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Linear Quadratic Optimal Control of
TimeVarying Systems with Indefinite Costs
on Hilbert Spaces: The Finite Horizon
Problem*

Birgit Jacob

Abstract

In this paper we consider time—varying linear systems on Hilbert
spaces and study the optimal control problem with indefinite perfor-
mance criteria over a finite horizon interval. Due to the indefinite-
ness of the cost function, the associated integral Riccati equation in
general does not process a solution on the whole interval. Apply-
ing an operator theoretic approach due to Hinrichsen and Pritchard
[10] equivalent conditions are arrived for the unique solvability of
the linear quadratic optimization problem and for the existence of
solutions to the integral Riccati equation. Contrary to the finite—
dimensional situation these problems are not generally equivalent.
The results are applied to a parameterized Riccati equation which
plays an important role in robustness analysis.

Key words: infinite—dimensional systems, time—varying, mild evolution opera-
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Notation
X, 7 Banach space over K € {R, C} with norm || -||x,
ete.;
H,U,Y Hilbert spaces over K € {R,C} with norm || - ||z,
ete.;
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B. JACOB

L(X,7) Banach space of bounded linear operators
from X to Z provided with the operator
norm || - ||z(x,2);

L(X) L(X, X);

H(H) {T € L(H)|T is Hermitian};

[to, 1] compact interval in IR;

i {(t9)lts <s <t <t

C([to, 1], X) {f : [to,t1] — X|f is continuous;};

La(to,t1; X) {f : [to,t1] — X|f is measurable and

" 1/2
Il = (£ P ar) ™ <
L oo(to, t1; L(X, Z)) {F : [to,t1] — L(X, Z)|F is strongly measurable
and || F||oo 1= esssupyepe, 4,1 [|1F(2)]] < oo}

Note that in order to evaluate the integrals used in this paper, we need
to be able to integrate functions giving values in a general Banach space.
The definitions and properties which are needed to justify the evaluation
of such integrals can be found in E. Hille and R. Phillips [9] or S. Bochner

[2].

1 Introduction

Optimal control problems with quadratic cost criteria appear in many ap-
plications, e.g. network theory, stability theory, filtering and estimation.
Different types of Riccati equations play an important role for the solution
of these problems. A survey of results for the finite-dimensional Riccati
equation, the finite—dimensional optimal control problem and its applica-
tions can be found in [1] and [3]. Results of infinite-dimensional systems
are given for example, in [4], [12] and [14].

In this paper we consider time—varying linear systems described by mild
evolution operators on Hilbert spaces. The state of these systems is given
by the input—state map

¢
z(t;to, wo, u) = B¢, 40)xo —1—/ O(t, p)B(p)u(p) dp, t € [lo, 4],
to

where @ is a mild evolution operator and u € La(to,t1;U), for U a given
Hilbert space. The performance index is of the form

J(to, t1,x0,u) = (x(tisto, xo,u), Gr(ty;to, xo,u))

t1
—1—/ <x(t;t0,x0,u),C(t)x(t;to,xo,u)>—|—||u(t)||2dt.
to
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FINITE HORIZON PROBLEM

In this context, due to the lack of differentiability of the system trajectories,
the differential Riccati equation is replaced by the integral Riccati equation

P(t): = & (t,)GO(t1, 1)z (1.1)
+ [ D) = POBE ()P0 dy

Gibson [7] has shown that (1.1) has a solution P on the interval [tg, 1]
if the operators G and C'(¢) are positive semi-definite.

In this paper we only require that G and C(t) are self-adjoint. Hence,
we obtain an integral Riccati equation with indefinite state penalty. One
motivation to investigate this generalized integral Riccati equation lies in
possible applications to robustness analysis. This analysis will be the sub-
ject of another article which deals with the infinite horizon problem on the
basis of results obtained in this paper. These results, however, are also
of independent interest. Due to the lack of positive semi—definiteness, our
finite horizon linear quadratic optimization problem does not necessarily
have a solution on [lg,¢1]. Hence necessary and sufficient conditions for
the solvability of the optimal control problem and the associated integral
Riccati equation are required. Our aim is to extend results proved in [10]
for finite—dimensional systems to an infinite—dimensional context. To reach
this goal, we extend an operator theoretic approach developed by Hinrich-
sen and Pritchard in the unpublished manuscript [10]. In spite of the fact
that crucial steps in [10] do not extend to the infinite-dimensional situation,
we are able to prove several results. The main results are Theorem 3.5 and
Theorem 3.6 which give equivalent condition for both problems. In fact,
an example is included, showing that — contrary to the finite-dimensional
case — the two problems started with are not equivalent.

The author knows only of two papers dealing with the integral Riccati
equation (1.1), where G and C(¢) are arbitrary self-adjoint operators [5]
and [13]. Dragan and Halanay [5] have considered a more general integral
Riccati equation under stronger assumptions. In this situation they are able
to prove only the equivalence of the conditions (R1) and (R3). Pandolfi
[13] proves the existence of solutions to (1.1) on the infinite horizon (with
(G = 0) when a suitable comparison equation is solvable. In these papers
the linear quadratic optimization problem have not been considered.

We proceed as follows. In the next section we summarize some re-
sults concerning mild evolution operators. In Section 3 we give a detailed
problem formulation and prove the main results. Note that some of the
intermediate results required for the proofs are also of independent inter-
est. Finally, in Section 4 we apply the previous results to a parameterized
Riccati equation.
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2 Mild Evolution Operators

We will make no assumptions about the differentiability of our evolution
operators, and the properties we assume should leave us with a class of
evolution operators of sufficient generality to include practically all well-
posed linear models of realistic dynamical systems (see Curtain, Pritchard
[4]). Throughout this section we assume that @ is a function mapping , ;}

into £(X).
Definition 2.1 & : i; — L(X) is said to be a mild evolution operator
(on X) ¢f
(a.) ®(t,t) =1 for each t € [to, 1],
(b.) ®(t,0)®(0,s) = ®(t,s) fortg <s <o <t <y,
(c.) The maps ®(-,s) : [s,t1] — L(X) and ®(t,-) : [to,t] — L(X) are
strongly continuous.

Remark: Let ® be a mild evolution operator.

