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H ., Control of Nonlinear Systems with
Sampled Measurement*

Sadanori Suzuki’  Alberto Isidorif Tzhy-Jong Tarn'

Abstract

This paper is a continuation of the paper on the H control of
nonlinear systems with sampled measurement output [9]. In this
paper, in addition to the results of nonlinear Ho, control problem
with sampled measurement output which has been reported in [9],
we present results on the H., control problem with sampled mea-
surement output for linear systems. The results for linear systems
can be obtained by specializing the methodology developed for non-
linear systems. Comparison with former work is also made for linear
systems.

1 Introduction

The Hy control problem has been actively studied in the last years. In
the state-space formulation, if the perfect continuous or sampled state is
accessible, the H,, control problem is easily solved in the framework of
differential game theory [2]. In the case where we can use only measurement
output, then the H,, control problem is more complicated. The H,, control
problem with continuous-time measurement output for linear systems has
been solved by many researchers, and for nonlinear systems by van der
Schaft [6], by Isidori and Astolfi [4], and by Ball, Helton and Walker [1]. The
H, control problem of linear systems with sampled measurement output
was solved by Bagar and Bernhard [2] over finite time horizon and by Sun,
Nagpal and Khargonekar [8] for finite and infinite time horizon.

Recently, we proposed a solution of the H, control problem with sam-
pled measurement output for nonlinear systems [9]. We gave sufficient
conditions for the existence of a solution. To our best knowledge, [9] is
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the first paper on the nonlinear H,, control with sampled measurement
output.

In this paper, we review the results on the nonlinear H, control prob-
lem with sampled measurement output given in [9], and present results
on linear H,, control problem with sampled measurement output. These
results can be obtained by applying the technique developed for nonlinear
systems.

2 Preliminaries

In the following discussions, we treat differential equations with jumps in
the form
&= F(z), for t#kT, YVke N (2.1)

x(kTy) = o(kT) + . (2.2)

for some z, with the same dimension of z. Here, we give a precise definition
of a solution of the differential equation (2.1) with jumps (2.2). Suppose
that z(kT) is given, and that a solution of (2.1) for the initial condition
x(kT) + x. exists on [kT,(k + 1)T]. Let &(¢t) be this solution. Then the
solution of (2.1) with jumps (2.2) is the piecewise continuous function z(-)
defined by

x(t) = &(t) Vi e (KT, (k+ 1)T).

Once z((k + 1)T') is given as the final value of the solution of (2.1) on the
interval (KT, (k + 1)T1], the solution on the interval ((k + 1)T, (k + 2)T] is
given in the same way, as long as the equation (2.1) has a solution on that
interval with the initial condition z((k + 1)T") + x..

As a specific case of a differential equation with jumps, we consider the
Riccati differential equation with jumps which is quite important in the
following discussion.

Consider the Riccati differential equation of the form

X+XA+ATX +XRX+Q=0, t#kT (2.3)
with jumps given by
X(kTy) = X(kT) + Xjump, (2.4)
where X ymps > 0. Then we have the following lemma.

Lemma: The Riccati differential equation (2.3) with jumps (2.4) has a
periodic solution with period T if and only if there exists a matriz Xy which
satisfies

Xo(011(T) + 012(T) X0, ) = 021 (T) + O22(T) Xy, (2.5)
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det(@n(t) + @12(t)X0+) 75 0, te (O,T] (26)

where
XUJr = Xo+ Xjump

and
3t BRI B D

Furthermore, if Xq is positive definite then X (t) is also positive definite for
all t.

Proof: It is easy to see that a solution X () of (2.3) exists on [0, T] if and
only if (2.6) holds. If this is the case, then we have

[out 0011 11 1 T (@un+eunr,)

From the second row block,
X(t) = (ezl(t) + @22(t)X0+)(@11(t) + @12(t)X0+)71. (27)

Equating X(T') = X(0), we can see that there is a periodic solution with
period T if and only if (2.5) holds. If the periodic solution X (¢) has a prop-
erty that Xo = X (kT) is positive definite, then it is easily seen from (2.4)
that Xo, = X(kT,) is also positive definite. Then positive definiteness of
X(t) for t € [0,T] follows from the fact that X (¢) can be expressed as

