 . (2.2)

We shall show that equality holds. To this end define functions f_{t,n} ∈ W (t ≥ 0, n ∈ N) by

f_{t,n}(x) = 0 , x ∈ [0, t] n(x − t) , x ∈ [t, t +^1_n ] 1 , x ∈ [t +^1_n , t + 1 −^1_n ] n(t + 1 − x) , x ∈ [t + 1 −^1_n , t + 1] 0 , x ∈ [t + 1, ∞] Then ‖f_{t,n}‖^2_W < 1 + ∫_{t+1} t | f^′_{t,n}(x) |^2 e^{−2x}dx = n^2 2 e^{−2t}(1 − e^{− 2n} + e^{−2+ 2n} − e^{−2}) + 1

and ‖S(t)f_{t,n}‖^2_W ≥ e^{2t} ∫_∞ t | f^′_{t,n}(x) |^2 e^{−2x}dx = n^2 2 (1 − e^{− 2n} + e^{−2+ 2n} − e^{−2}) .

Defining

ψ(n) := n^2 2 (1 − e^{− 2n} + e^{−2+ 2n} − e^{−2}) and φ(n) := ψ(n) ψ(n) + 1 , we obtain ‖S(t)f_{t,n}‖^2_W ‖f_{t,n}‖^2_W ≥ φ(n)e^{2t} . (2.3) Finally, since ψ(n) → ∞ and hence φ(n) → 1 as n → ∞, it follows from (2.3) that ‖S(t)‖_{L(W )} ≥ e^t for all t ≥ 0 . (2.4) Combining (2.2) and (2.4) shows that ω_W = 1, and so ω_W > ω_V .

In the following we present some sufficient conditions for ω_W = ω_V to hold under the extra assumption that Z ⊂ W . Lemma 2.6 Suppose Z → W . Then we have:

(i) σ_p(S^W (t)) = σ_p(S^V (t)) for all t ≥ 0. (ii) σ_p(A^W ) = σ_p(A^V ) and σ(A^V ) = σ(A^W ).

Proof: (i) The inclusion σ_p(S^W (t)) ⊂ σ_p(S^V (t)) is trivial. In order to verify the converse inclusion let s ∈ σ_p(S^V (t)) and let x ∈ V be a corresponding eigenvector. For λ ∈ ρ(A^V ) we obtain (λI − A^V )^{−1}S^V (t)x = s(λI − A^V )^{−1}x .

Now (λI − A^V )^{−1} and S^V (t) commute and (λI − A^V )^{−1}x ∈ W . Hence S^W (t)(λI − A^V )^{−1}x = s(λI − A^V )^{−1}x , which proves that s ∈ σ_p(S^W (t)).

(ii) Recall from Pazy [20], p. 123 that A^W and A^V are related as follows D(A^W ) = {x ∈ D(A^V ) | A^V x ∈ W } A^W x = A^V x for x ∈ D(A^W ) } (2.5)

(2.5) implies in particular that D(A^W ) ⊂ D(A^V ) (2.6) and (λI − A^W )^{−1} = (λI − A^V )^{−1} |_W for all λ ∈ ρ(A^W ) ∩ ρ(A^V ) . (2.7) The inclusion σ_p(A^W ) ⊂ σ_p(A^V ) now follows trivially from (2.6). In order to prove the converse inclusion let s ∈ σ_p(A^V ) and let x ∈ D(A^V ) be a corresponding eigenvector. For λ ∈ ρ(A^W ) ∩ ρ(A^V ) we obtain (λI − A^V )^{−1}A^V x = s(λI − A^V )^{−1}x . (2.8) Since x ∈ D(A^V ) ⊂ W we obtain from (2.5) - (2.8) A^W (λI − A^W )^{−1}x = s(λI − A^W )^{−1}x which shows that s ∈ σ_p(A^W ).

Since A^W and A^V are closed operators, it remains to show that R(sI − A^W ) = W if and only if R(sI − A^V ) = V . Suppose first that (sI − A^V ) is onto V . So for w ∈ W there exists x ∈ D(A^V ) ⊂ W such that w = (sI − A^V )x. It follows that A^V x ∈ W and therefore that x ∈ D(A^W ) and w = (sI − A^W )x by (2.5). This holds for all w ∈ W and so R(sI − A^W ) = W . Conversely, suppose now that (sI − A^W ) is onto W and consider an arbitrary v ∈ V and λ ∈ ρ(A^V ). Now (λI − A^V )^{−1}v ∈ D(A^V ) ⊂ W and hence there exists x ∈ D(A^W ) such that (sI − A^W )x = (λI − A^V )^{−1}v . It follows that A^W x = A^V x ∈ D(A^V ) and we obtain v = (sI − A^V )(λI − A^V )x . Since v was arbitrary we have proved that (sI − A^V ) maps onto V . 2

Proposition 2.7 Suppose Z ⊂W. If any of the conditions

(i) S(t) satisfies the spectrum determined growth assumption on both spaces W and V

(ii) σ(S^X (t_0) ⊂ σ_p(S^X (t_0)) ∪ {0} for X = W, V and for some t_0 > 0 (iii) S^W (t_0) and S^V (t_1) are self-adjoint for some t_0 > 0 and t_1 > 0 (iv) S(t_0)(W ) ⊂ Z and S(t_0)(Z) ⊂ D(A^W ) for some t_0 > 0 holds, then ω_W = ω_V .

Remark 2.8 Condition (i) is satisfied if S(t) is a holomorphic semigroup on W and V . Condition (ii) will hold if S(t_0) is compact on W and V . If A^W and A^V are both selfadjoint then (iii) is true. Finally, condition (iv) is satisfied if S^V (t)x is right sided differentiable in t at t_0 for all x ∈ W and if S^W (t)x is right sided differentiable in t at t_0 for all x ∈ Z.

Proof of Proposition 2.7: (i) This follows from Lemma 2.6 (ii).

(ii) It follows from Lemma 2.6 (i) that r(S^W (t_0)) = r(S^V (t_0)), which yields ω_W = ω_V by (2.1).

(iii) From Proposition 2.2 we have ω_W ≥ ω_V and ω_Z ≥ ω_W . Since ω_V = ω_Z by Remark 2.4 it follows that ω_W = ω_V .

(iv) Let ϵ > 0 and set S_ϵ(t)x = S(t)e^{−(ωV +ϵ)t}x for x ∈ V . Clearly S_ϵ(t) is a C_0-semigroup on W and V . For any x ∈ W and any t ≥ t_0 we obtain using Remark 2.4

‖S_ϵ(t)x‖_W = ‖S_ϵ(t − t_0)S_ϵ(t_0)x‖_W ≤ α‖S_ϵ(t − t_0)‖_{L(Z)}‖S_ϵ(t_0)x‖_Z , where α > 0 is a constant satisfying ‖x‖_W ≤ α‖x‖_Z. Applying again Remark 2.4 the above inequality shows that ∫_∞ 0 ‖S_ϵ(t)x‖_W dt < ∞ for all x ∈ W . 9

A result by Pazy (see [20], p. 116) implies that S_ϵ(t) is exponentially stable on W . Since this is true for all ϵ > 0 we get that ω_W ≤ ω_V . Replacing W by Z and V by W in the above argument shows that ω_Z ≤ ω_W . Since ω_Z = ω_V by Remark 2.4 it follows that ω_W = ω_V . 2

Next we shall introduce admissible input and output operators for the semigroup S(t) defined on W and V . These concepts are due to Salamon [29], Pritchard and Salamon [22, 23], and Weiss [33, 34].

Definition 2.9 (i) Let U be a Hilbert space. An operator B ∈ L(U, V ) is called an admissible input operator for S(t) if there exist numbers t_1 > 0 and α > 0 such that ∫_{t1} 0 S(t_1 − τ )Bu(τ )dt ∈ W (2.9) and ‖ ∫_{t1} 0 S(t_1 − τ )Bu(τ )dτ ‖_W ≤ α‖u‖_L2_{(0,t1)} (2.10)

for all u ∈ L^2(0, t_1; U ).

(ii) Let Y be a Hilbert space. An operator C ∈ L(W, Y ) is called an admissible output operator for S(t) if there exist numbers t_2 > 0 and β > 0 such that ‖CS(·)x‖_L2_{(0,t2)} ≤ β‖x‖_V for all x ∈ W . (2.11)

Remark 2.10 (i) If (2.10) holds for one particular t_1, then it can be shown that it holds for all t_1 > 0, where α will depend on t_1. In case that S(t) is exponentially stable on W then we can choose a constant α which does not depend on t_1 and moreover, we have that ‖ ∫_∞ 0 S(τ )Bu(τ )dτ ‖_W ≤ α‖u‖_L2_{(0,∞)}. (ii) The previous statement remains valid if we replace (2.10) by (2.11), t_1 by t_2, α by β and exponential stability on W by exponential stability on V . (iii) Let B ∈ L(U, V ) be an admissible input operator for S(t). Then for all u ∈ L^2(0, T ; U ) the map t → ∫_t 0 S(t − τ )Bu(τ )dτ is continuous on [0, T ] with values in W . Moreover, the controllability operator C : L^2(0, T ; U ) → V , u → ∫_T 0 S(t − τ )Bu(τ )dτ satisfies Range(C) ⊂ W (2.12) and C ∈ L(L^2(0, T ; U ), W ) . (2.13)

It can be shown as in Weiss [34] that (2.13) is implied by (2.12) provided Z ⊂ W . (iv) Suppose that C ∈ L(W, Y ) is an admissible output operator for S(t). Then the bounded linear operator O_W : W → L^2(0, T ; Y ), x → CS(·)x can be extended uniquely to a bounded linear operator O_V : V → L^2(0, T ; Y ). The operators O_W and O_V are called the observability operators on W and V , respectively. For x ∈ V we define CS(·)x := O_V x.

(v) The concepts of an admissble input operator and an admissible output operator are dual to each other, cf. Pritchard and Salamon [23].