(a.) Using the uniform boundedness principle, we obtain SUP4 <5<t
||®(t, 5)|| < oo for fixed ¢ € [to, 1] and sup,<,<;, [|®(t,s)]| < co for
fixed s € [to, 1] -

(b.) Let (t,s) €, I* with s <t and fix p € (s,t). Applying Definition 2.1

) to
(c.), the factorization

B(t,s) = (1, p)2(p, 5)

shows that ®(-,-) is strongly continuous in (¢,s). This implies the
strong continuity of the function

(I)(.’ ) B ié\{(T’ T)|t0 <r< tl} - [,(X),

and we obtain sup |[|®(¢,s)|| < oo for each compact set Q C | i;
(t,s)eQ

\M(r, 7) |to < 7 < t1} using the uniform boundedness principle.

In general, Definition 2.1 does not imply the uniform boundedness of
||®(-,)|| on , i*, for a counterexample see Gibson [7], Appendix B.

s too

Definition 2.2 We say that a mild evolution operator ® is bounded if

Mg := sup ||®(, )| < oo.
()€, it
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For example, a mild evolution operator is bounded if ®(-,-) is weakly
continuous on | i;

Definition 2.3 We say that a mild evolution operator ® on H has the
property (x) if

o The map ®(-,s)" : [s,t1] — L(H) is strongly measurable for fized
s € [to,tl].

o The map ®(t,)* : [to,t] — L(H) is strongly measurable for fized
te [to,tl].

In general, the strong measurability of W : [tg,t1] — L(H) does not
imply that W* : [to,t1] — L(H) is strongly measurable. But whether every
mild evolution operator has property () is not known to the author. Using
the evolution property (Definition 2.1 (b.)) of mild evolution operators
with property () it is easy to see that ®* is strongly measurable on , i;
In the following we write ®*(¢, s) instead of ®(¢,s)*. We use the following
perturbation theorem from Gibson [7] and Curtain, Pritchard [4]:

Theorem 2.4 Let ® be a bounded mild evolution operator and let W €
L; oo(to,t1; £(X)). Then the operator integral equation

Sy (t, ) = B¢, s)x + / O(t, )W (p)Pw (p, s)x dp, (2.2)

re X, (ts) €, ;;, has a unigque solution dy : | i; — L(X) in the class
of bounded mild evolution operators. ®w is also the unique solution in the

class of bounded mild evolution operators of

¢
Dy (t,s)r = B¢, ) —1—/ Sw (t, )W (p)®(p,s)xdp, x€X,(t,s) €, i;

This theorem is a generalization of a similar perturbation result for
semigroups, given by Hille and Phillips [9]. In the following we will denote
by @y the unique bounded mild evolution operator which satisfies (2.2).
The following perturbation theorem is also useful.

Theorem 2.5 Suppose @ is a bounded mild evolution operator on H with
property (x) and let W € Lg oo (to,t1; L(H)) be given. Furthermore, let TW*
be strongly measurable. Then the operator integral equation

t
Dy (t,s)r = B¢, ) —1—/ S(t, )W (p)Pw(p,s)xdp, =€ H, (t,s)€E, ;;,

has a unique solution Py ,;; — L(H) in the class of bounded mild
evolution operators with property ().

5



B. JACOB

Proof: The previous theorem implies that the operator integral equation
has a unique solution ®p : | i; — L(H) in the class of bounded mild
evolution operators. Since

¢
Oy (¢, 5)w = D (4, s)x—i—/ By (p, s)W*(p)@*(t, p)xdp, =€ H,(t,5)€, ;!

s
it is easy to see that &y has property (). |
Since strong measurability of W : [tg,t1] — L(H) implies only weak
measurability of the adjoint W* : [tg,#1] — L(H), we also require that W™

is strongly measurable. This is certainly the case if either H is separable
or W is measurable.

3 Problem Formulation and Main Results

Throughout this section we will assume that @ : | i; — L(H) is a bounded
mild evolution operator with property (), B € L, oo(to,%1; L(U, H)) and
B* is strongly measurable, G € H(H), C € L, o (to,t1; H(H)) and zp € H.
In this section we do not require any assumptions about definiteness of C'(%)

or (. We consider an evolution process defined by the input—state map

z(t;to, wo, u) = ®(t,tg)xg —|—/t O(t, p)B(p)u(p) dp, t € [to, t1], (3.3)

where w € La(to,t1;U). In the following we call u the control or input.
Simple calculations show that the integral in (3.3) is well defined and
z € C([to, t1], H). We are particularly interested in feedback controls of
the form

u(t) == F(t)z(t;to, xo, u),
where F' € L, «(to,t1; L(H,U)). The state trajectories of the correspond-

ing closed—loop system are solutions of the following integral equation

¢
z(t;to, wo, u) = (2, to)xo—l—/ O(t, p)B(p)F(p)x(p,to, xo,u)dp, 1€ [to, 1]
to

The next theorem shows the existence and uniqueness of # in the class

C([to,tl], H)

Theorem 3.1 Let F € L, (to,t1; L(H,U)), 2o € H, @ € Ly(to, t1;U) be
given and suppose that the control of our system is defined by

u(t) = F(t)z(t;to, xo,u) +a(t), € [to,t1]. (3.4)
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Then the unique solution of (3.3) in C([to,t1], H) is given by

2(t;to, wo,u) = Ppp(t, to)ro +/t ®pr(t, p)Bp)ulp) dp, (3.5)

where ®pp is defined as in Theorem 2.4.