X(t) =" (t,T) X, ®(t,T) + /T 3T (t, 7)Q(t, 7)dr, (2.8)

where ®(-, ) is the transition matrix associated with —(A4 + JRX(t)), i.e.

o0®

E(t’ N = —d(t, ) (A + %RX(t)> :

In fact, differentiating both sides of (2.8) with respect to ¢ shows that X (¢)
defined by (2.8) satisfies (2.3). |

3 Nonlinear Results

We consider the nonlinear systems, described by equations of the form

&= f(z) + g1(z)w + ga2(x)u (3.1)
y(kT) = ho(z(kT)) + d(kT), ke N (3.3)

3



S. SUZUKI, A. ISIDORI, T.-J. TARN

Here, x € R" is the state of the plant, z € R is the regulated output,
y € R' is the measurement output, w € R™! is the disturbance input,
u € R™? is the control input, and d € R" is the measurement noise. T
is the sampling period of measurement. We assume that the mappings f,
g1, 92, h1, and hs are all smooth (i.e. C*) mappings, and that f(0) =0,
h1(0) = 0, and hp(0) = 0. As seen in (3.3), the measurement is available
only at ¢ = kT. Our goal is to design a dynamic feedback controller,
with internal state ¢ € R™, which locally asymptotically stabilizes the
equilibrium (z,&) = (0,0) of the closed-loop system and is such that, for
every w(-) € Lo N LS, and d(-) € b NS, the response z(+) from the initial
state (x,&) = (0,0) is in £, and satisfies

N ECIRE <

Jo* (@) |12dt + 3232 [1dGT)|1? ~
where 7 is a prespecified positive number. Here, ¢ is chosen so that the
trajectory of the closed-loop system stays close enough to an equilibrium

point. This problem is referred to as the H,, control problem with sampled
measurement output. We assume the following;:

(AN1) hT(z)ki2(z) =0, kiy(x)kia(z) =1, for all z
(AN2) {f,h1} is locally detectable at z = 0 [3], i.e. any bounded trajec-

tory of ©(t) = f(x(t)) satisfying hy (x(t)) = 0 for all ¢ > 0 is such that
lim;_, o 2(t) = 0.

(3.4)

First, introduce the Hamilton-Jacobi-Isaacs inequality
1 1
Vo f (@) + i (2)ha (z) + ZVI(?gl(x)ng(fﬂ) — g2(2)g (2))V;" < 0. (3.5)

Assuming the existence of a (local) solution of this Hamilton-Jacobi-Isaacs
inequality is a standard starting point of the nonlinear H,, control. We
also introduce the Riccati differential equation with jumps

A 1 1
Q+ QA+ ?BlB;FP) +(A+ ?BlB;FP)TQ

1
+ ?QBlBlTQ + PByBIP = —eI, t # kT (3.6)
QKT}) = QKT) +7*CFCo — 1 (3.7)
in which €1 > 0, €3 > 0 are suitable parameters, and A = % oo B1 =

g1(0), Bo = g2(0), Cy = 22| _ P =1.2V| By Lemma, this Riccati
equation with jumps (3.6), (3.7) has a periodic positive definite solution if

and only if there is a positive definite matrix @ satisfying
Qo(Iy1 (T) + 12(T) Qo ) = Moy (T) + Taa(T) Qo (3-8)
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det(I11 () + Mi2(t)Qo, ) # 0,7 ¢ € (0,T] (3.9)
where Qo, = Qo +7>C3 Cs — €21, and
Mu(t) Mo(t)] _ A+ 5B Bl P BBl .
Moy (1) Too(t)| ~ P | ~(PB.BIP +e]) —(A+ LB BIP)T|"

Theorem 1: Suppose that for some p; > 0 a positive definite solution
V(z) of the Hamilton-Jacobi-Isaacs inequality (3.5) exists in B,,. Suppose
also that there exists a Qo > 0 satisfying the two conditions (3.8), (3.9)
and that e is small. Under these conditions, the controller

€= F(O) + 91O (&) + g2(as(€), t#kT (3.10)