Definition 2.11 A control system of the form

x(t) = S(t)x_0 + ∫_t 0 S(t − τ )Bu(τ )dτ y(t) = Cx(t) , } (2.14)

where x_0 ∈ V and t ≥ 0, is called a Pritchard-Salamon system if B ∈ L(U, V ) is an admissible input operator for S(t) and C ∈ L(W, Y ) in an admissible output operator for S(t).

Notice that for every x_0 ∈ W and every u ∈ LL^2(0, ∞; U ) the output y of a Pritchard-Salamon system is a continuous function on [0, ∞) with values in Y (see Remark 2.10 (iii)). If x_0 ∈ V we can make sense of y as a function in LL^2(0, ∞; Y ) by applying Remark 2.10 (iv).

The following simple result on admissible input and output operators will be useful for the frequency-domain analysis of Pritchard-Salamon systems.

Lemma 2.12 (i) Let U be a Hilbert space and let B ∈ L(U, V ) be an admissible input operator for S(t). Then for any λ > max(ω_W , ω_V ) there exists a constant L_λ > 0 such that

(sI − A^V )^{−1}B ∈ L(U, W ) for all s ∈ C_λ and ‖(sI − A^V )^{−1}B‖_{L(U,W )} ≤ L_λ √ Re(s) − λ for all s ∈ C_λ .

(ii) Let Y be a Hilbert space and let C ∈ L(W, Y ) be an admissible output operator for S(t). Then for any λ > max(ω_W , ω_V ) there exists a constant M_λ > 0 such that ‖C(sI − A^W )^{−1}x‖_Y ≤ M_λ‖x‖_V √ Re(s) − λ for all x ∈ W and s ∈ C_λ .

Proof: (i) See Weiss [36] and Curtain [3].

(ii) For λ > max(ω_W , ω_V ) it is clear that S_λ(t) := e^{−λt}S(t) is an exponentially stable C_0-semigroup on W and V . Now C is an admissible output operator for S_λ(t) and hence it follows from Remark 2.10 (ii) that for some β_λ > 0 ‖CS_λ(·)x‖_L2_{(0,∞)} ≤ β_λ‖x‖_V for all x ∈ W . Hence the following estimate holds for z ∈ C_0 and x ∈ W

‖C((z + λ)I − A^W )^{−1}‖_Y = ‖ ∫_∞ 0 CS_λ(t)xe^{−zt}dt‖_Y ≤ ( ∫_∞ 0 ‖CS_λ(t)x‖^2_Y dt)^{12} ( ∫_∞ 0 e^{−2Re(z)t}dt)^{12} ≤ β_λ √ 2 ‖x‖_V √ Re(z) . A change of variables s = z + λ, s ∈ C_λ , completes the proof. 2

Remark 2.13 Lemma 2.12 (ii) shows that if C is an admissible output operator for S(t), then for all s with Re(s) > max(ω_W , ω_V ) the operator C(sI − A^W )^{−1} ∈ L(W, Y ) can be uniquely extended to an operator O(s) ∈ L(V, Y ). We define C(sI − A^W )^{−1}B := O(s)B and C(sI − A^W )^{−1}v := O(s)v for all v ∈ V .

We would like to close this section by showing that any system of the form (2.14) has a well-defined transfer function provided B ∈ L(U, V ) is an admissible input operator for S(t) and C ∈ L(W, Y ). First we make precise what we mean by a transfer function of (2.14). To this end it is useful to define the space

Ω := {u ∈ LL^2(0, ∞; U ) | ∃ γ = γ(u) ∈ R s. t. u(·)e^{−γ ·} ∈ L^2(0, ∞; U )} .

Furthermore, for u ∈ Ω we set λ(u) := inf{λ ∈ R | u(·)e^{−λ ·} ∈ L^2(0, ∞; U )} . Definition 2.14 Suppose that in (2.14) x_0 = 0, B ∈ L(U, V ) is an admissible input operator and C ∈ L(W, Y ). A holomorphic function G : C_ξ → L(U, Y ) is called a transfer function of (2.14) if for any u ∈ Ω there holds

ŷ(s) = G(s)û(s) for s ∈ C_{max(ξ,λ(u)) .}

It is clear that if G_1 : C_{ξ1} → L(U, Y ) and G_2 : C_{ξ2} → L(U, Y ) are two transfer functions of (2.14), then G_1(s) = G_2(s) for all s ∈ C_{max(ξ1,ξ2)}.

Proposition 2.15 Consider the system (2.14) and suppose that B ∈ L(U, V ) is an admissible input operator and C ∈ L(W, Y ). Let u ∈ Ω and let η be any number which satisfies η > max(ω_W , ω_V , λ(u)). Then the following statements hold true:

(i) y(·)e^{−η·} ∈ L^1(0, ∞; Y ) ∩ L^2(0, ∞; Y ) (ii) ŷ(s) = C(sI − A^V )^{−1}Bû(s) for all s ∈ C_η (iii) C(·I − A^V )^{−1}B ∈ H^∞(C_ξ , L(U, Y )) for all ξ > max(ω_W , ω_V ).

It follows in particular that C(sI −A^V )^{−1}B is a transfer function of (2.14).

Proof: (i) Pick μ ∈ (max(ω_W , ω_V , λ(u)), η) and set ϵ := η − μ > 0. Then y(t)e^{−ηt} = e^{−ϵt}C ∫_t 0 S(t − τ )e^{−μ(t−τ)}Bu(τ )e^{−μτ} dτ . Now, since S(t)e^{−μt} is an exponentially stable C_0-semigroup on W and V and u(·)e^{−μ·} ∈ L^2(0, ∞; U ), it follows from the admissibility of B via Remark 2.10 (i) that there exists α > 0 such that ‖y(t)e^{−ηt}‖_Y ≤ α‖C‖e^{−ϵt}‖u(·)e^{−μ·}‖_L2_{(0,∞;U)} . (ii) For s ∈ C_η set z(t) = e^{−st} ∫_t 0 S(t − τ )Bu(τ )dτ . A similar argument as in (i) shows that z ∈ L^1(0, ∞; W ). Hence z ∈ L^1(0, ∞; V ) and_W ∫_∞ 0 z(t)dt =_V ∫_∞ 0 z(t)dt, where_W ∫ and_V ∫ denote integration in W and V , respectively. It follows that

ŷ(s) = ∫_∞ 0 Cz(t)dt = C_W ∫_∞ 0 z(t)dt = C_V ∫_∞ 0 z(t)dt = C(sI − A^V )^{−1}Bû(s) for all s ∈ C_η .

(iii) Let u_0 ∈ U and set u(t) = e^{ωt}u_0 for t ≥ 0, where ω := max(ω_W , ω_V ). By (ii) we have for s ∈ C_ω that

ŷ(s) = 1 s − ω C(sI − A^V )^{−1}Bu_0 . Since (s − ω)ŷ(s) is (strongly) holomorphic in C_ω the same is true for C(sI − A^V )^{−1}Bu_0. Now u_0 ∈ U was arbitrary and so C(sI − A^V )^{−1}B is holomorphic in C_ω with respect to the norm topology of L(U, Y ) (see Hille and Phillips [12], p. 93). The boundedness of C(sI − A^V )^{−1}B on C_ξ for ξ > ω follows from Lemma 2.12 (i). 2

Remark 2.16 Under the assumptions of Proposition 2.15 it follows from the theory of vector-valued distributions (see e.g. Fattorini [11], pp. 461) that there exists a unique tempered L(U, Y )-valued distribution H with support in [0, ∞) such that (LH)(s) = C(sI − A^V )^{−1}B for Re(s) > max(ω_W , ω_V ). The distribution H is called the impulse response of the system (2.14).

The reader should notice that for a Pritchard-Salamon system the expressions C(sI − A^V )^{−1}B and C(sI − A^W )^{−1}B both make sense (see Lemma 2.12 and Remark 2.13). In the next section we will show that they are equal for all s ∈ C with Re(s) > max(ω_W , ω_V ). This result will be used to express the impulse response H of a Pritchard-Salamon system in terms of S(t), B and C for the special case that dim U < ∞.

3 An Important Property of Pritchard-Salamon Systems

Suppose that (2.14) is a Pritchard-Salamon system. In [23] Pritchard and Salamon introduced the assumption

Z = D(A^V ) → W (3.1)

in order to ensure that C ∫_t 0 S(τ )Budτ = ∫_t 0 CS(τ )Budτ for all u ∈ U, t ≥ 0 . (3.2) Equation (3.2) seems to be a trivial fact. It should be noticed however that the R.H.S. of (3.2) has to be interpreted via the admissibility of C (cf. Remark 2.10 (iv)), while the L.H.S. makes sense since B is an admissible input operator for S(t) (cf. Remark 2.10 (i)). It is the main goal of this section to show that (3.1) is not required for (3.2) to hold, i.e. (3.2) holds for every Pritchard-Salamon system as defined in Section 2.

Lemma 3.1 Suppose that in (2.14) the operator B belongs to L(U, V ) and C ∈ L(W, Y ) is an admissible output operator for S(t). Then

C(sI − A^W )^{−1}Bu = (L(CS(·)Bu))(s) (3.3)

for all s ∈ C with Re(s) > max(ω_W , ω_V ) and for all u ∈ U .

The proof of Lemma 3.1 can be found in Logemann [17]. Notice that R.H.S. of (3.3) has to be interpreted in the sense of Remark 2.10 (iv) while the L.H.S. is meaningful in the sense of Remark 2.13.

Lemma 3.2 Suppose (2.14) is a Pritchard-Salamon system. Then (3.2) is satisfied if and only if C(sI − A^W )^{−1}B = C(sI − A^V )^{−1}B (3.4) for all s ∈ C with Re(s) > max(ω_W , ω_V ).