Proof: First we show that (3.4) and (3.5) satisfy equation (3.3). This
follows from

x(t;to, o, u)

(Lot | S DB (GO0 (o to)ao dp

t

)
/ [@(t,p>B<p>a<p>+ / <I><t,r>B<r>F<r><I>BF<r,p>B<p>a<p>dr]dp

P

P
+

Bt to)eo-+ [ @00 B dy

+ [ 050 P [wnr0t0+ [ Sario B 7]

¢
D(t, 1)z + / O(t, p)B(p) [F(p)x(p;to, o, u)+a(p)] dp.
to
It remains to prove the uniqueness of  in C([tg, 1], /). Assuming xy, 25 €
C([to,t1], H) are solutions of (3.3), where w is given by (3.4), with #1 # 2.
t
Then y := x1 — x4 satisfies y(t) = / O(t, p)B(p)F(p)y(p) dp and we obtain
to

t

ly()]| < Mq>||B||Oo||F||OO/ lly(p)|| dp. Now Gronwall’s lemma implies y =
t

0, which is a contradiction tDo our assumption and the proof is complete. O

The performance index for our input-state system is given by

J(to,t1, w0, u) = (x(ti;to, o, u), Gx(ty;to, o, u))
t1
+ (x(t;to, o, u), C(t)x(t; o, o, u)) + ||u(t)||2 dt,
to

where u € La(tg,t1;U). In general, due to the lack of positive semi-
definiteness of GG and C'(t), there need not exist a function u € La(to,t1;0)
which minimizes the performance index J(tg,t1, 2o, u). Now we write the
performance index as a quadratic form. For this, we introduce the follow-
ing operator functions developed by Hinrichsen and Pritchard in [10] and
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Jonckheere and Silverman in [11]:

Con) = B0 [ @ ac) | "a(p, 1) B(r)u(r) dr dp,
(3.6)
Gront)() = B (O (t1,1)G / (11, p)B(p)ulp) dp, (3.7)

where u € La(to,t1;U) and ¢ € [tg,t1]. The proof of the next lemma is
straightforward, and left to the reader:

Lemma 32 Ctu’tl,gtuytl € H(Lz(to,tl; U))

The next lemma is an immediate extension of [10], Lemma 7.1.12, and
the proof is the same.

Lemma 3.3 The performance index has the form:
J(to, t1, w0, u) = (To, Mg, ®0)F2Re( Ny 1, 20, wha+{u, (I+Cey 0, +Gio,e, )U)2

where Mtu,tl c H(H), th,tl S »C(H, L2(t0at1; U)) and Cto,fugm,fl
€ H(La(to,t1;U)) are given by

ty

Mthtlx = q)*(tlatO)Gq)(tlato)x +/ q)*(patO)C(p)q)(patO)x dp,
to
t1

Nig 1, 2(t) = B* (1)@ (t1,1)GP(t1,t0)x —I—/t B*()®* (p,)C(p)®(p,to)x dp

and (3.6), (3.7).

Proof:

J(thtlaanu)
= (z(t1;t0, o, u), Gz(t1;to, 2o, u))

[ ettt 20,00, st 20, 00) + 0
= (@t ta)e0+ / B(t1, 9)Blp)ulp) dp,
¢ o+ [ w B0 b))
+[{{ @+ [ oo ancw| o

8
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+ [ atpoon] )+ o |

= <<I)(t1, to)l‘o, Gq)(tl, to)l‘0> + 2Re/ <<I)(t1,t0)l‘0, Gq)(tl, p)B(p)U(p)> dp

+/t:1 <u(p),B*(p)<I>*(t1,P)G/t:l O(ty, 7)B(T)u(r) d7'> dp

—|—/t<1<I>(t,t0)x0,C(t)@(t,to)m)dt—|—/t1||u(t)||2dt

o

—|—2Re/t:1<<1>(t,to)xo,(](t) /t:q)(t,p)B(p)u(p) dp> dt
+/j </t:<1>(t,p)B(p)u(p) dp, C(1) /t:q)(t,r)B(T)u(T) dr> dt
— (20, My, 1, 20) + 2Re /t:l<B*(p)<I>*(t1,p)Gq)(tl,to)xo,u(p)>dp

+2Re /jl </t B (p)®" (1, p)C()D (1, t0)ao dt,u(p)> dp
zigmi) )

/tu /< p)®*(t, p)C(t) /t:q)(t,T)B(r)u(r) dT> dp dt

= (w0, Mty,t,20) + 2Re(Nyy 1,20, u)2 + (u, (I + Cg 1y + Groty )u)2.

We study the following optimization problem:

Finite Horizon Linear Quadratic Optimization Problem: Does
there exist for every xg € H a unique input v € La(tg,t1;U) which mini-
mizes the performance index J(¢o,t1, 2o, u)?

The integral Riccati equation associated with the finite horizon linear
quadratic optimization problem has the form

P(): = ®(t,1)GD(1y, 1)z (3.8)

+ [ OG- POBOE P10z, 2 €.

Definition 3.4 P is said to be a solution of the integral Riccati
equation (IRE) on [t,,t,](with final condition P(t,) = G) if P €
L, oo(to,t1; H(H)) and for each z € H and t € [tg,t1] the equation (3.8) is
satisfied.

If the TRE (3.8) has a solution on [tg,?1], then it also has a solution
on [f,t;] with tg < ¥ < ¢;. Since G and C(t) are only self-adjoint, such

9
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a solution does not necessarily exist, as Example 3.7 shows. The main
results of this paper are presented in the following two theorems which
give sufficient and necessary conditions for the solvability of the integral
Riccati equation, and of the finite horizon linear quadratic optimization
problem:

Theorem 3.5 The following statements are equivalent:

(O1) For every mg € H there exists a unique input u € Lo(to,t1;U) which
minimizes the performance index J(to,t1, xo, u).

(02) I+Cyy 1, +Gigty > 0 and the range of Ny ¢, is a subset of the range
of I+ Cioty + Gt

Let these condition be satisfied. Then for every xg € H the optimal control

Utg wo Sulfill
(L4 Cigty + Gtot1)Uto,00 + Neg s 2o = 0. (3.9)

Proof: For zq € H and for any pair u, 4 € La(tg,?1;U) using Lemma 3.3,
we have

J(thtlaana'i' U)
= J(toatla Lo, a) + 2Re<Nfuyf1x0 + (I + Ctuytl + gfu,fl)aa U>2(310)
+<ua (I + Ctu,h + gfo,fl)u>2'
Let #g € H be given and assume that uy, o, € La(to,%1;U) is a minimizing

solution, but does not satisfy equation (3.9). If we choose u, := —2((I +
Ciotr + Gio 1)Uty oo + Nig t120), € > 0 small, we obtain

J(thtla Lo, Uty zg + uf)

2
= J(to,t1, %0, Utgme) — g||ua||§ + (e, (L + Cio ity + Gro 1, )te)2

2
< J(to tr, To, Utem,) — . 1+ Craty + Grota ||| ue|l5-

Thus u;, », cannot be optimal which is a contradiction to our assumption.
Hence every optimal control uy, o, satisfy (3.9).