E(KTy) = E(KT) +7°Qy, Oy (y(kT) — ha(E(KT))) (3.11)

u = as(§), (3.12)

in which ay(z) = #g}"(w)VxT, az(z) = =193 (x)V," solves the Hy, con-

trol problem with sampled observation of measurement output.
Proof: It follows from (3.5) that for any z and w,

av

= F P = llwl® < flu - as (@)

~ 7w = a1 (2)]? (3-13)

Define z° = [¢T,¢T)T, and for ¢ # kT define the extended system
i,e — fe(xe) +ge(xe)r
v = h(a) = 0n(E) — n(a)
where r = w — ay () and

e/ e\ _ f(x) + gl(x)al(x) -|-g2(l')042(£) el e\ _ gl(x)

P =150 + 01()aa () + ga(©)02(®) ] )= [ 0 ] '
Let e = 2 — ¢ and W (t,z°) = eTQ(t)e. Obviously, W (t,2¢) is a positive
semidefinite function, since Q(t) > 0. Define, for t # kT, H(t,e,x) as
follows.

H(t,e,x) = Wy + Wye f€(2°) + T (2°)he (2°)

1 T T
T2 Waeg®(2%)g" (%)W, (3.14)
Then, using (3.6) we can show that

H(t,e,x) = e M(t, e, x)e
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for some matrix M(t, e, x) satisfying M(¢,0,z) < 0. So, there exists a
p2 > 0 such that H(t,e,z) < 0 if (e,x) € B,,. Thus, since W(t,z°) is a
solution to the Hamilton-Jacobi-Isaacs inequality H(t,e,z) <0, for t # kT
we have

dw

— F ol =?lrl” < 0. (3.15)
From (3.13) and (3.15) we have

ds

= + 127 = 7llwl® <0 (3.16)

for t # kT, where S(t) = V(x(t)) + W(¢t,z¢(t)). Integrate both sides of
(3.16) from kT, to (k+ 1)T.

(k+1)T

S((k+1)T)— S(kTy) + /
k

(k+1)T
||z||2dt—72/ lw||?dt < 0. (3.17)
Ty ETy

Next consider the behavior of W (t,z¢) at t = kT. Here, for simplicity
of notations, we write W (t) for W (t, z¢(¢)). It is easy to see that from (3.7)
and (3.11) we have

W (kT ) — W (kT) =
—7?(C2e(kT) + d(kT))" (I — 7*C2Q,, CF )(Coe(kT) + d(kT))
+2|d(KT)||? = exlle(kT)||Pos (z(kT), £(KT)) (3.18)

where o3(z(kT'),&(kT)) consists of terms of order higher than or equal to
3 in z(kT) and {(kT) and satisfies

03(m(kT),§(kT))|e(kT):0= 0.
When e, =0,
I —~*CaQy 102 (I +92CQ5 )™t > 0.

So, for €2 > 0 small enough, we still have

I—~°C2Q,CT > 0.
Hence, from (3.18),

W (kTy) = W(KT) = y*|d(kT)||” < —e2lle(kT)|I” + o3(z(kT), £(kT))
and we can say that there is a p3 > 0 such that
W (KT ) — W (kT) = y2[ld(kT)|12 < 0 (3.19)
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if (e(kT),z(kT)) € B,,.
From (3.17) and (3.19) we have

(k+1)T
S((k+1)T) — S(kT) + / | z||2dt
kT

(k+1)T
< ( / P ||d<kT>||2> (3.20)

since V(z(kT4)) = V(2(kT)). Summing both sides of (3.20) from 0 to K,

we have

KT KT K-1
S(KT)—5(0)+/0 I2]|*dt < ~* </0 lwl?dt + > IId(iT)||2> (3.21)

i=0

for any integer K. Now recall that S(0) = 0, because 2(0) = 0 and £(0) = 0,
and that S(KT) > 0. If the disturbances w(-) and d(-) are such that 2°(-)
is always in B,, where p = min{pi, p2,ps3}, we can conclude from the
previous inequality that w € L5 and d € L, implies z € L5 and, moreover,
(3.4) holds.