Proof: The necessity of (3.4) for (3.2) to hold has been proved in Logemann [17]. In order to prove sufficiency assume that (3.4) is satisfied. For u ∈ U and s ∈ C with Re(s) > max(ω_W , ω_V , 0) it follows from the admissibility of B that the function z(t) := e^{−st} ∫_t 0 S(τ )Budτ is in L^1(0, ∞; W ). Hence

[L(C^{∫ ·}_0 S(τ )Budτ )](s) =^{∫ ∞}_0 Cz(t)dt = C_W ∫_∞ 0 z(t)dt = C_V ∫_∞ 0 z(t)dt = C 1 s (sI − A^V )^{−1}Bu = 1 s C(sI − A^W )^{−1}Bu = [L(^{∫ ·}_0 CS(τ )Budτ )](s) ,

where we have made use of Lemma 3.1. It follows that (3.2) holds a.e. on [0, ∞). Now the L.H.S. of (3.2) is continuous in t by Remark (2.10(iii)) and so is the R.H.S. since it is the integral of a LL^2-function. So we see that (3.2) holds for all t ∈ [0, ∞). 2 Theorem 3.3 If (2.14) is a Pritchard-Salamon system, then C ∫_t 0 S(τ )Budτ = ∫_t 0 CS(τ )Budτ for all u ∈ U, t ≥ 0, i.e. (3.2) holds for any Pritchard-Salamon system. Proof: Set ω := max(ω_W , ω_V ). We shall prove that

C(sI − A^W )^{−1}B = C(sI − A^V )^{−1}B for all s ∈}_ω.

The theorem then follows from Lemma 3.2. The following fact will be useful in the sequel (sI − A^V )^{−1} |_W = (sI − A^W )^{−1} for all s ∈ C_ω . (3.5)

We define T (s) := C(sI − A^W )^{−1}B − C(sI − A^V )^{−1}B = O(s)(sI − A^V )(sI − A^V )^{−1}B − C(sI − A^V )^{−1}B, where we have made use of Lemma 2.12 (ii) and Remark 2.13. Let both u ∈ U and s ∈ C_ω be fixed but arbitrary. We have to show that T (s)u = 0. To this end set

z(λ) := λ(λI − A^V )^{−1}(sI − A^V )^{−1}Bu for all λ ∈ C_ω . (3.6) Using (3.5) and Lemma 2.12 (i) we obtain

z(λ) = λ(λI − A^W )^{−1}(sI − A^V )^{−1}Bu for all λ ∈ C_ω . (3.7) Since A^W is the generator of a C_0-semigroup on W , we have that lim λ→∞, λ∈R z(λ) = (sI − A^V )^{−1}Bu in W, (3.8) (see e.g. Curtain and Pritchard [7], p. 19). On the other hand, since A^V generates a C_0-semigroup on V it follows from (3.6) that lim λ→∞, λ∈R (sI −A^V )z(λ) = lim_{λ→∞, λ∈}Rλ(λI −A^V )^{−1}Bu = Bu (in V ) . (3.9) Setting h(λ) := O(s)(λI − A^V )^{−1}Bu − C(λI − A^W )^{−1}(sI − A^V )^{−1}Bu = O(s)(sI − A^V )(λI − A^V )^{−1}(sI − A^V )^{−1}Bu − C(λI − A^W )^{−1}(sI − A^V )^{−1}Bu , and using (3.6) and (3.7), we see that λh(λ) = O(s)(sI − A^V )z(λ) − Cz(λ) . Now, by Lemma 2.12 (ii), Remark 2.13, (3.9) and (3.8) lim λ→∞, λ∈R λh(λ) = O(s)Bu − C(sI − A^V )^{−1}Bu = T (s)u (in Y ) . (3.10) Notice that h is a holomorphic function on C_ω with values in Y . Hence it follows from (3.10) that it is sufficient to show that h^{(n)}(λ)|_{λ=s} = 0 for n = 0, 1, 2, . . . in order to prove that T (s)u = 0. A straightforward computation shows h^{(n)}(λ) = (−1)^nn!(O(s)(λI − A^V )^{−(n+1)}Bu −C(λI − A^W )^{(−n+1)}(sI − A^V )^{−1}Bu. (3.11)

Finally, it follows from Lemma 2.12 (i) and (3.5) that O(s)(sI − A^V )^{−(n+1)}Bu = O(s)(sI − A^V )^{−n}(sI − A^V )^{−1}Bu = O(s)(sI − A^W )^{−n}(sI − A^V )^{−1}Bu = C(sI − A^W )^{−(n+1)}(sI − A^V )^{−1}Bu , and hence by (3.11) that h^{(n)}(λ)|_{λ=s} = 0 for n = 0, 1, 2, . . .. 2

In Section 2 we saw that the impulse response (= inverse Laplace transform of the transfer function) of a Pritchard-Salamon system is a tempered L(U, Y )-valued distribution with support in [0, ∞). We shall close this section by showing that if dim U < ∞, then the impulse response is a regular distribution, i.e. a locally integrable L(U, Y )-valued function defined on [0, ∞). This case is the one which has received most attention in the literature up to date.

So let us suppose that dim U = n < ∞ and let u_1, · · ·, u_n denote a basis of U , and denote the coordinates of u ∈ U with respect to u_1, · · · , u_n by γ_i(u), i.e. u = ∑_n i=1 γ_i(u)u_i. Since C is an admissible output operator for S(t), the expression CS(·)Bu_i has a meaning as an element in LL^2(0, ∞; Y ), see Remark 2.10 (ii) and (iv). Recall that CS(·)Bu_i are not functions but equivalence classes of functions which differ only on a set of measure zero. Let the functions f_i be members of the equivalence classes CS(·)Bu_i, i = 1, · · ·, n. Then the f_i(t) are well-defined elements in Y for almost all t ∈ [0, ∞). Hence, if we define the family of operators R(t) : U → Y , t ≥ 0, by R(t)u = n∑ i=1 γ_i(u)f_i(t) we have R(t) ∈ L(U, Y ) a.e. on [0, ∞). Notice that R(·) is strongly measurable in the uniform operator topology.

Definition 3.4 Suppose that in (2.14) B ∈ L(U, Y ), dim U < ∞, and C ∈ L(W, Y ) is an admissible output operator for S(t). We define the expression CS(·)B as the equivalence class of all functions from [0, ∞) to L(U, Y ) which differ from R(t) only on a set of measure zero.

Lemma 3.5 Under the conditions of Definition 3.4 we have:

(i) The definition of CS(·)B does not depend on the choice of the basis u_1, · · · , u_n of U . (ii) CS(·)B ∈ LL^2(0, ∞; L(U, Y )). (iii) (L(CS(·)B))(s) = C(sI − A^W )^{−1}B for all s ∈ C with Re(s) > max(ω_W , ω_V ).

Proof: (i) Is a routine exercise and is left to the reader.

(ii) This follows from the definition of CS(·)B and the fact that CS(·)Bu_i ∈ LL^2(0, ∞; U ). (iii) Apply Lemma 3.1. 2

The following corollary shows that for Pritchard-Salamon systems with finite-dimensional input space the impulse response is given by the expression CS(·)B as defined in Definition 3.4.

Corollary 3.6 If (2.14) is a Pritchard-Salamon system with finite-dimen-sional input space, then:

(i) (L(CS(·)B))(s) = C(sI − A^V )^{−1}B for all s ∈ C with Re(s) > max(ω_W , ω_V ).

(ii) C ∫_t 0 S(t − τ )Bu(τ )dτ = ∫_t 0 CS(t − τ )Bu(τ )dτ for all t ≥ 0 and for all u ∈ LL^2(0, ∞; U ).

Proof: (i) This follows from Lemma 3.2, Theorem 3.3 and Lemma 3.5 (iii).

(ii) This follows from Theorem 3.3 and the fact that the step-functions are dense in L^2(0, T ; U ), T ∈ (0, ∞). The details are left to the reader. 2

Remark 3.7 The reader should notice that in the case dim U = ∞ it is (in general) not possible to make sense of CS(·)B as a L(U, Y )-valued function. This implies in particular that if dim U = ∞, then expressions like CS(·)Bu(·) or ∫_t 0 CS(t − τ )Bu(τ )dτ do not necessarily make sense for arbitrary u ∈ LL^2(0, ∞; U ).

4 Perturbations Induced by Admissible State-feedback and Admissible Output-injection

It is well-known that the Pritchard-Salamon class is invariant under statefeedback with F ∈ L(V, U ) (see Pritchard and Salamon [23]). However, if F ∈ L(W, U ) only, then all that can be said, in general, is that there exists a perturbed semigroup on W , which is unsatisfactory for control applications. (The perturbation results in Bontsema and Curtain [2] on Pritchard-Salamon systems assume that the semigroup is smoothing). A common example of a perturbation F ∈ L(W, U ) arises from output feedback, u = Ky, where K ∈ L(Y, U ), which produces F = KC. It is the aim of this section to show that the Pritchard-Salamon class is invariant under such perturbations. More precisely, we show that the Pritchard-Salamon class is invariant under state-feedback with F ∈ L(W, U ) and output injection with H ∈ L(Y, V ), provided that F is an admissible output operator and H is an admissible input operator.

Theorem 4.1 The following statements are valid for a Pritchard-Salamon system (2.14):

(i) Let F ∈ L(W, U ) be an admissible output operator for S(t). Then there exists a unique C_0-semigroup S_{BF} (t) on W which is the unique solution of S_{BF} (t)x = S(t)x + ∫_t 0 S(t − τ )BF S_{BF} (τ )xdτ (4.1) for all x ∈ W . Moreover S_{BF} (t) extends to a C_0-semigroup on V , B is an admissible input operator for S_{BF} (t) and C and F are admissible output operators for S_{BF} (t).

(ii) Let H ∈ L(Y, V ) be an admissible input operator for S(t). Then there exists a unique C_0-semigroup S̃_{HC} (t) on V which is the unique solution of S̃_{HC} (t)x = S(t)x + ∫_t 0 S̃_{HC} (t − τ )HCS(τ )xdτ (4.2) for all x ∈ V . Moreover S̃_{HC} (t) restricts to a C_0-semigroup on W , B and H are admissible input operators for S̃_{HC} (t) and C is an admissible output operator for S̃_{HC} (t).