(01)=-(02) Since for every xy € H the optimal control uy, ., satisfies
(3.9) the range of Ny, ¢, is a subset of the range of I 4 Cy, 4, + Gty 1, -
It remains to prove that I + Cy, ¢, + Gyy,1, > 0. Suppose there exists
a function u € Lo(to,t1;U) with {(u, (I 4+ Ciop, + Gt )ut) < 0. Then
using Lemma 3.3 we see

inf J(tg,%1,0 = -
’#I;O (Oa 1 a’YU) o0,

10
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which contradicts our assumption. Since there exists a unique input
u € La(to,t1;U) which minimizes the performance index J(¢g,%1, 0, u),
we have I + Ciy ¢, + Gio 1y > 0.

(02)=(01) (02) implies that for every zq € H, equation (3.9) has a
unique solution and it is easy to see using (3.10) that this solution
minimizes the performance index. Since every optimal control satis-
fies (3.9), statement (O1) is proved. O

Concerning the solvability of the integral Riccati equation we have the
following equivalent conditions:

Theorem 3.6 The following statements are equivalent:
(R1) The IRE (3.8) has a unique solution on [to,11].

(R2) There exists a constant 3 > 0, such that for each iy € [to,t1] and
each xqg € H

inf  J(t),t > - %
u€L2l(Itl{)7t1;U) (0’ th’U) N 6||$0||

(R3) There exists a constant € > 0 such that for every w € La(to,t1;U):

J(to,t1,0,u) > ¢||u||3.
(R4) I+Csyt,+Gey 1, is positive definite and invertible in L(Lo(to,t1;U)).

In the finite—dimensional situation, this theorem has been proven by
Hinrichsen and Pritchard [10]. In this case, in the problem formulation
differential Riccati equations may be considered, instead of the IRE. Fur-
ther, in the theorem, (R2) and (R4) may be replaced by (R2’) and (R4")
respectively, where

(R2’) There exists a constant § > 0, such that for each 2o € H

inf  J(to,t > — .
u€L2l(Itlu,t1;U) (0’ 1,1‘0,U) - 6||l‘0||

(R4) I+Cipp, +Gio, > 0.
It is possible to replace (R2) by (R2’) because for every (t,s) € , I*

3 tg?
(¢, s) is invertible. Since in the finite-dimensional situation the operatoﬁs
Cio 1, and Gy, 4, are compact, it is easy to see that (R4’) implies (R4).
Clearly if there exists a solution to the IRE on [{g, 1], then the finite horizon
linear quadratic optimization problem is uniquely solvable. Furthermore,

in the finite-dimensional case the converse direction is true. The next

11
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example shows that in the infinite—dimensional situation in general (R4")
does not imply (R4) and (O1) not (R1). At the end of this section we
give sufficient conditions such that from (R4’) follows (R4) in the infinite—
dimensional situation.

Example 3.7: We choose U = H = Ly(0, 1;R), [tg,?1] = [0, 1] and define
for k € [0, 1] the shift—operator Sy : H — H by

t<k

0 ;
@wa:{x@—@ t>k

bl

It is easy to see that Sy € L(H) with ||Sk|| = 6z,1 and the adjoint operator
is given by
) e+ k), t<l—k
(Sm(t):{ Y 1> 1k

Then ® : , § — L(H), ®(t,s) = Si_s, defines a bounded mild evolution
operator with property (). Furthermore, we set B(t) = I, C(t) = 0 and
G = —1I. In this situation, the operators Co 1,01, Mo,1 and Ny ; are given

by Con = 0, (Goau)(t) = =Si_, [ Si—plu(p)]dp, Moy = 0 and Ng; = 0.

The estimate

(u,(I+Go1)u) = (u,u)+ {u,Go1u)

= </A%tu dt/‘%tu ﬁ>
/0 )3 dt - H / Sty

1
[ 1l = - a0

>0, since ||S;_,||<1

v

proves [ 4+ Gp 1 > 0.

Let a € Ly(0,1;U) with a(t)(s) = a € R, s,t € [0, 1], and assume that
there exists w € L4(0,1;U) such that [T 4+ Gp1]u = a. Since Ly(0,1;U) =
Lo([0,1]%,R) ([6], II1.11.17) there exists a set , 1 C [0, 1]? of measure zero
in [0,1]? such that for every (¢,s) € [0,1]%\, 1 we have

([ + Go1]u)(t)(s) = a.

Furthermore, by [6], TII.11.16 there exists a set A C [0, 1] of measure zero
in & such that for every s € [0, I\A

/Ol[ST—tSl—pU(P)](S) dp = (/01 St_4S1-,u(p) dp) (s).

12
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Define , 5 :=[0,1]x A. Then , 5 and , 3 :=, 1 U, 5 have vanishing measure.
Let

A={6€]0,1]:{h€[0,1=6]: (64 h,h) €, 3} have positive measure}.
Then A has measure zero in [0, 1] because , 3 has vanishing measure. Define

ya:={(6+h,h)|6 €A he[0,1-¢]}and, =, 3U, 4. Thus, has measure

zero. Moreover, choose (¢,s) € [0, 1]\, . Hence we obtain

u)6) = at [ ST Sim o) dp

It is easy to see that

0 , s<t—p
(St Simpu(p)l(s) =4 ulp)s+p—1), t-p<s<t
0 , t<s

Thus we have u(t)(s) = a if s > t. Now we consider the case that s < ¢.
This implies

w0 =at [ ulp)s+o=1)dp
which shows
u(t)(s) = u(t+ h)(s+ h) for h€[—s,1—tland (t+ h,s+h) ¢, 3.