To analyze (asymptotic) stability, set w = 0 and d = 0. Then the
closed-loop system becomes

i = f(x) + ga () (€)

€= f(&) + g1(O)ar(€) + g2(&)az(€), t # kT (3.22)
§(RTy) = E(KT) +7°Qq  CF (ha(x(KT)) — ha(£(KT))).

By definition of f, a1, as, h1 and ha, the origin (z,£) = (0,0) is an
equilibrium point of the closed-loop system.

The function S(¢,z) = V(x)+ W (t,2°) is positive definite function and
S(t) = V(x(t)) + W(t,z°(t)) satisfies S(t) < —||z|*> < 0, t # kT and
S(kTy) < S(kT) along the trajectories of (3.22). Standard arguments -
with minor modifications due to the presence of jumps in z¢(t) - show that
S(t,z) is a Lyapunov function of the closed-loop system (3.22), i.e. the
closed-loop system (3.22) is stable at the origin.

To prove asymptotic stability of the closed-loop system, we only have
to show that the closed-loop system has the origin as an attractor. Note
that, by the definition of p3, S(kTy) = S(kT) if and only if e(kT) =
0. S(t) < 0 for t # kT implies S((k + 1)T) < S(kT,), and therefore
S((k+1)T) < S(kT) for any k € N. Thus, the sequence {S(k¥T)} is
monotonically nonincreasing and bounded from below by 0 ( S(t) > 0 ).
Hence, limy_, o S(kT) exists. Let limy_o, S(KT) = cp.

Choose any z°(0) in B, and let Qe denote the w-limit set of the
trajectory starting at 2°(0). Q,e(g) is nonempty and invariant [7] and, by

7
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definition, S(t,2°) = co on Qye(g). Thus, for any initial state in Q,.(g), we
have $(t) = 0 and S(kT,) = S(kT) there. $(t) = 0 implies hy(z(t)) = 0
and a3(§(t)) = 0. Furthermore, S(kT}) = S(kT) implies e(kT) = 0, i.e.
x(kT) = £(kT) for any k € N and this, in turn, implies z(kT5) = £(kT+)
(see jump condition in (3.22) Thus, the closed-loop system restricted to
Q- (0) is given by

&= f(x)

€= f(&) + g1(©ax(€), Vt>0.

Note that the closed-loop system restricted on 2 has no jumps in the
state. z(t) being a trajectory of & = f(x) which satisfies hq(z(t)) = 0,
it follows from local detectability (AN2) that lim; . z(t) = 0, in par-
ticular limg_, o 2(kT) = 0. This, together with z(kT) = &(kT) implies
limy o S(KT) = 0. Therefore, ¢y is necessarily zero and therefore, from
positive definiteness of S(¢,z°) we conclude that z¢(¢) tends to 0. |

Remark: The controller state £ is regarded as an estimation of the plant
state z, and a1(€) and ay(§) are interpreted as estimations of the worst
disturbance and the optimal control input, respectively. (3.10) is a copy of
the plant with these estimations as its input. This is quite understandable,
because if £ coincides x then it is well-known that the control input (3.12)
is a solution of the H., control with full state information.

At sampling instants, information of the plant is available through the
sampled measurement output, and the estimation £ is corrected using this
information. Corrections only at the sampling instants causes jumps in &,
and Q(t) also must have jumps to compensate these jumps in &.

In the stability analysis, the scalar function S(¢) plays the roll of a
Lyapunov function, although it has jumps at the sampling instants.

4 Linear Results
In this section, we consider the linear plant given by

= Az + Biw + Byu
z = 011' + D12U (41)
y(kT) = Cox(kT) + d(kT).

T, w,u, z,y, and d are the same as those of nonlinear plant and the matrices
A, By, By, (1, (3, and D;5 are supposed to have compatible dimensions.
As in the nonlinear case, we assume that

(AL1) CI'Dyy =0, DLDyp=1
(AL2) (C1,A) is detectable.
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The goal is to design a controller which internally stabilizes the closed-loop
system and renders

Jo ll=(t)]*dt )
[ lw®l?dt + Yo, G =~ (4.2)

for any w € L2 and any d € . Note that we have strict inequality in (4.2).
In the case of linear systems, we have sufficient conditions as follows.