Remark 4.2 As already indicated in the introduction of this section, Theorem 4.1 shows that the Pritchard-Salamon class is invariant under outputfeedback of the form u = Ky, where K ∈ L(Y, U ). Just set F = KC in (i) or H = BK in (ii) and notice that F is an admissible output operator and H an admissible input operator.

Proof of Theorem 4.1: (i) Define a sequence S^n_{BF} (t) by

S^0_{BF} (t)x := S(t)x , S^{n+1}_{BF} (t)x = ∫_t 0 S(t − τ )BF S^n_{BF} (τ )xdτ , where x ∈ W . Using the admissibility of B we obtain by induction for t ≥ 0 ‖S^n_{BF} (t)‖_{L(W )} ≤ M α^n‖F ‖^n √ t^n n! , (4.3)

where M = M (t) := sup_{τ∈[0,t]} ‖S(τ )‖_{L(W )} and α = α(t) is the constant introduced in Definition 2.9 (i) (cf. also Remark 2.10 (i)). It follows from (4.3) that ∑_∞ n=0 S^n_{BF} (t) converges in the norm topology of L(W ) and hence

S_{BF} (t) := ∞∑ n=0 S^n_{BF} (t) ∈ L(W ). It is now easily verified that S_{BF} (t)x solves (4.1) for all x ∈ W . The C_0-semigroup properties and uniqueness of S_{BF} (t) can be shown as in the bounded case (i.e. W = V and ‖ · ‖_W = ‖ · ‖_V ), see Curtain and Pritchard [7]. In order to make the paper more self-contained we shall prove strong continuity at 0 and uniqueness:

• Strong continuity: By (4.1) and admissibility of B we have for x ∈ W ‖S_{BF} (t)x − x‖_W ≤ ‖S(t)x − x‖_W + α‖F ‖ ‖S_{BF} (·)x‖_L2_{(0,t;W )} So using the strong continuity of S(t) on W we see that lim_{t→0} ‖S_{BF} (t)x − x‖_W = 0.

• Uniqueness: Suppose T (t) ∈ L(W ) is another family of operators satisfying (4.1). Using the admissibility of B we obtain ‖S_{BF} (t)x − T (t)x‖^2_W ≤ α^2‖F ‖^2 ∫_t 0 ‖S_{BF} (τ )x − T (τ )x‖^2_W dτ It follows from Gronwall’s lemma that S_{BF} (t)x = T (t)x. Since x ∈ W is arbitrary we have that S_{BF} (t) = T (t) for all t ≥ 0.

In order to show that S_{BF} (t) extends to a C_0-semigroup on V it is useful to verify the following estimate ‖F S^n_{BF} (·)x‖_L2_{(0,t;U)} ≤ βα^n‖F ‖^n √ t^n n! ‖x‖_V for x ∈ W, n ∈ N. (4.4) The estimate (4.4) is easily proved by induction using the admissibility of B and F . The constant β = β(t) is the one introduced in Definition 2.9 (ii) (cf. also Remark 2.10 (ii)). It follows from the definition of S^n_{BF} (t), the admissibility of B and (4.4) that ‖S^n_{BF} (t)x‖_W ≤ α‖F S^{n−1}_{BF} (·)x‖_L2_{(0,t;U)} ≤ βα^n‖F ‖^{n−1} √ t^{n−1} (n − 1)!

‖x‖_V (4.5)

for n ≥ 1 and x ∈ W . The estimate (4.5) shows that for n ≥ 1 the operator S^n_{BF} (t) ∈ L(W ) can be extended to an element in L(V, W ) ⊂ L(V, V ). We shall denote this extension by S^n_{BF} (t) as well. It follows from (4.5) that the series ∑_∞ n=1 S^n_{BF} (t) converges absolutely in L(V, W ) and hence in L(V, V ).

The limit is the same in both spaces and we define

R_{BF} (t) = ∞∑ n=1 S^n_{BF} (t) . (4.6)

Setting S^V_{BF} (t) := S(t) + R_{BF} (t), we obtain an operator in L(V, V ) which extends S_{BF} (t). Let M , λ and γ be real constants such that

‖S(t)‖_{L(V )} ≤ M e^{λt} for all t ≥ 0 and ‖x‖_V ≤ γ‖x‖_W for x ∈ W. Moreover set f(t) := β ∞∑ n=1 α^n‖F ‖^{n−1} √ t^{n−1} (n − 1)!

. (4.7)

It is clear that the function f is continuous and monotonically increasing

on R+. It follows from the definition of S^V_{BF} (t) that ‖S^V_{BF} (t)‖_{L(V )} ≤ M e^{λt} + γf(t) , which shows that t → S^V_{BF} (t) is bounded in the norm topology of L(V ) on compact intervals. We claim that S^V_{BF} (t) is a C_0-semigroup on V :

• It is trivial that S^V_{BF} (0) = I_V .

• Strong continuity: Pick t^∗ > 0 and set κ := M e^{λt�} + γf(t^∗ ). Let x ∈ V and choose a sequence x_n ∈ W such that x = lim_{n→∞} x_n (in V ). Then for all t ∈ [0, t^∗] ‖S^V_{BF} (t)x − x‖_V = ‖S^V_{BF} (t)x − S^V_{BF} (t)x_n − x + x_n + S_{BF} (t)x_n − x_n‖_V ≤ [‖S^V_{BF} (t)‖_{L(V )} + 1]‖x − x_n‖_V + γ‖S_{BF} (t)x_n − x_n‖_W ≤ (κ + 1)‖x − x_n‖_V + γ‖S_{BF} (t)x_n − x_n‖_W . (4.8)

Now for given ϵ > 0 let N ∈ N be such that ‖x − x_N ‖ ≤^ϵ_{2(κ+1)} . Moreover, by the strong continuity of S_{BF} (t) on W there exists δ ∈ (0, t^∗] such that ‖S_{BF} (t)x_N − x_N ‖_W ≤^ϵ_{2γ} for all t ∈ [0, δ]. Hence, by (4.8) ‖S^V_{BF} (t)x − x‖_V ≤ ϵ for all t ∈ [0, δ]. • Semigroup property: Again let x ∈ V and pick a sequence x_n ∈ W which converges to x (in V ). Using the semigroup property of S_{BF} (t) on W we obtain ‖S^V_{BF} (t + s)x − S^V_{BF} (t)S^V_{BF} (s)x‖_V = ‖S^V_{BF} (t + s)x − S^V_{BF} (t + s)x_n + S^V_{BF} (t)S^V_{BF} (s)x_n − S^V_{BF} (t)S^V_{BF} (s)x‖_V ≤ ( ‖S^V_{BF} (t + s)‖_{L(V )} + ‖S^V_{BF} (t)S^V_{BF} (s)‖_{L(V )} ) ‖x − x_n‖_V .

Since the R.H.S. converges to 0 as n → ∞, it follows that S^V_{BF} (t + s) = S^V_{BF} (t)S^V_{BF} (s). It remains to show that B is an admissible input operator and C and F are admissible output operators for S_{BF} (t):

• Admissibility of B: From (4.5)-(4.7) we obtain that ‖R_{BF} (t)‖_{L(V,W )} ≤ f(t). Hence it follows for u ∈ L^2(0, t_1; U ): ‖ ∫_{t1} 0 S^V_{BF} (t_1 − τ )Bu(τ )dτ ‖_W = ‖ ∫_t 0 S(t_1 − τ )Bu(τ )dτ + ∫_{t1} 0 R_{BF} (t_1 − τ )Bu(τ )dτ ‖_W ≤ α‖u‖_L2_{(0,t1)} + ‖B‖ ∫_{t1} 0 f(t_1 − τ )‖u(τ )‖_U dτ ≤ (α + ‖B‖ ‖f‖_L2_{(0,t1)})‖u‖_L2_{(0,t1)} . • Admissibility of C and F : For x ∈ W we have ‖CS^V_{BF} (·)x‖_L2_{(0,t2)} ≤ ‖CS(·)x‖_L2_{(0,t2)} + ‖CR_{BF} (·)x‖_L2_{(0,t2)} ≤ β‖x‖_V + ‖C‖ ‖f‖_L2_{(0,t2)}‖x‖_V = (β + ‖C‖ ‖f‖_L2_{(0,t2)})‖x‖_V . The same estimate holds true if we replace C by F .

(ii) Statement (ii) can be proved in a similar way. 2 The following theorem shows that nesting of feedback loops is equivalent to closing the loop for the sum of the feedback operators. Although this seems to be a trivial fact, it requires a proof which is by no means trivial.

Theorem 4.3 Suppose that (2.14) is a Pritchard-Salamon system and that F_1, F_2 ∈ L(W, U ) are admissible output operators for S(t). Then using the notation of Theorem 4.1

S_{B(F1 +F2)}(t)x = S_{BF1} (t)x + ∫_t 0 S_{BF1} (t − τ )BF_2S_{B(F1+F2)}(τ )xdτ (4.9) for all x ∈ V .

Remark 4.4 Since the semigroup (S_{BF1} )_{BF2} (t) gives the unique solution of (4.9) (by Theorem 4.1), it follows that (S_{BF1} )_{BF2} (t) = S_{B(F1+F2)}(t). In order to prove Theorem 4.3 we need two lemmas.

Lemma 4.5 Suppose that (2.14) is a Pritchard Salamon system and that F ∈ L(W, U ) is an admissible output operator for S(t). For all n ∈ N with n > ω_W define the operators F_n ∈ L(W, U ) by

F_n := nF (nI − A^W )^{−1} . (4.10)

Under these conditions the following statements hold true:

(i) F_n can be uniquely extended to an element in L(V, U ). † (ii) lim_{n→∞} F_nx = F x for all x ∈ W .

(iii) There exists L ∈ R_+ such that ‖F_n‖_{L(W,U)} ≤ L for all n > ω_W . (iv) For T > 0 we have

lim_{n→∞} ‖F_nS(·)x − F S(·)x‖_L2_{(0,T ;U)} = 0 for all x ∈ V .

