Journal of Mathematical Systems, Estimation, and Control © 1995 Birkhäuser-Boston Vol. 5, No. 4, 1995, pp. 1–18

Approximation for an Integro-Partial Differential Equation with Strongly Singular Kernel^∗

Richard H. Fabiano

Abstract

We consider an approximation scheme for integro-partial differential equations which arise in the theory of linear viscoelasticity. This scheme is based on a modification (to account for the singular kernel) of certain averaging type approximation methods for delay equations. We use this scheme to investigate the effects of a history parameter (the delay length) on the behavior of the eigenvalues, and to consider the numerical solution of an optimal control problem.

Key words: integro-differential equation, singular kernel

AMS Subject Classifications: 45K05, 93C20

1 Introduction

Among the many problems that arise in the study of control and stabilization of large flexible space structures is the problem of including internal damping in the mathematical model for the motion of the structure. Many feasible models of internal damping have been proposed in the literature (see, for example, [2], [5], [15], [16]). One such model arises in the theory of linear viscoelasticity, and leads to the following type of integro-partial differential equation: ([2], [4], [8])

∂^2u ∂t^2 (t, x) + ∂^2 ∂x^2 [Eu_{xx}(t, x) + ∫_0 −r a(θ)u_{xxt}(t + θ, x) dθ] = f(t, x), (1.1) �Received December 10, 1992; received in final form September 15, 1994. Summary appeared in Volume 5, Number 4, 1995.

for 0 < x < l, t ≥ 0. Here, E is a stiffness parameter, f(t, x) is an applied force, and u(t, x) represents the displacement at time t and position x along a long thin Euler-Bernoulli beam with time hysteresis damping. We discuss the function a(θ) below. Appropriate boundary conditions and initial data have been omitted.

Our approach to the study of (1.1) is to observe that it can be reformulated as a special case of the following integro-differential equation: ü(t) + A[Eu(t) + ∫_0 −r a(θ)u̇(t + θ) dθ] = f(t). (1.2) This equation evolves in a Hilbert space H (which can be taken to be H = L^2(0, l) when one views (1.2) as a reformulation of (1.1)). We take (1.2) as the starting point of our analysis. It is assumed that A is a positive definite, self-adjoint unbounded operator on H, and f(t) is a locally integrable Hvalued function. The stiffness constant E and the delay length r are positive constants. We assume that a(θ) = ∫_θ −r g(ξ) dξ and refer to g as the history kernel. The nature of the singularity of g at θ = 0 determines whether we say that (1.2) has a weakly or strongly singular kernel. More specifically, weakly singular kernels satisfy

(a) g(θ) > 0 for θ ∈ (−r, 0), (b) g(θ) ∈ L^1(−r, 0), (1.3) (c) g ∈ H^1(−r, −α) for all α > 0, and g^′(θ) ≥ 0 for θ ∈ (−r, 0).

This class includes the function g(θ) = e^{γθ}/|θ|^p for 0 ≤ p < 1 and γ > 0. Strongly singular kernels satisfy

(a) a(−r) = 0, and a(θ) ∈ L^1(−r, 0) ∩ H^2(−r, −α) for all α > 0, (b) g(θ) = a^′(θ) > 0 for θ ∈ (−r, 0) (1.4) (c) g^′(θ) ≥ 0 on (−r, 0).

Please see [9] and [10] for further discussion. In this paper, we make the following assumption on g: g(θ) = ḡ(θ) |θ|^p , 1 ≤ p < 2, (1.5) where ḡ(θ) is continuous, strictly positive, and has the property that g(θ) is nondecreasing. Thus g is a strongly singular kernel.

The rest of the paper is organized as follows. In section 2, we introduce the spaces and operators necessary to reformulate (1.2) as an abstract

Cauchy problem, and we describe an approximation scheme for the problem. Well-posedness and convergence results will be stated. In section 3, we will discuss two numerical experiments at length. In these experiments, we describe numerical investigations (with numerical methods based upon the approximation scheme developed in section 2) of two unresolved theoretical issues.