Since (¢, 8) ¢ , 4, we obtain

1MM®=a+l;u@@ﬁm=a+ﬂ—t+®ww@

and thus Y
a ,s>1,(t,s ,
w09 ={ Loy 2200 E
Choosing @ = 0 we get that I 4+ Go 1 is injective which implies using
I4+Gp1 > 0that 1 4+Gp 1 > 0. Furthermore, the range of Ny ; is a subset of
the range of I 4+ Gy 1 (Note: N1 = 0). Thus Theorem 3.5 proves that for
every xg € H, there exists a unique input u € L2(0,1; U) which minimizes
the performance index J(0,1,z0,u). Now we prove that I 4+ Gy is not
surjective. Assume there exists an input u € Ls(0, 1;U) such that

[I—|—g071]u =1 n LQ(O, 1, U)

The calculations above (a = 1) prove that u ¢ L3(0,1;U), which contra-
dicts our assumption and /+Gjy ; is not surjective. This example shows that

13
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in general the solvability of the optimal control problem does not imply the
existence of solutions to the IRE and (R4”) does not imply (R4).

The next theorem proves that the solvability of the optimal control
problem implies (R2’). But in general the solvability of the optimal con-
trol problem does not imply (R2) as the previous example shows. Thus
contrary to the finite-dimensional situation, in general we can not derive

(R2) from (R2%).
Theorem 3.7 (O1) implies (R27).

Proof: First Theorem 3.5 implies that there exists an operator
T € H(La(to,t1;U)) such that I+ Cyy ¢, + Gigr, = T7. Clearly the range
of Ny, 1, is a subset of the range of T' [use Theorem 3.5]. By [4], Theorem
3.3, there exists a constant v > 0 such that

[Tulls 2 NN oy ull, v € Lalto, 13 U).

Hence

J(to,t1, o, u) (zo, Myy 1, x0) + 2Re(wo, N, u) + || T3

> (zo Mtu,f1x0>+2Re<x0’Nt*Dt1 u) + NG, ol
= (w0, Mgty w0) + 5 ING, o, w47 ol = 777 o
> —(1Meg,]l + 5ol

O

For the proof of Theorem 3.6 we need some preliminary results, which
are also of independent interest. Some of the proofs in [10] do not ex-
tend to the infinite—dimensional situation, and so the generalization is far

from being trivial. The reasons are that the evolution operators are not
differentiable, and (R4) must be used instead of (R4’).

Lemma 3.8 Suppose P is a solution of the IRE (3.8) on [to,t1] and u €
La(to,t1;U) is a given control. Then

(xo, P(to)zo)

= l‘(tl,to,l‘o, ) Gl‘(tl;to,l‘o,u)>
+ / #(pito, 20,u), [C(p) = P(p)B(p)B" () P(p)]a(pi o, v0, w)
—2Re(x(p;to, w0, u), P(p)B(p)u(p))} dp,

where x is given by (3.3).

14
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(I;r?()))of: First we set M(p) := [C(p) — P(p)B(p)B*(p)P(p)]. Then by

(x(t1;to, xo,u), Ge(ty;to, xo, u))

= <<I)(t1,t0)l‘0,G<I)(t1, to)l‘0> —|—2Re<<I>(t1, to)l‘o,G/tql)(tl,p)B(p)u(p) dp>

+</j (t1, p)B dpG/ B(t1,7)B >

= n2me [ 1<<1><t1,p><1><p,to>xo,G<I><t1,mB<p>u<p>>dp

/t / (1, p) B(p)ulp), GO(t1, p)®(p, ) B(r)u(r)) dr dp
—1—/“)1 /p 1 (B(t1, 7)®(7, p)B(p)ulp), GO(ty, 7)B(m)u(r)) dr dp
= L +2I
+2Re / / (11, p)®(p, 7) B(r)u(r), G¥(t1, p) Bp)u(p)) dr dp

:.13
= I, 4215 + 215,

t1
/<l‘(p;to,l‘o,U),M(p)l‘(p;to,ro,u»dp
to

= [ (@t MR 1)) dp

=14

—|—2Re/t:1 <<I>(p,t0)x0,M(p) /t:@(p, ) B(r)u(r) dr> dp
+ [ [ sonsenan i [ o nene ) 4

B I4+2Re/ / P(p, Lo)wo, M(1)®(7, p) B(p)u(p)) dr dp
+/t/ 1/;<<I>(€,T)B(T)u(7'),M(E)@(E,p)B(p)u(p))drdedp
= I4+2I;

15
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+f ) / [ /+ / E]@(E, #)B(r)u(r), M()®(z, p) Blp)ulp)) dr de dp

= I -1[i 2ng,
[ [0 200 B, e Bl e dr iy

—I-/t 1 / 1/ 1<<I>(€, T)B(T)u(r), M()®(e, p) B(p)u(p)) de dr dp
= Ii+2I5+Isq

+/t /tf’/ 1<<I>(€,P)B(P)U(P),M(E)@(E,T)B(T)u(r)} de dr dp
= Li+25+ I,

o[ O R B, G Bt b iy
= L +2I5+ 2,

where Ig = Relg 4, and

~2Re [ (alpito, 0,0, P B0} dy

= —2Re [ (@), Plo)Blo)ulr) dr

—ore [ f (@0, 1) B(r)u(r), P(0) Blp)ulp)) dr dp

=g

= —2I;—2Is.
Since P is a solution of the IRE (3.8) on [tg,t1], we obtain

L+ 14 (w0, P(to)xo),
27, + 215 — 21 0,
213+ 215 — 213

This proves the lemma. a
Lemma 3.9 Suppose P is a solution of the IRE (3.8) on [to,t1]. Then

<$0,P(t0)l‘0> = J(to,tl,l‘o, —B*(~)P(~)q)_BB*P(~,to)l‘o).