(v) S_{BF} (t)x − S_{BFn} (t)x ∈ W for all x ∈ V , all t ≥ 0 and all n > ω_W and lim_{n→∞} ‖S_{BF} (t)x − S_{BFn} (t)x‖_W = 0 for all t ≥ 0 and all x ∈ V , where the convergence is uniform in t on compact intervals.

(vi) lim_{n→∞} ‖ ∫_t 0 S_{BFn} (t − τ )Bu(τ ) dτ − ∫_t 0 S_{BF} (t − τ )Bu(τ ) dτ ‖_W = 0 for all t ≥ 0 and all u ∈ L^2(0, t; U ).

Proof of Lemma 4.5: (i) This follows from Lemma 2.12 and Remark 2.13.

(ii) The second statement follows from the fact that A^W is the generator of a strongly continuous semigroup on W (see e.g. Curtain and Pritchard [7], p. 19).

(iii) This follows from (ii) and the uniform boundedness principle. Alternatively, statement (iii) follows also from the Hille-Yosida theorem applied to A^W .

(iv) Set Φ_n(x) := (F − F_n)S(·)x for all x ∈ V . Then, by the admissibility of F , there exists a constant β_F > 0 such that for all x ∈ W

‖Φ_n(x)‖_L2_{(0,T )} ≤ β_F (‖x‖_V + ‖n(nI − A^W )^{−1}x‖_V ) ≤ β_F (1 + ‖n(nI − A^V )^{−1}‖_{L(V )})‖x‖_V ≤ γ‖x‖_V , where the existence of the constant γ follows from an application of the Hille-Yosida theorem to A^V . Moreover, by (ii)

lim_{n→∞} ‖(F_n − F )S(t)x‖^2_U = 0 for all t ≥ 0, x ∈ W ,

and by (iii) ‖(F_n − F )S(t)x‖^2_U ≤ (L + ‖F ‖)^2‖S(t)x‖^2_W . † The extension will be denoted by Fn as well.

So by Lebesgue’s dominated convergence theorem we have

lim_{n→∞} ‖Φ_n(x)‖_L2_{(0,T ;U)} = lim_{n→∞} ‖(F_n − F )S(·)x‖_L2_{(0,T ;U)} = 0 for x ∈ W . It remains to show that Φ_n(x) → 0 in L^2(0, T ; U ) for all x ∈ V as n → ∞. To this end let x ∈ V , ϵ > 0 and choose y ∈ W so that ‖x − y‖ ≤ ϵ. Then ‖Φ_n(x)‖_L2_{(0,T )} ≤ ‖Φ_n(y)‖_L2_{(0,T )} + ‖Φ_n(x − y)‖_L2_{(0,T )} ≤ ϵ + γϵ for all sufficiently large n.

(v) As in the proof of Theorem 4.1 we define recursively

S_0(t) = S(t) , S_k(t)x = ∫_t 0 S(t − τ )BF S_{k−1}(τ )xdτ, k ≥ 1 and for n > ω_W

S^n_0 (t) = S(t) , S^n_k (t)x = ∫_t 0 S(t − τ )BF_nS^n_{k−1}(τ )xdτ, k ≥ 1 . We know from the proof of Theorem 4.1 that

S_k(t), S^n_k (t) ∈ L(V ) ∩ L(W ) for all k ∈ N and all n > ω_W and S_k(t), S^n_k (t) ∈ L(V, W ) for all k ≥ 1 and all n > ω_W .

Moreover S_{BF} (t) = ∞∑ k=0 S_k(t), S_{BFn} (t) = ∞∑ k=0 S^n_k (t)

where both series converge in L(W ) and L(V ). We claim that:

a) lim_{n→∞} ‖S^n_{k+1}(t)x − S_{k+1}(t)x‖_W = 0 uniformly in t on compact intervals for all x ∈ V, t ≥ 0, k ≥ 0.

b) lim_{n→∞} ‖F_nS^n_k (·)x − F S_k(·)x‖_L2_{(0,T ;U)} = 0 for all x ∈ V, T > 0, k ≥ 0. We show a) and b) by induction on k. Statement b) is true for k = 0 by (iv). Hence, by admissibility of B, statement a) is true for k = 0. Assume that a) and b) hold for k = ℓ. It then follows that for x ∈ V ‖F_nS^n_{ℓ+1}(t)x − F S_{ℓ+1}(t)x‖_U ≤ ‖F_n‖_{L(W,U)}‖S^n_{ℓ+1}(t)x − S_{ℓ+1}(t)x‖_W + ‖(F_n − F )S_{ℓ+1}(t)x‖_U → 0 as n → ∞ .

Moreover, using (iii) and the fact that a) holds for k = ℓ, it is easy to show that ‖F_nS^n_{ℓ+1}(t)x‖_U ≤ const. on [0, T ] for all x ∈ V and for all n > ω_W . It follows from Lebesgue’s dominated convergence theorem that b) is true for k = ℓ + 1. In order to show that a) holds for k = ℓ + 1 notice that for all x ∈ V ‖S^n_{ℓ+2}(t)x − S_{ℓ+2}(t)x‖_W = ‖ ∫_t 0 S(t − τ )B(F_nS^n_{ℓ+1}(τ )x − F S_{ℓ+1}(τ )x)dτ ‖_W ≤ α‖F_nS^n_{ℓ+1}(·)x − F S_{ℓ+1}(·)x‖_L2_{(0,T )}, where α is the constant introduced in Definition 2.9 (i) (cf. also Remark 2.10 (i)). Since we have already proved that b) is true for k = ℓ + 1 it follows that a) holds for k = ℓ + 1. By the admissibility of F there exists a constant β_F > 0 such that ‖F S(·)x‖_L2_{(0,t)} ≤ β_F ‖x‖_V for all x ∈ W . It follows that for all x ∈ W ‖F_nS(·)x‖_L2_{(0,t)} ≤ nβ_F ‖(nI − A^V )^{−1}‖_{L(V )}‖x‖_V . Applying the Hille-Yosida theorem to A^V shows that there exists a constant β̃ > 0 such that

‖F_nS(·)x‖_L2_{(0,t)} ≤ β̃‖x‖_V for all n > ω_W and all x ∈ W . Recall from the proof of Theorem 4.1 that ∑_∞ k=1 S_k(t) and ∑_∞ k=1 S^n_k (t) converge in L(V, W ). Therefore S_{BFn} (t)x − S_{BF} (t)x ∈ W for all x ∈ V . Using the estimate (4.5) and statement (iii) it follows for x ∈ V : ‖S_{BFn} (t)x − S_{BF} (t)x‖_W ≤ ‖ k0∑ k=1 (S^n_k (t)x − S_k(t)x)‖_W

+β̃ ∞∑ k=k0+1 α^kL^{k−1} √ t^{k−1} (k − 1)! ‖x‖_V

+β_F ∞∑ k=k0+1 α^k‖F ‖^{k−1} √ t^{k−1} (k − 1)! ‖x‖_V . Hence, given ϵ > 0 and T > 0, we have for all sufficiently large k_0 that ‖S_{BFn} (t)x − S_{BF} (t)x‖_W ≤ ‖ k0∑ k=1 (S^n_k (t)x − S_k(t)x)‖_W + ϵ for all x ∈ V and all t ∈ [0, T ]. It follows from a) that lim_{n→0} ‖S_{BFn} (t)x − S_{BF} (t)x‖_W = 0 for all x ∈ V uniformly in t on compact intervals, which proves (v).

(vi) Let t ≥ 0 be fixed but arbitrary and let φ be a step function. Then by (v) τ → (S_{BF} (t − τ ) − S_{BFn} (t − τ )Bφ(τ )is a function with values in W which is Bochner integrable in W on [0, t]. This follows from the properties of the operators S_k(t) and S^n_K (t). Hence ‖_V ∫_t 0 S_{BF} (t − τ )Bφ(τ )dτ −_V ∫_t 0 S_{BFn} (t − τ )Bφ(τ )dτ ‖_W = ‖_W ∫_t 0 (S_{BF} (t − τ ) − S_{BFn} (t − τ ))Bφ(τ )dτ ‖_W ≤ ∫_t 0 ‖(S_{BF} (t − τ ) − S_{BFn} (t − τ ))Bφ(τ )‖_W dτ → 0 as n → ∞, where we have used (v) and the fact that φ is a step function. In order to complete the proof it is sufficient to show that there exists a constant Λ such that ‖ ∫_t 0 S_{BFn} (t − τ )Bu(τ )dτ ‖_W ≤ Λ‖u‖_L2_{(0,t)} (4.11) for all n > ω_W and for all u ∈ L^2(0, t; U ). Using (4.5) we obtain ‖ ∫_t 0 S_{BFn} (t − τ )Bu(τ )dτ ‖_W = ‖ ∫_t 0 S(t − τ )Bu(τ ) + ∫_t 0 ∞∑ k=1 S^n_k (t − τ )Bu(τ )dτ ‖_W

≤ α‖u‖_L2_{(0,t)} + β̃ ∞∑ k=1 α^k‖F_n‖^{k−1}

× ∫_t 0 √ (t − τ )^{k−1} (k − 1)! ‖Bu(τ )‖_V dτ , where β̃ > 0 is a suitable constant which is independent of n. It follows now from (iii) that there exists a constant Λ such that (4.11) is satisfied. 2 Lemma 4.6 Suppose that (2.14) is a Pritchard-Salamon system and that F, F̃ ∈ L(W, U ) are admissible output operators for S(t). Define F_n and F̃_n according to (4.10). Then we have for T > 0 and x ∈ V that lim_{n→∞} ‖F̃_nS_{BFn} (·)x − F̃ S_{BF} (·)x‖_L2_{(0,T ;U)} = 0 .