The first issue involves a ‘gap’ between the finite delay case (r < ∞) and the infinite delay case (r = ∞). For example, consider a scalar version of (1.2) in the sense that A is a positive constant instead of a positive definite operator. This leads to ü(t) + A[Eu(t) + ∫_0 −r a(θ)u̇(t + θ) dθ] = f(t) (1.6) evolving on 1R. We may consider (1.6) for either finite or infinite delay r. Well-posedness for both cases has been shown in [9]. However, the approximation scheme described in this paper is only valid for finite r. One reason for interest in the case r = ∞ is the connection between (1.6) and a class of Volterra integro-differential equations frequently seen in the literature (see [13], [6] for example). The change of variables s = t + θ in (1.6) leads to ü(t) + A[Eu(t) + ∫_t 0 â(t − s)u̇(s) ds] = f̂(t) (1.7)

where â(θ) = a(−θ) and f̂(t) = f(t)+

∫_0 −∞ â(t−s)u̇(s) ds. The relationship between (1.6) for r < ∞ and (1.6) for r = ∞ is, to the authors knowledge, not well understood. This gap in the theory will be investigated numerically by considering the dependence of the eigenvalues of (1.6) on the delay length r. The second unresolved theoretical issue is related to questions of convergence for finite dimensional approximations of a linear quadratic regulator (LQR) problem for (1.1). There are several results in the distributed parameter control literature (see for example [11], [12]) giving sufficient conditions which guarantee that solutions of a finite dimensional LQR problem will converge to solutions of an infinite dimensional LQR problem. These conditions on the approximation scheme typically require, among other things, convergence of the approximating open loop semigroups, convergence of the approximating adjoint semigroups, and uniform stabilizability and detectability of the approximating system operators. The approximation scheme described in section 2 gives convergence of the approximating open loop semigroups, but the question of convergence for the adjoint semigroup and the question of uniform stabilizability and detectability are still under investigation. Nonetheless, in the second experiment discussed in section 3, we have implemented this approximation scheme to investigate numerically the convergence of approximating functional gains for an LQR problem for a viscoelastic beam.

2 Abstract Formulation and Approximation Method

In discussing a state space formulation for (1.2), we follow the development in [8],[9],[10] which was motivated by ideas found in [7] and [17]. To proceed, observe that since A is positive definite and self-adjoint, it has a positive definite, self-adjoint square root. We can define a Hilbert space V by V = domA^{12} , with inner product defined by ⟨u, v⟩_V = ⟨A^{12} u, A^{12} v⟩_H . Since A^{12} is positive definite, V is equivalent to the Hilbert space obtained by equipping domA^{12} with the graph norm. It follows that V is densely and continuously imbedded in H. Define a symmetric sesquilinear form σ on V by σ(u, v) = ⟨u, v⟩_V for all u, v ∈ V . Then σ satisfies |σ(u, v)| ≤ c_1|u|_V |v|_V for u, v ∈ V, σ(u, u) ≥ c_2|u|^2_V for u ∈ V, where c_1, c_2 > 0. This leads to a standard Gelfand triple framework. That is, by identifying H with its dual, we have V ⊂ H ⊂ V^∗. An alternative way to view the relationship between A and σ is to observe that σ defines a bounded linear operator Ā : domĀ = V → V^∗ by ⟨Āu, v⟩_V �_{×V} = σ(u, v). It follows from the Lax-Milgram theorem that range Ā = V^∗. One can view A as a restriction of Ā. That is, dom A = {u ∈ V : Āu ∈ H}. Next, let W = L^2_g(−r, 0; V ) be the Hilbert space of all weighted square integrable functions with values in V , equipped with the norm

|w|^2_W =

∫_0 −r g(θ)|w(θ)|^2_V dθ. Let Z denote the Hilbert space Z = V × H × W equipped with the norm |(u, v, w)|^2_Z = E|u|^2_V + |v|^2_H + |w|^2_W , and compatible inner product ⟨(u, v, w), (ϕ, ψ, γ)⟩_Z = E⟨u, ϕ⟩_V + ⟨v, ψ⟩_H + ∫_0 −r g(θ)⟨w(θ), γ(θ)⟩_V dθ. If we introduce the state function z(t) = (u(t), u̇(t), u(t) − u(t + θ)), then observe that (1.2) can be reformulated as (see [9] for more details):

ż(t) = Az(t) + (0, f(t), 0). (2.1)

Here the operator A is defined on the domain

dom A = u v w ∈ Z : w is locally absolutely continuous, dw dθ + v ∈ W, v ∈ V, w(0) = 0 Eu + ∫_0 −r g(θ)w(θ) dθ ∈ dom A ,

by A (u, v, w) = (v, −A[Eu + ∫_0 −r g(θ)w(θ) dθ], dw dθ + v). The following well-posedness result is proved in [9].

Theorem 2.1 The operator A is the infinitesimal generator of a strongly continuous semigroup of contractions T (t) on Z.

Next we introduce the operator A_1 which will be shown to be the adjoint of the operator A. To this end define A_1 on the domain

dom A_1 = u v w ∈ Z : w is locally absolutely continuous, 1 g d dθ (gw) + v ∈ W, v ∈ V, w(−r) = 0 Eu + ∫_0 −r g(θ)w(θ) dθ ∈ dom A ,

by A_1(u, v, w) = (−v, A[Eu + ∫_0 −r g(θ)w(θ) dθ], − 1 g d dθ (gw) − v).