16
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Proof: For u(t) = —B*(¢)P(t)®_pp~p(t,to)xg we obtain z(t;tg, o, u) =
®_pp-p(t,to)rg, hence u(t) = —B*(t)P(t)x(t;to, o, u). Now Lemma 3.8
implies
(o, P(to)xo)

= (@(t1;t0, o, u), Gz(t1;to, 2o, u))

+ [ Galpito,z0,0 C10) = PGB ()P (o) o, 70,0)
+2Re(x(p; to, xo, u), P(p)B(p)B* (p) P(p)x(p;to, w0, u)) dp

(x(tisto, xo,u),Ge(ty;to, xo, u))

t1
—I-/ (z(p;to, w0, u),C(p)z(p; to, w0, u))
t

o

+ = B (p) P(p)a(p;to, zo, w)||* dp
= J(thtla Lo, _B*()P()@_BB*P(’tO)xO)

O

Theorem 3.10 Suppose P is a solution of the IRE (3.8) on [to,11], and
u € La(to,t1;U), with the corresponding state being given by (3.3). Then

J(to, t1, 20, —B*()P(-)®_pp~p(-,t0)z0)
= (@0, P(to)zo)

t1
= Stttz =~ [ lulp)+ B (0Pp)e(pito, 0,0 dp
to
hence
J(to, t1,x0,u) = J(to,t1, 20, —B"(-)P(-)®_BB=p(-,t0)x0)

= <$0,P(t0)l‘0>.

min
u€Ls(to,t1;U)

Furthermore, the finite horizon linear quadratic optimization problem 1s
(uniquely) solvable with optimal control uy, -, given by

Uy wa(l) = —B*()P(1)®_pp-p (1, lo)ro

and optimal cost {xg, P(to)xo).

Proof: Using Lemma 3.8 and Lemma 3.9 the result follows from

J(to, t1, 20, —B*(-)P(-)®_pp=p(-,t0)x0)
= (2o, P(to)zo)

17
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= {x(t1;to, wo, u), Gty to, xo, u))
+ [ alpston a0, 1C) = PGB ()Pt 20,1)

—2Re(z(p; to, xo, u), P(p)B(p)u(p)) dp
= {x(t1;to, wo, u), Gty to, xo, u))

+/t s, 20.u), Clp)(psto, 20, ) + lu(o)|”] dp

—AWMm+F@wwmmmmwmwp
O

Corollary 3.11 The IRE (3.8) has at most one solution on [to,t1] with
final condition P(t1) = G.

Proof: Let Pi, Py € L, o(to,t1;H(H)) be solutions of (3.8) on [to,?1].
Then the previous theorem implies (Py(t)zq, o) = (Pa(t)zo, 2o) for each
tE[to,tl],l‘QEH. Hence P, = Ps. (]

Lemma 3.13 gives a lower bound for the length of the integral such that
(3.8) has a solution without further assumption. We need this result for
the construction of a solution to the IRE on a given interval [tg, 1] under
the assumption (R2).

Lemma 3.12 Let FF : X — X, v € X and o > 0 be given. Further,
suppose F'(0) =0, ||v|| < %a and

1
IF(en) = Fea)l| < Slles = wsll - for every o], [les]] < o

Then there exists a unique solution x € X with ||z|| < o of the equation
Fle)+v ==

Proof: Consider the function F B(0,a) — B(0,&), B(0,cr) := {x €
X|||z]] < e}, defined by F(#) := F(z)+v. Then Banach’s fixpoint theorem
implies the result. a

Lemma 3.13 Suppose there exists a constant o > 0 such that

2a||B||2, ME(t —to) < (3.11)

IGIME + [|Cllee Mt — t0) - <

(3.12)

N QN

then the IRE (3.8) has a unique solution on [to,t1].

18



FINITE HORIZON PROBLEM

If the interval [p,¢] is suitably small then there exists an « > 0 such
that (3.11) and (3.12) are satisfied.

Proof: Consider, for P € L, o (to,t1; H(H)), t € [to,t1] and z € H, F and
v defined by

PP = = [0 G0P@B ()P dp

v(t)e = <I>”‘(151,t)G(I)(tl,t)aL‘—|—‘/tt1 S (p, t)C(p)P(p, t)x dp.

It is easy to see that F' maps L, oo(to,t1; H(H)) to itself and that v €
L, oo(to,t1; H(H)) is satisfied [Note: Using the properties of ®, it is not
difficult to show that for fixed # € H the functions F/(P)(-)x and v(-)z are
measurable on [tg,t1]]. For p1,ps € Ls oo (to, t1; H(H)) with ||p1]], [[p2|] < «
and p € [to,11] we obtain

llp1(p)B(p)B™ (p)p1(p) — p2(p)B(p) B (p)p2(p)l|
Ip1(p) — p2(p)]B(p) B (p)p1 ()] + [Ip2(p) B(p) B (p)[p1(p) — p2(p)]ll

<
< 20|BI5llpy = p2lleo,

which implies

)1

3.11
1E(p1) = F(po)l| < (11 = to)Ma2a||B|[Slpy = palloe - < 5llp1 = poloo

Furthermore, by (3.12)

[ollee < NGIIMG +[|Clleo M (t1 —to) <

nN| 2

and therefore it follows from Lemma 3.12 that the equation
p=v+ F(p) (3.13)

has a unique solution in the class {P € L, o (to, t1; H(H))|||Plles < a}.
This completes the proof since (3.8) is equivalent to (3.13) and the unique-
ness follows by Corollary 3.11. a

Lemma 3.14 Suppose P is a solution of the IRE (3.8) on [to,t1]. Let
X?D,tl’thz,tl s La(to,t1;U0) — La(to,t1;U) be the maps given by

t

(X000 = BP0 [ 0t9)B()u) ds

to

(X{qu)(t) = B*(t)P(t)/t ®_ppep(t,s)B(s)u(s) ds.
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Then I4Cog 1, +Gr, 1, = (14X, 0 ) (I4X], 1)) and (I=X, )(I+XE, ) =
L (I+X0,)I-XE,)=1

The operator functions Xtow1 and Xt};’,tl are also introduced in [10].
Furthermore, the proof of this result is exactly the same as in [10], Propo-
sition 7.1.16.