Proof of Lemma 4.6: First we prove that the claim is true for all x ∈ W : ‖F̃_nS_{BFn} (·)x − F̃ S_{BF} (·)x‖_L2_{(0,T ;U)} ≤ ‖F̃_n(S_{BFn} (·)x − S_{BF} (·)x)‖_L2_{(0,T ;U)} + ‖(F̃_n − F̃ )S_{BF} (·)x‖_L2_{(0,T ;U)} ≤ ‖F̃_n‖_{L(W,U)}‖S_{BFn} (·)x − S_{BF} (·)x‖_L2_{(0,T ;W )} + ‖(F̃_n − F̃ )S_{BF} (·)x‖_L2_{(0,T ;U)}

The first term on the R.H.S. converges to 0 by Lemma 4.5 (iii) and (v). Moreover, by Lemma 4.5 (ii), the sequence (F̃_n − F )S_{BF} (t)x converges pointwise to zero. Applying Lemma 4.5 (iii) shows that it can be bounded by a function which is integrable on [0, T ]. Hence the second term on the R.H.S. converges to 0 by Lebesgue’s dominated convergence theorem. In order to prove that the claim is true for all x ∈ V it is sufficient to show that there exists a constant Λ > 0 such that

‖F̃_nS_{BFn} (·)x‖_L2_{(0,T ;U)} ≤ Λ‖x‖_V for all x ∈ W and n > ω_W .

This follows easily from the definition of F̃_n, Lemma 4.5 (iii) and the integral equation for S_{BF} (t). 2

Proof of Theorem 4.3: Define F_{1n} and F_{2n} according to (4.10). Then S_{B(F1n +F2n )}(t)x = S_{BF1n} (t)x + ∫_t 0 S_{BF1n} (t − τ )BF_{2n}S_{B(F1n +F2n )}(τ )xdτ (4.12) is true for all x ∈ V , since F_{1n}, F_{2n} ∈ L(V, U ) by Lemma 4.5 (i). Using Lemma 4.5 (v) we see that the L.H.S. of (4.12) converges to S_{B(F1+F2)}(t)x while the first term on the R.H.S. of (4.12) goes to S_{BF1} (t)x. Applying (4.11) to S_{BF1n} (·)B instead of S_{BFn} (·)B and using Lemma 4.5 (vi) and Lemma 4.6 shows that the integral on the R.H.S. of (4.12) converges to ∫_t 0 S_{BF1} (t − τ )BF_2S_{B(F1+F2)}(τ )xdτ . 2

Corollary 4.7 Suppose that (2.14) is a Pritchard-Salamon system, that F ∈ L(W, U ) is an admissible output operator for S(t) and that H ∈ L(Y, V ) is an admissible input operator for S(t). Using the notation of Theorem 4.1 we have:

(i) S_{BF} (t)x = S(t)x + ∫_t 0 S_{BF} (t − τ )BF S(τ )xdτ for all x ∈ V . (ii) If BF = HC, then S_{BF} (t) = S̃_{HC} (t).

Proof: (i) Apply Theorem 4.3 to F_1 = F and F_2 = −F .

(ii) This follows from (i), since by Theorem 4.1 (ii) the integral equation has the unique solution S̃_{HC} (t)x. 2

The following proposition contains two results on the infinitesimal generator of the perturbed semigroup S_{BF} (t).

Proposition 4.8 Suppose that (2.14) is a Pritchard-Salamon system and that F ∈ L(W, U ) is an admissible output operator for S(t). Let A^W_{BF} and A^V_{BF} denote the infinitesimal generators of S_{BF} (t) on W and V , respectively. Then we have:

(i) D(A^V_{BF} ) = D(A^V ) and D(A^W_{BF} ) = {x ∈ D(A^V ) ∩ W | A^V_{BF} x ∈ W }. (ii) Under the additional assumption that D(A^V ) ⊂ W we have

A^V_{BF} x = Ax + BF x for all x ∈ D(A^V ) .

Proof: (i) Let ω be a real number which is larger than the maximum of the exponential growth constants of S^W (t), S^V (t), S^W_{BF} (t) and S^V_{BF} (t). Laplace transformation of (4.1) gives

(sI − A^V_{BF} )^{−1}x = (sI − A^V )^{−1}x + (sI − A^V )^{−1}BF (sI − A^W_{BF} )^{−1}x (4.13)

for s ∈ C_ω and x ∈ W . By part (i) of Theorem 4.1 F is an admissible output operator for S_{BF} (t)and hence according to Lemma 2.12 (ii) and Remark 2.13 the operator F (sI − A^W_{BF} )^{−1} ∈ L(W, U ) can be extended to an operator in L(V, U ). Therefore (4.13) holds true for all x ∈ V and, moreover, D(A^V_{BF} ) ⊂ D(A^V ) , (4.14)

where we used the fact that D(A^V_{BF} ) = (sI − A^V_{BF} )^{−1}V . From Corollary 4.7 we obtain that

(sI − A^V_{BF} )^{−1}x = (sI − A^V )^{−1}x + (sI − A^V_{BF} )^{−1}BF (sI − A^W )^{−1}x (4.15)

for s ∈ C_ω and x ∈ W . It follows as above that (4.15) extends to V and so

D(A^V ) ⊂ D(A^V_{BF} ). (4.16)

Hence, by (4.14) and (4.16)

D(A^V_{BF} ) = D(A^V ). (4.17)

The second claim in statement (i) follows from Pazy [20], p. 123.

(ii) Since (sI −A^V_{BF} )^{−1}x = (sI −A^W_{BF} )^{−1}x for x ∈ W , we may conclude from (4.13) that (sI − A^V − BF )(sI − A^V_{BF} )^{−1}x = x for x ∈ W. (4.18) We have already mentioned that F (sI − A^W_{BF} )^{−1} extends to an operator in L(V, U ). Taking into account that (sI − A^V )^{−1} ∈ L(V, W ) (this follows from D(A^V ) ⊂ W ) we obtain from (4.13) that (sI − A^V_{BF} )^{−1} ∈ L(V, W ). As a consequence there holds BF (sI − A^V_{BF} )^{−1} ∈ L(V, V ) . (4.19) Furthermore, with (4.17) and the closedness of A^V , it follows from the closed-graph theorem that

(sI − A^V )(sI − A^V_{BF} )^{−1} ∈ L(V, V ) . (4.20)

So, by (4.19) and (4.20), the operator on the L.H.S. of (4.18) belongs to L(V, V ) and hence (4.18) extends to V . An application of (4.18) to (sI − A^V_{BF} )y, where y ∈ D(A^V_{BF} ), leads to

A^V_{BF} y = A^V y + BF y for all y ∈ D(A^V_{BF} ) . 2 In Section 2 we gave a number of sufficient conditions for the exponential growth constants ω_W and ω_V of S(t) to coincide. Theorem 4.1 can be used to derive another one.

Corollary 4.9 Suppose that B ∈ L(U, V ) is an admissible input operator for S(t). If there exists an admissible output operator F ∈ L(W, U ) such that the exponential growth constants ω^{BF}_W and ω^{BF}_V on W and V of the C_0- semigroup S_{BF} (t) given by (4.1) satisfy max(ω^{BF}_W , ω^{BF}_V ) ≤ min(ω_W , ω_V ), then ω_W = ω_V .

Proof: From (4.1) we obtain for ϵ > 0 e^{−(ωW +ϵ)t}S(t)x = e^{−(ωW +ϵ)t}S_{BF} (t)x − ∫_t 0 e^{−(ωW +ϵ)(t−τ)}S(t − τ )BF e^{−(ωW +ϵ)τ} S_{BF} (τ )xdτ. Now e^{−(ωW +ϵ)t}S_{BF} (t) is exponentially stable on V and e^{−(ωW +ϵ)t}S(t) is exponentially stable on W . Using the admissibility of B for S(t) and Remark 2.10 (i) we see that for suitable constants α > 0 and γ > 0 ‖e^{−(ωW +ϵ)t}S(t)x‖_V ≤ γ‖x‖_V + α‖F e^{−(ωW +ϵ)·}S_{BF} (·)x‖_L2_{(0,t)} . Since e^{−(ωW +ϵ)t}S_{BF} (t) is exponentially stable on V and since F is an admissible output operator for S_{BF} (t) (by Theorem 4.1 (i)) it follows from Remark 2.10 (ii) that ‖e^{−(ωW +ϵ)t}S(t)x‖_V ≤ (γ + αβ)‖x‖_V (4.21) for some constant β > 0. The inequality (4.21) is true for any ϵ > 0 and hence ω_V ≤ ω_W . In order to prove the converse inequality, note that by Corollary 4.7 e^{−(ωV +ϵ)t}S(t)x = e^{−(ωV +ϵ)t}S_{BF} (t)x − ∫_t 0 e^{−(ωV +ϵ)(t−τ)}S_{BF} (t − τ )BF e^{−(ωV +ϵ)τ} S(τ )xdτ . Taking norms in W , using the exponential stability of e^{−(ωV +ϵ)t}S_{BF} (t) on W , the exponential stability of e^{−(ωV +ϵ)t}S(t) on V , the admissibility of B for S_{BF} (t) and the admissibility of F for S(t) it follows that ‖e^{−(ωV +ϵ)t}S(t)x‖_W ≤ κ‖x‖_W for all ϵ > 0 and x ∈ W. The last estimate shows that ω_W ≤ ω_V . 2

Remark 4.10 Although Corollary 4.9 may be difficult to apply in general, it does have one very important consequence. If S(t) is unstable on W and V , and it is admissibly exponentially stabilizable in the sense of Definition 5.1, then ω_W = ω_V .

5 Stabilizability, Detectability and Equivalence of Exponential and External Stability

We now introduce the concepts of stabilizability and detectability for Pritchard-Salamon systems which are appropriate for ‘BKC’-type perturbations, i.e. perturbations induced by output feedback.

Definition 5.1 (i) Suppose that B ∈ L(U, V ) is an admissible input operator for S(t). The pair (S(t), B) is called boundedly (admissibly) stabilizable if there exists an operator F ∈ L(V, U ) (an admissible output operator F ∈ L(W, U ) for S(t)) such that the C_0-semigroup S_{BF} (t) given by (4.1) is exponentially stable on W and V .