Theorem 2.2 The operator A_1 is the infinitesimal generator of a strongly continuous semigroup of contractions T_1(t) on Z.

Proof: We proceed by first showing that A_1 is dissipative, and then showing that (λI−A_1)domA_1 = Z for some λ > 0. It then follows from theorems 1.4.5 and 1.4.6 of [14] that A_1 has dense domain, and we may conclude from the Lumer-Phillips theorem that A_1 is the infinitesimal generator of a contraction semigroup. Before proceeding, note that if (u, v, w) ∈ domA_1, then w is locally absolutely continuous, and hence w(0) = 0 since w ∈ W and g(θ) has a nonintegrable singularity at θ = 0. Hence the same argument used in the proof of Theorem 2.1 in [9] shows that if (u, v, w) ∈ domA_1, then

R.H. FABIANO

∫_0 −r g(θ)|w(θ)|_V dθ exists. Hence the integrals in the following dissipativeness argument exist. To show that A_1 is dissipative, let (u, v, w) ∈ domA_1. Then Re⟨A_1(u, v, w), (u, v, w)⟩_Z = −Re{E⟨v, u⟩_V + ⟨Eu + ∫_0 −r g(θ)w(θ) dθ, v⟩_V + ∫_0 −r g(θ)⟨− 1 g d dθ (gw) − v, w(θ)⟩_V dθ} = −Re

∫_0 −r ⟨ d dθ (gw), w(θ)⟩_V dθ = −Re

∫_0 −r g(θ)⟨ dw dθ , w⟩_V dθ − ∫_0 −r ġ(θ)|w|^2_V dθ. For ϵ > 0, consider −Re ∫_{−ϵ} −r g(θ)⟨ dw dθ , w(θ)⟩_V dθ = − 1 2 ∫_{−ϵ} −r g(θ) d dθ |w(θ)|^2_V dθ = − 1 2 g(−ϵ)|w(−ϵ)|^2_V + 1 2 ∫_{−ϵ} −r ġ(θ)|w|^2_V dθ ≤ 1 2 ∫_{−ϵ} −r ġ(θ)|w(θ)|^2_V dθ. Letting ϵ → 0^+, we see that Re⟨A_1(u, v, w), (u, v, w)⟩_Z ≤ 0. It remains to be shown that (λI − A_1)dom A_1 = Z for some λ > 0. To this end, let (ϕ, ψ, h) ∈ Z, and consider the equation (λI − A_1)(u, v, w) = (ϕ, ψ, h). This equation may be written as λu + v = ϕ, (2.2) λv − A[Eu + ∫_0 −r g(θ)w(θ) dθ] = ψ, (2.3) λw + 1 g d dθ (gw) + v = h. (2.4)

We introduce the following sesquilinear form μ on V : μ(u, y) = λ^2⟨u, y⟩_H + [E + ∫_0 −r ∫_θ −r g(ξ)e^{λ(ξ−θ)}λ dξ dθ]σ(u, y) for u, y ∈ V. There are positive constants k_1, k_2 so that |μ(u, y)| ≤ k_1|u|_V |y|_V for all u, y ∈ V , and μ(u, u) ≥ λ^2|u|^2_H + k_2|u|^2_V ≥ k_2|u|^2_V for all u ∈ V . Thus, from the Lax-Milgram Theorem, there is a unique solution u ∈ V to the equation −μ(u, y) = ⟨ψ − λϕ + A ∫_0 −r ∫_θ −r g(ξ)e^{λ(ξ−θ)}(h(ξ) − ϕ) dξ dθ, y⟩_V �_V (2.5) for all y ∈ V . For this u, set v = ϕ − λu, and clearly (2.2) is satisfied. Also set w(θ) =^1_{g(θ)} ∫_θ −r g(ξ)e^{λ(ξ−θ)}[h(ξ) − v] dξ. It is easy to check that (2.4) is satisfied by these choices of v and w. Finally, (2.3) holds because of (2.5). Clearly (u, v, w) ∈ Z, and it remains to verify that (u, v, w) ∈ domA_1. We observe that v ∈ V and w is locally absolutely continuous. Also, w(−r) = 0 and^1_{g(θ)}^d_{dθ} (gw) + v = h(θ) − λw(θ) ∈ W . Finally, note that σ(Eu + ∫_0 −r g(θ)w(θ) dθ, y) = σ(Eu + ∫_0 −r ∫_θ −r g(ξ)e^{λ(ξ−θ)}[h(ξ) − ϕ + λu]dξdθ, y) = μ(u, y) − λ^2⟨u, y⟩_V �_V + σ( ∫_0 −r ∫_θ −r g(ξ)e^{λ(ξ−θ)}[h(ξ) − ϕ]dξdθ, y) = ⟨λϕ − ψ − λ^2u, y⟩_V �_V . Thus it follows that Ā(Eu +

∫_0 −r g(θ)w(θ) dθ) = λϕ − ψ − λ^2u (recall that σ defines Ā : V → V^∗). Since λϕ − ψ − λ^2u ∈ H, we conclude that Eu + ∫_0 −r g(θ)w(θ) dθ ∈domA, and the proof is complete.