Proof: It is easy to show that

((Xg, ) w)(t) = B*(t)/t1<I>*(p,t)P(p)B(p)U(p) dp.
Hence
((Xgh0,) Xy 0y 0)(1)

= 50 [ S 0r@BOE 0P [ #005eu dsd

B0 [ 60 [0 PBIB ()P0 5) Bl ) d b
+B7(1) t:/ttéb*(p,t)P(p)B(p)B*(p)P(p)@(p,t)@(t,S)B(S)U(S) dpds
TRE B ) /jl ®*(5,1) [ — P(s)B(s)u(s) + ®*(t1, 5)GO(t1, 5)B(s)u(s)
+ [0 9 Bee) i) as
#0) [ [ = PORE B + 0 (10,0600 B
+ [ 0cm)0 B i) s
- _B() /th(I)*(s,t)P(s)B(s)u(s) ds—B* (t)/t:P(t)q)(t,s)B(s)u(s) ds
1B (1) /tt & (11,1)G(t1, ) B(s)u(s) ds

ty 4
4570 [ 0000 [ @lp 9B dsdp
t to
= (Gro,tt)(t) + (Cogry ) (1) = (X3, 1) u)(t) = (XE, 1, 0)(1),
which proves the first equation. Furthermore,
(X, ¢, 0)(1)
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:<ﬁ@1x
/‘/’@fm* (t.9)B()B" () P(p)®(p, s)B(s)uls) dp ds

=(EQJU
—B*@)P@)Lf@_BB*Pa,mfxpﬂprﬂ%px[:@@xsﬂ%sﬁ4@dsdp

= (X0, W) = (X§, X0, u)() = (1= X[, )XE ) (w)(t).
A similar calculation shows that (Xt};tlu)( ) = XtOD o= Xﬁytl)( u)(1),
which yields the second and third equation. a

We have now presented all the results necessary for the proof of Theorem
3.6. The proof is not an immediate extension from the finite-dimensional
situation, as mentioned previously.

Proof of Theorem 3.6:
(R1)=(R4) Follows immediately from Lemma 3.14.

(R4)=-(R3) Since I + Ciy 1, + Gty > 0, there exists an operator T €
H(Lz(to, tl; U)) Wlth
I+ Cigty + Grop, =17

The invertibility of I 4 Cy, 1, + Gi,,¢, implies that 7' is invertible in
L(Ls(to, t1;U)) with [|(I + Croty + Groy) "M = [|T7H]%. Thus there

exists a constant € > 0 such that

J(toatla Oa u) = <ua (I+ Ctu,fl + gfo,fl)u>2 = ||TU||§ > €||u||§

(R3)=(R2) Let t{ € [to,t1], zo € H and u € La(t,11;U). Setting
o 0 tetotp)
0= { ot €

It is not difficult to see that J(¢y,¢1,0,u) = J(to,41,0,u). Then by
assumption

J(th,t1, o, u) = (zo, My 4, 70) + 2Re(Nes 4,20, u) + J(th,t1,0,u)
> (w0, My 1, 20) + 2Re(Nys 1,20, u) + €l |ull;
= <l‘o,Mt' o) Tellute” th,tll‘OH%
N o3

> —(IIMtg,tlll+€_1||th,t1||2)||$o||2,
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where ¢ is independent of #. Since the functions tf +— || || and
to + ||Nis ¢, || are bounded on [to,?1] there exists a constant 3 > 0

such that (R2) holds.
(R2)=(R1) First we set
o = 2max{GIME + IOl Ma(t — 1), (3.14)
BMg +||Clleo M (1 — to) }
and we choose a number N € N such that

b=t L
N =2

2q||B||%, ME (3.15)

Now we divide up the interval [to, 1] in the following way

t—t t—t
L0 sy <<ty -2

to =: sy <o+ =51 < 89 :=1;.

We will now prove the following statement by induction over n, n €

{1a o 'aN}:
The equation

Pl)z = (11, )GD(1y, 1) (3.16)
+ [0 G- POBOE ()P 900,002 b,
2 € H, has a solution P € Ly oo (s, t1; H(H)) with
1P(su)ll < mas {IGIME + 1Cll M3 (01 — s0), 5}

First let n = 1. Then

ti—to
v <
and  |G|[Mg + [|Clleo Mg (L1 = 1)

20||B||2, Mg (11 — s1) = 20| B||2, Mg

A

I
N QN

bl

and therefore Lemma 3.13 implies that equation (3.16) has a solution
P e L; oo(s1,t1;H(H)). Lemma 3.9 shows

<$0,P(51)l‘0> = J(Sl,tl,l‘o, —B*(~)P(~)<I)_BB*P(~,Sl)l‘o)

for each xq € H. Hence, using equation (3.16) and (R2), we obtain
for every g € H

- BHQL’OH2 (z0o, P(s1)x0) (3.17)

NGIME +IC oo Mg (11 = 51)] [Jol|*.

INIA
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This shows ||P(s1)|| < maX{HGHM‘%—I—HC’HOOM‘%(tl —51),6} and
the statement is true for n = 1. Now we assume that the result
is true for n € {l,---,N — 1}. By the assumption, there exists
a P € Ly oo(sn,t1;H(H)), which solves (3.16) with ||Pi(s,)|] <
maX{HGH]W‘%> +[|C|ec ME(t1 — sn),ﬁ}. Since the inequalities

20| | BIP M3 (5 — $n41) <

N | —

and

1Py (s)|| M3 + [|Cl|co MG (50 — Snt1)
< max {[|G||M3+||C|cc Mg (t1—sn41), BMG +]|Cllcc M3 (5n—sn+1) }
o

< =
-2

are satisfied, Lemma 3.13 implies the existence of a solution P, €
Ls oo (Sn41,5n; H(H)) of the equation

Py(t)z = ®*(s5p,0)P1(8n)P(sn,1)z
+ [ #0C0) = o) BB ()P 0. 1)2 dp.

We define 0 : |
L Pl t ) te Snatl
P '—{ Po(t), L€ lsns1, 5]

It is easy to see that P € L, oo(snt1,%1; H(H)) solves (3.16) on the
interval [s,y1,%1]. It remains to prove that

1P (sn40)|| < max {||G]|[ Mg +[|Clloo Mg (t1 = $n41), B} -
Lemma 3.9 shows
(zo, P(sny1)zo) = J(snt1,t1, 20, =B () P()®_ppp(:, $nt1)T0)

for all o € H. Hence for each zy € H using (3.16) and (R2), we
obtain

- BHQL’OH2 (0, P(sn+41)Z0) (3.18)

NGIME + (1 = sna1) MG[|Clleo] [Joll,

INIA

which shows [|P(s,1)]| < max {[IG][M3 + [Cllo M2 (t: — 5041), 5}
This completes the proof because the uniqueness is implied by Corol-
lary 3.11. a

Corollary 3.15 If C(t) > 0 a. e. and G > 0, then all the statements
(R1)—(R4), (0O1), (02), (R2%) and (R4’) are true.
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The next theorem gives a sufficient condition such that (R4’) implies
(R4). In this situation the statements (R1)—(R4), (0O1), (02) and (R4”)
are equivalent.