(ii) Suppose that C ∈ L(W, Y ) is an admissible output operator for S(t). The pair (C, S(t)) is called boundedly (admissibly) detectable if there exists an operator H ∈ L(Y, W ) (an admissible input operator H ∈ L(Y, V ) for S(t)) such that the C_0-semigroup S̃_{HC} (t) given by (4.2) is exponentially stable on W and V .

Remark 5.2 (i) The above definition makes sense for F ∈ L(V, U ) (H ∈ L(Y, W )) since all elements in L(V, U ) ⊂ L(W, U ) (L(Y, W ) ⊂ L(Y, V )) are admissible output operators (admissible input operators) and hence, by Theorem 4.1, S_{BF} (t) (S̃_{HC} (t)) is a C_0-semigroup on W and V .

(ii) Admissibly stabilizable Pritchard-Salamon systems have the following nice system theoretic property: If (2.14) is a Pritchard-Salamon system, then by Theorem 4.3 it is admissibly stabilizable (detectable) if and only if (S_{BKC} (·), B, C) is admissibly stabilizable (detectable), where K ∈ L(Y, U ) and S_{BKC} (t) is the perturbed C_0-semigroup of Theorem 4.1.

The following lemma demonstrates an important connection between exponential stability of the perturbed semigroup on W and V .

Lemma 5.3 Suppose that B ∈ L(U, V ) is an admissible input operator for S(t). If (S(t), B) is admissibly stabilizable and there exists F̃ ∈ L(V, U ) such that S_{BF̃} (t) is exponentially stable on V , then S_{BF̃} (t) is also exponentially stable on W .

Proof: Let F ∈ L(W, U ) be an admissible output operator for S(t) such that S_{BF} (t) is exponentially stable on W and V . By Theorem 4.1 and Theorem 4.3 S_{BF̃} (t)x = S_{BF} (t)x + ∫_t 0 S_{BF} (t − τ )B(F̃ − F )S_{BF̃} (τ )xdτ . (5.1) Now (F̃ −F ) is an admissible output operator for S_{BF̃} (t) (by Theorem 4.1) and hence, from the exponential stability of S_{F̃} (t) on V , it follows that for sufficiently small ϵ > 0 ∫_∞ 0 ‖e^{ϵt}(F̃ − F )S_{BF̃} (t)x‖^2_U dt ≤ γ‖x‖^2_V for all x ∈ W , where γ is some suitable positive constant. Now by the admissibility of B for S_{BF} (t), and the exponential stability of e^{ϵt}S_{BF} (t) on W for ϵ > 0 sufficiently small, it follows from multiplying (5.1) by e^{ϵt} and taking norms in W that ‖e^{ϵt}S_{BF̃} (t)x‖_W ≤ γ̃‖x‖_W for some positive constant γ̃. This estimate holds for all x ∈ W and hence we obtain that ‖S_{BF̃} (t)‖_{L(W )} ≤ γ̃e^{−ϵt}. 2 Remark 5.4 Notice that in the above proof we have not made use of the fact that S_{BF} (t) is also exponentially stable on V .

The following result shows that the two concepts of stabilizability introduced in Definition 5.1 coincide.

Theorem 5.5 Suppose that B ∈ L(U, V ) is an admissible input operator for S(t). Then the following statements hold:

(i) The pair (S(t), B) is admissibly stabilizable if and only if (S(t), B) is boundedly stabilizable.

(ii) Suppose that F ∈ L(W, U ) is an admissible output operator for S(t) such that S_{BF} (t) is exponentially stable on W and V and let P ∈ L(V ) be the selfadjoint positive semi-definite operator defined by < x, P y >_V := ∫_∞ 0 < F S_{BF} (t)x, F S_{BF} (t)y >_U dt . 31

If D(A^V ) ⊂ W , then F̃ := −B^∗P ∈ L(V, U ) stabilizes (S(t), B) on W and V . Proof: (i) Since for any operator F ∈ L(V, U ) the restriction F |_W is an admissible output operator for S(t), it follows trivially that (S(t), B) is admissibly stabilizable if (S(t), B) is boundedly stabilizable. The following proof of the converse was suggested to us by B. van Keulen: Let F ∈ L(W, U ) be an admissible output operator S(t) such that S_{BF} (t) is exponentially stable on V . Let x_0 ∈ V and define u_{x0} (·) = F S_{BF} (·)x_0. Then u_{x0} (·) ∈ L^2(0, ∞); U ) by Remark 2.10 (ii) and x(·) given by

x(t) = S(t)x_0 + ∫_t 0 S(t − τ )Bu_{x0} (τ )dτ = S_{BF} (t)x_0 is in L^2(0, ∞; V ). Hence, using Datko’s result [10] on the equivalence between open and closed-loop stabilizability, it follows that there exists an operator F̃ ∈ L(V, U ) which stabilizes (S(t), B) on V . By Lemma 5.3 the feedback F̃ stabilizes (S(t), B) on W as well.

(ii) Using Proposition 4.8 we have that if x ∈ D(A^V ) then d dt (S_{BF̃} (t)x) = A_{BF} S_{BF̃} (t)x + B(F̃ − F )S_{BF̃} (t)x . (5.2)

Using the definition of F̃ and P and (5.2) we can easily show that ⟨S_{BF̃} (t)x, P S_{BF̃} (t)x⟩_V − ⟨x, P x⟩_V = − ∫_t 0 ‖(F − F̃ )S_{BF̃} (τ )x‖^2_U dτ − ∫_t 0 ‖F̃ S_{BF̃} (τ )x‖^2_U dτ . Since P ≥ 0, it follows that ∫_t 0 ‖(F − F̃ )S_{BF̃} (τ )x‖^2_U ≤ ⟨x, P x⟩_V for all t ≥ 0 and x ∈ D(A^V ) (5.3)

Now, by Theorem (4.1) (i) (F − F̃ ) is an admissible output operator for S_{BF̃} (t) and hence (5.3) extends to all x ∈ V . Thus there exists a constant γ > 0 such that

‖(F − F̃ )S_{BF̃} (·)x‖_L2_{(0,∞;U)} ≤ γ‖x‖_V for all x ∈ V. (5.4)

Choose constants M ≥ 1 and α > 0 such that ‖S_{BF} (t)‖_{L(V )} ≤ M e^{−αt}. Taking norm estimates in L^2(0, ∞; V ) for (5.1) we obtain ‖S_{BF̃} (·)x‖_L2_{(0,∞;V )} ≤ ‖S_{BF} (·)x‖_L2_{(0,∞;V )} + ‖ ∫_· 0 S_{BF} (· − τ )B × (F̃ − F )S_{BF̃} (τ )xdτ ‖_L2_{(0,∞;V )}

PRITCHARD-SALAMON SYSTEMS ≤ ‖S_{BF} (·)x‖_L2_{(0,∞;V )} + M α ‖B‖_{L(U,V )} × ‖(F̃ − F )S_{BF̃} (·)x‖_L2_{(0,∞;U)} < ∞ , using (5.4) and the exponential stability of S_{BF} (·) on V . The above estimate holds for all x ∈ V and hence S_{BF̃} (·) is exponentially stable on V (Theorem 4.1, Pazy [20], p. 116), and by Lemma 5.3 it is also stable on W . 2 Remark 5.6 (i) We shall leave the obvious statement and proof of the dual result on detectability to the reader.

(ii) Suppose that (2.14) is a Pritchard-Salamon system. Since it is clear by Theorem 4.3 that stabilizability of (2.14) by admissible feedback is retained under output feedback of the form u = Ky, where K ∈ L(Y, U ) (see Remark 5.2) it follows from Theorem 5.5 that stabilizability by bounded feedback is invariant under output feedback as well.

(iii) The proof of Theorem 5.5 (ii) is similar in many ways to the recursive procedure in Pritchard and Salamon [23] by which the solution of an algebraic Riccati equation is constructed from solutions of a sequence of Lyapunov equations. It is clear from the constructive nature of the proof that similar argumants can be used in order to show that for any Pritchard-Salamon system (satisfying D(A^V ) ⊂ W ) and any LQ or H^∞- performance index (see e.g. Pritchard and Salamon [22, 23] and Pritchard and Townley [26]) the achievable closed-loop costs are the same with respect to bounded feedbacks and admissible feedbacks. It remains an open problem as to whether the domain condition D(A^V ) ⊂ W is necessary in the constructive argument.

We would like to close this section with a characterization of exponential stability in terms of transfer functions.

Definition 5.7 Suppose that in (2.14) the operator B ∈ L(U, V ) is an admissible input operator for S(t) and C ∈ L(W, Y ). The system (2.14) is called externally stable if its transfer function G is in H^∞(C_0 , L(U, Y )).

It follows from Proposition 2.15 that the system (2.14) is externally stable if the semigroup S(t) is exponentially stable on W and V . Under some extra assumptions the converse holds true as well.

Theorem 5.8 Suppose that (2.14) is a Pritchard-Salamon system. If (2.14) is admissibly stabilizable and admissibly detectable, then the semigroup S(t) is exponentially stable on W and V if and only if (2.14) is externally stable.