Theorem 2: The H,, control problem of linear systems with sampled mea-
surement output can be solved if the algebraic Riccati equation

1
PrA+ ATPr 4+ P, <?BlBlT - BQB2T> PrL+CyCi =0 (4.3)
has a positive semidefinite solution P such that
1
o <A + ?BlBlTPL - B2B§PL> cc,

and there is a positive definite matriz Uy satisfying

Uo(All(T) + A12(T)U0+) = A21(T) + AQQ(T)U0+ (44)
det(Au(t) + A12(t)U0+) 75 0,Vt € [0, T] (45)
where Uy, = Uy + y2CECy, and
|:A11(t) Alg(t):‘ — exp |:A + %BlBlTPL %BlBlT "
Aor(8) Asa(t) ~PLB,BfP,  —(A+%BBIP)T|"

If these conditions are satisfied, then the controller

£= (A + %BlBlTPL - B2B2TPL> £ t#kT (4.6)
E(KTy) = E(KT) + 72Uy, C3 (y(kT) — C2€(kT)) (4.7)
u=—B)Pr¢ (4.8)

solves the problem of Hy, control with sampled measurement output.

Proof: Let Vi (z) = 2V Piz, Wr(t,2°) = eTU(t)e, and Sr(t,2°) = Vi (z) +
Wr(t,z¢). Then a similar discussion as in the proof of Theorem 1 shows
that the inequality (4.2) holds.

For stability analysis, set w = 0 and d = 0. Then we have

St(t) = —Ciz|* — |lul®> <0, ¢ #kT (4.9)
9
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Sp(kTy) — Sp(kT) = —~2Y(kT)CY (I 4+ CoU 1 (ET)CY )t Coe(kT)
< 0. (4.10)

From (4.9) and (4.10) it can be seen that along the trajectory of the closed-
loop system Sy, is monotonically nonincreasing, and by its definition Sy, is
bounded from below by 0. Therefore Sy, has a limit, which might depend
on the initial state, if we take ¢ — 0o. Let this limit be ¢y for some initial
state (zg,&y). Boundedness of S, and positive definiteness of U imply that
x — & is also bounded. From (4.1) and (4.8), we have

& = (A — ByBy P)x + BoB) Pr(z — €).

The basic results of Ho, control problem shows that all of the eigenvalues
of A— ByBJ Py, is in the left half plane [5]. If z — ¢ is regarded as the input
of this system, then we can conclude that x is bounded, and so is &.

Since the trajectory of the closed-loop system is bounded, its w-limit
set exists, is nonempty and invariant. Suppose the initial state is on the
w-limit set, then whole the trajectory is on the w-limit set and S7,(t) = co-
Therefore we have

Sp(t)=0, Sp(kT.)—Sp(kT)=0.
From (4.9) and (4.10), on the w-limit set,
Cizx=0, u=0,
Ca(x(kT) — £(kT)) = 0.
So, the trajectory restricted on the w-limit set is given as the solution of
T = Ax
: 1
€= (A + ?BlBlTPL> £ t>0.
Detectability of (Cy, A) implies that
lim z(t) = 0.
t—00
Then
Jim Sp(t) = lim N HQ)E(t) = co.

Q(t) has jumps and &(t) does not. So, the only possibility for £T Q¢ to have
a limit is that
tlim &(t) =0, and ¢o =0.

Thus, on the w-limit set the trajectory converges to the origin. Therefore
the closed-loop system is attractive at the origin. In the case of linear
systems, attractivity implies asymptotic stability. ]

Remark: It can be shown that change of variable U = ~2U~! yields the
essentially equivalent equations of the controller given in [8].
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5 Conclusions

In this paper, we reviewed a new approach to solve the H., control problem
of nonlinear systems with sampled measurement output [8]. The (sufficient)
conditions for existence of such a solution are expressed in terms of the
existence of a positive definite solution of the standard Hamilton-Jacobi-
Isaacs inequality and by the existence of a periodic positive definite solution
of a Riccati differential equation with jumps. We also showed that if we
apply the method developed for the nonlinear H., control problem with
sampled measurement output to linear systems, then we have sufficient
conditions for the existence of a solution. The controller thus obtained for
linear systems is equivalent to the controller given in [§].
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