Theorem 3.16 Let U be a separable Hilbert space. Furthermore, suppose
that B(t) is a compact operator for every t € [to,t1]. Then (R4’) implies
(R4). Hence we can replace (R4) by (R4°) in Theorem 3.6. Furthermore,
the finite horizon linear quadratic optimization problem 1s uniquely solvable
if and only if there exists a solulion of the IRE on [tp,11].

Proof: First we define the functions k¢, kg : [to, t1]> — L(U) by

ke(t,p)u = B”‘(t)/1 " (1, 6)C(1)®(7, p)B(p)udr

max{t,0}

ko(topyu = B ()@ (11, 0)GD (11, p) B(p)u,

where (¢, p) € [0,1]? and u € U. Then it is easy to see that
t1
¢ Conu)t)= [ keltpulpdp and
to
t1
Gu®) = [ ket phulo) dp
to

e sup |lke(t,p)|| < oo and sup |lkg(t, p)|| < o0,
(t,p)€Elto,t1]? (t,p)€lta,t1]?

e the maps k¢ and kg are strongly measurable.

By assumption, B(t) is a compact operator, hence using Schauder’s the-
orem we have that B*(t) is a compact operator for every ¢ € [tg,11]. By
the ideal property of the compact operators we obtain that k¢ ([to,1]?) is a
subset of the set of compact operators in £(U). Since the compact opera-
tors in L(U) form a separable subspace of £(U) using that U is separable,
we obtain k¢ is measurable. Hence k¢ € La([to,t1]%, £(U)). The com-
pact operators in L£(U) provided with the operator norm form a Banach
space and the finite—dimensional operators are dense in the set of com-
pact operators. Furthermore, by [6], [11.11.17 we have Ls([to,?1]%; £L(U)) =
La(to, t1; La(to, t1; £(U))). Let € > 0. Thus there exists ke € Lo([to, t1]?,

L(U)) such that ||/~cc — kell2 < e, ke is a countable function in Lo(to, t1;
Lo(to,t1; L£(U))) and in La([to,t1])* £(U)) and /NCC(t, s) is a finite-

dimensional operator for every (,s) € [to,{1]?. Define

wammw:ll%wmwm@.
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Then it is easy to see that CNtDm is a finite-dimensional operator. Now from
||C~t07t1 —Ciota|l < ||/~cc —kcl|2 derive that Cy, ¢, is a compact operator. That
Gi,,t, 18 a compact operator can be proven in a similar way. This implies
that I+Cy, ¢, +G¢, 1, 18 a Fredholm operator and, using I+Cy, +, +Gs0,6, > 0,
Fredholm’s alternative proves that I + C;, ¢, 4+ G, 1, is bijective. Now by
the open mapping theorem we obtain that [ 4 Cy, :, + Gi, ¢, is invertible in

,C(Lz(to,tl;U)). Od

Remark: The assumptions of Theorem 3.16 hold if the input space U is
a finite dimensional Hilbert space. We need the assumptions in Theorem
3.16 in order to prove that the kernels k¢ and kg are measurable, hence in
Lo([to, t1])%, £(U)), and compact operator valued.

4 A Parameterized Riccati Equation

In this section we will examine how the previous result can be applied
to a parameterized Riccati equation, which plays an important role in
robustness analysis. Throughout this section we will assume that @ :
,;; — L(H) is a bounded mild evolution operator with property (),
B € L; o(to,t1; L(U, H)), B* strongly measurable, G € H(H), C €
L, oo(to,t1; L(H,Y)) and 2o € H. We consider the input—output opera-
tor IL: La(tg,41;U) — La(to,t1;Y) defined by

w0 [ @) Bl d

In the finite dimensional case it has been shown in [8] that

IIL||=! := sup{\ € R|DRE)has a bounded self-adjoint

solution on[tg, 00)},

where DRE) denotes the parameterized differential Riccati equation given

by
P(t) + A*(1)P(t) + P(t)A(t) — \2C*(1)C(t) — P(t)B(t)B* (t)P(t) = 0,

t e [to, OO)

Now we will extend some results proved in [8] for finite-dimensional
systems to the infinite—dimensional situation. But we will consider finite
horizon intervals instead of infinite. Because we have no differentiability
assumptions on our evolution operator, we replace the differential Riccati
equation by the parameterized integral Riccati equation
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Ptz == [0 (0 CTGIC) + PADB)E ()P ()G, 0 dp.

(IRE»)
ze H.

In the previous section we have shown

Theorem 4.1 The following statements are equivalent
(a) (IRE)) has a unique solution Py € Ly o (to,t1; H(H)).
(b) There exists a constant € > 0 such that for every u € La(to,t1;0)

t1
Ta(to,t1,0,u) :/ —N(|C(p)(p;to, 0, w)|” + |lu(p)l]* dp > ellul]3,
to
where .
x(t;to,O,u):/ O(t, 7)B(T)u(r)dr.
to

We now apply this result to the parameterized Riccati equation

Theorem 4.2 The following statements are equivalent
(a) (IRE)) has a unique solution Py € Ly o (to,t1; H(H)) on [to, t1].
(b) 1Al < I

Proof: Using Theorem 4.1 and

t1
Ta(to,t1,0,u) = / =N[IC(p)x(p;to, 0, W)|* + [Ju(p)||* dp
to

= N[l + [Jull3

it remains to prove the equivalence of
(i) There exists a constant € > 0 such that for every u € Ly(to,t1;0)
=A?|| L[5+ [|ull > el ull3.

(i) 1Al < L]
(iii) implies the existence of a constant € > 0 such that
1
Il < [z o)l (19)
Hence (i) holds. Conversely, (i) implies (18) and thus (ii). a

Theorem 4.2 implies the following characterization of ||L||:

IIL||=! := sup{A € R|(IRE,) has a unique solution on [ty,1]}.
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