Proof: We only need to show that external stability implies exponential stability of S(t) on W and V . By assumption there exist an admissible output operator F ∈ L(W, U ) and an admissible input operator H ∈ L(Y, V ) for S(t) such that the perturbed semigroups S_{BF} (t) and S̃_{HC} (t) given by (4.1) and (4.2) are exponentially stable on W and V . Using the notation of Proposition 4.8 it follows from (4.1) and (4.2) via Laplace transformation that

(sI − A^W_{BF} )^{−1}w = (sI − A^W )^{−1}w + (sI − A^V )^{−1}BF (sI − A^W_{BF} )^{−1}w (5.5) and (sI −Ã^V_{HC} )^{−1}w = (sI −A^V )^{−1}w +(sI −Ã^V_{HC} )^{−1}HC(sI −A^W )^{−1}w , (5.6)

for all w ∈ W and all s ∈ C_ω , where ω := max(ω_W , ω_V , 0) and Ã^V_{HC} denotes the infinitesimal generator of the semigroup S̃_{HC} (t) on V . Since B, C, F and H are admissible we obtain from (5.5) and (5.6) using Theorem 4.1, Lemma 2.12 and Remark 2.13 that C(sI − A^W )^{−1}v = C(sI − A^W_{BF} )^{−1}v − G(s)BF (sI − A^W_{BF} )^{−1}v (5.7) and (sI − A^V )^{−1}v = (sI − Ã^V_{HC} )^{−1}v − (sI − Ã^V_{HC} )^{−1}HC(sI − A^W )^{−1}v (5.8)

for all v ∈ V and s ∈ C_ω . In (5.7) we have used that by Proposition 2.15 the transfer function G(s) of (2.14) satisfies G(s) = C(sI − A^V )^{−1}B for all

s ∈ C ω ._{Now, by assumption and Lemma 2.12, the L(V, Y )-valued functions on}

the R.H.S. of (5.7) are bounded, and therefore ‖C(sI − A^W )^{−1}‖_{L(V,Y )} is bounded on C_ω . It follows from (5.8) that

(sI − A^V )^{−1} ∈ H^∞(C_ω , L(V )). (5.9)

We have to show that max(ω_W , ω_V ) < 0. Assume the contrary, i.e. max(ω_W , ω_V ) ≥ 0. Then, by the definition of ω

ω = max(ω_W , ω_V ) , (5.10)

and (5.9) implies that

(sI − (A^V − ωI))^{−1} ∈ H^∞(C_0 , L(V )) ,

which is equivalent to the exponential stability of S(t)e^{−ωt} on V (this follows from a result by Prüss [27], cf. also Nagel [19], p. 96 or see Weiss [32] for a direct proof). Hence we may conclude that ω_V < ω. An application of Lemma 5.3 to (S(t)e^{−ωt}, B) and F̃ = 0 shows that ω_W < ω. Therefore max(ω_W , ω_V ) < ω, which is in contradiction to (5.10). 2

Remark 5.9 Theorem 5.8 is a nice generalization of the well-known finitedimensional result. It is important to note that U and Y may be infinitedimensional. This is in contrast to earlier publications (e.g. Curtain [3]) which proved a similar type of equivalence assuming that U and Y be finite-dimensional. See also Rebarber [28] for a related result.

Remark 5.10 Almost every result in this paper remains valid if we replace the Hilbert spaces W , V , U , and Y by arbitrary Banach spaces. The only exceptions are the following:

• The proof of Proposition 2.2 is based on a result by Lax [16] which requires V to be a Hilbert space. We do not know if Proposition 2.2 extends to Banach spaces. As a consequence it is not clear whether Remark 2.3 and Proposition 2.7 (iii) remain true in the Banach space case.

• In the proof of Theorem 5.5 we have explicitly used the Hilbert space structure of V and U . We do not know whether Theorem 5.5 holds true in the Banach space case or not.

• For arbitrary Banach spaces it is generally not true that C_0-semigroups with H^∞-resolvent are exponentially stable. So, the proof of Theorem 5.8 does not extend to Banach spaces.

Acknowledgements: The authors would like to thank Bert van Keulen (Groningen) for several helpful and interesting suggestions during the preparation of this paper. A substantial part of the work was completed while the second and third authors were visiting the Universities of Groningen and Twente, supported by the Dutch Systems and Control Theory Network.

References

[1] J. Bontsema. Dynamic Stabilization of Large Flexible Space Structures, Ph.D. Thesis, 1989, University of Groningen, The Netherlands.

[2] J. Bontsema and R.F. Curtain. Perturbations properties of a class of infinite-dimensional systems with unbounded control and observations, IMA J. Math. Control & Information 5 (1988), 333-352.

[3] R.F. Curtain. Equivalence of internal and input-output stability for infinite-dimensional systems, Math. Systems Theory 21 (1988), 19-48.

[4] R.F. Curtain. Stabilizability of normalized coprime factors: the infinite-dimensional case, Int. J. Control 51 (1990), 1173-1190.

[5] R.F. Curtain. State-space approaches to h^∞-control for infinitedimensional linear systems, Trans. Inst. Measurement & Control 13 (1991), 253-261.

[6] R.F. Curtain. A synthesis of time and frequency domain methods for the control of infinite-dimensional systems: a system theoretic approach, pp. 171-224 in Control and Estimation in Distributed Parameter Systems (H.T. Banks, ed.). Frontiers in Applied Mathematics 11. Philadelphia: SIAM, 1992.

[7] R.F. Curtain and A.J. Pritchard. Infinite Dimensional Linear Systems Theory. Lecture Notes in Control and Information Sciences 8. Berlin: Springer-Verlag, 1978.

[8] R.F. Curtain and A. Ran. Explicit formulas for hankel norm approximations of infinite-dimensional systems, Integral Equations and Operator Theory 12 (1989), 455-469.

[9] R.F. Curtain and D. Salamon. Finite-dimensional compensators for infinite-dimensional systems with unbounded input operators, SIAM J. Control & Opt. 24 (1986), 797-816.

[10] R. Datko. A linear control problem in an abstract hilbert space, J.

Differential Equations 9 (1971), 346-359.

[11] H.O. Fattorini. The Cauchy Problem. Encyclopedia of Mathematics and its Applications 18. Reading, MA: Addison-Wesley, 1983.

[12] E. Hille and R.S. Phillips. Functional Analysis and Semigroups, AMS Colloquium Publications 31, Providence R.I., 1957.

[13] B. van Keulen. H^∞-Control with measurement feedback for linear infinite-dimensional systems, J. of Mathematical Systems, Estimation, and Control 3(1) (1993), 1-39.

[14] B. van Keulen, M. Peters and R.F. Curtain. H^∞-control with state feedback: the infinite-dimensional case, J. of Mathematical Systems, Estimation, and Control 3 (1993), 1-39.

[15] I. Lasiecka and R. Triggiani. Feedback semigroups and cosine operators for boundary feedback parabolic and hyperbolic equations, J. Differential Equations 47 (1983), 246-272.

[16] P.D. Lax. Symmetrizable linear transformations, Communications on Pure and Applied Math. 7 (1954), 633-647.

[17] H. Logemann. Circle criteria, small-gain conditions and internal stability for infinite-dimensional systems, Automatica 27 (1991), 677-690.

[18] H. Logemann and B. Mårtensson. Adaptive stabilization of infinitedimensional systems, IEEE Trans. Auto. Control 37 (1992), 1869- 1883.

[19] R. Nagel, Ed. One-parameter Semigroups of Positive Operators, Lecture Notes in Mathematics 1184. Berlin: Springer-Verlag, 1986.

[20] A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations. New York: Springer-Verlag, 1983.

[21] M. Pedersen. Pseudodifferential perturbations and stabilization of distributed parameter systems: dirichlet feedback control problems, SIAM J. Control & Opt. 29 (1991), 222-252.

[22] A.J. Pritchard and D. Salamon. The linear quadratic control problem for retarded systems with delays in control and observation, IMA J. Math. Control & Information 2 (1985), 335-362.

[23] A.J. Pritchard and D. Salamon. The linear quadratic control problem for infinite-dimensional systems with unbounded input and output operators, SIAM J. Control & Opt. 25 (1987), 121-144.

[24] A.J. Pritchard and S. Townley. A Stability Radius for Infinite- Dimensional Systems, pp. 272-291 in Distributed Parameter Systems. Proc. 3rd Int. Conf. Vorau (Austria), July 6-12, 1986. Berlin: Springer- Verlag, 1987.

[25] A.J. Pritchard and S. Townley. Robustness of linear systems, J. Differential Equations 77 (1989), 254-286.

[26] A.J. Pritchard and S. Townley. Robustness optimization for uncertain infinite-dimensional systems with unbounded inputs, IMA J. Math. Control & Information 8 (1991), 121-133.

[27] J. Prüss. On the spectrum of C_0-semigroups, Trans. Amer. Math. Soc.

284 (1984), 847-857.

[28] R. Rebarber. Conditions for the equivalence of internal and external stability for distributed parameter systems, IEEE Trans. Auto. Control, to appear.

[29] D. Salamon. Control and Observation of Neutral Systems. Research Notes in Mathematics 91. London: Pitman, 1984.

[30] D. Salamon. Infinite-dimensional linear systems with unbounded control and observation: a functional analytic approach, Trans. Amer. Math. Soc. 300 (1987), 383-431.

[31] D. Salamon. Realization theory in hilbert space, Math. Systems Theory 21 (1989), 147-164.

[32] G. Weiss. Weak L^p-stability of a linear semigroup on a hilbert space implies exponential stability, J. Differential Equations 76 (1988), 269- 285.

[33] G. Weiss. Admissibility of unbounded control operators, SIAM J. Control & Opt. 27 (1989), 527-545.

[34] G. Weiss. Admissible observation operators for linear semigroups, Israel J. Math. 65 (1989), 17-43.

[35] G. Weiss. The representation of regular linear systems on hilbert spaces, pp. 401-416 in Distributed Parameter System (F. Kappel, K. Kunisch and W. Schappacher, eds.). Basel: Birkhäuser Verlag, 1989.

[36] G. Weiss. Two conjectures on the admissibility of control operators, pp. 367-378 in Control and Estimation of Distributed Parameter Systems (F. Kappel, K. Kunisch and W. Schappacher, eds.). Basel: Birkhäuser Verlag, 1991.

[37] G. Weiss. Private communication.

Mathematics Institute, University of Groningen, P.O. Box 800, 9700 AV Groningen, The Netherlands

Institue for Dyanmical Systems, University of Bremen, P.O. Box 330 440, 28334 Bremen, Germany. Currently at School of Mathematical Sciences, University of Bath, Calverton Down, Bath BA2 7AY, United Kingdom

Department of Mathematics, University of Exeter, North Park Road, Exeter, Devon EX4 4QE, England

Department of Applied Mathematics, University of Twente, P.O. Box 217, 7500 AE Enschede, The Netherlands

Communicated by Clyde F. Martin