Theorem 2.3 The operator A_1 is the adjoint of A. Proof: Let (u, v, w) ∈ domA and (u_1, v_1, w_1) ∈ domA_1. Then ⟨A(u, v, w), (u_1, v_1, w_1)⟩_Z = E⟨v, u_1⟩_V + ⟨−A[Eu + ∫_0 −r g(θ)w(θ) dθ], v_1 ⟩_H + ∫_0 −r g(θ)⟨[ dw dθ + v], w_1(θ)⟩_V dθ = E⟨u, −v_1⟩_V + ⟨v, Eu_1 + ∫_0 −r g(θ)w_1(θ) dθ⟩_V + ∫_0 −r g(θ)⟨w(θ), [− 1 g d dθ (gw_1) − v_1]⟩_V dθ = ⟨(u, v, w), A_1(u_1, v_1, w_1)⟩_Z .

Hence, A_1 ⊆ A^∗. But A_1 is a maximal dissipative operator, so A_1 = A^∗ and the result follows.

Next, we give a brief description of the semidiscrete approximation scheme developed in [10]. To discretize the spatial variable, let V^N be any sequence of finite dimensional subspaces of V satisfying the following approximation condition: for any ϕ ∈ V , there exists a sequence ϕ^N ∈ V^N such that |ϕ^N −ϕ|_V → 0 as N → ∞. Let P^N_H and P^N_V denote (respectively) the orthogonal projections of H and V onto V^N . The above condition guarantees that P^N_V → I and P^N_H → I (strong operator convergence). To finish the spatial discretization, for each N define the operator A^N :V^N → V^N by ⟨A^N x, y⟩_H = σ(x, y), for all x, y ∈ V^N . The discretization of the delay variable involves a modification of the averaging scheme for delay equations introduced in [1]. First, define a partition of [−r, 0] by θ^M_j =^{−jr}_M , j = 0, 1, . . . , M. Then, for i = 2, . . . , M, define basis functions E^M_i (θ) by

E^M_i (θ) = { 1, if θ^M_i ≤ θ ≤ θ^M_{i−1} 0, elsewhere.

In addition, define

E^M_1 (θ) = { −^M_r θ, if θ^M_1 ≤ θ ≤ 0 0, elsewhere.

Set W^{N,M} = {w ∈ W : w = ∑_M i=1 a_iE^M_i , a_i ∈ V^N }, and set Z^{N,M} = V^N × V^N × W^{N,M} . The finite dimensional approximation of the operator A is the operator A^{N,M} : Z^{N,M} → Z^{N,M} defined as follows. For z^{N,M} = (u, v, M∑ i=1 a_iE^M_i ),

A^{N,M} z^{N,M} = v −A^N [Eu + ∫_0 −r g(θ) ∑_M i=1 a_iE^M_i dθ] M r ∑_M i=2(a_{i−1} − a_i)E^M_i − 2^M_r a_1E^M_1 + f^M (θ)v .

Here f^M (θ) is given by

f^M (θ) = M∑ i=2 E^M_i + α^M E^M_1 , α^M = − ∫_0 −r/M θg(θ) dθ M r ∫_0 −r/M θ 2g(θ) dθ .

The term f^M (θ)v in the third component of A^{N,M} is an approximation of the term v in the third component of A. Thus f^M (θ) is an approximation of the constant function 1 defined on the interval [−r, 0]. The formula given for f^M (θ) is derived by ‘formally’ projecting the constant function 1 (‘formally’ because the constant function 1 is not in W ) onto W^{N,M} according to the projection equation

∫_0 −r g(θ) · 1 · w^{N,M} dθ = ∫_0 −r g(θ) · f^M θ · w^{N,M} dθ ∀w^{N,M} ∈ W. The result is the following approximation for equation (2.1):

ż^{N,M} (t) = A^{N,M} z^{N,M} (t) + (0, P^N_H f(t), 0). (2.5)

This approximation scheme is used for the numerical experiments discussed in the next section. We have the following convergence result (see [10]).

Theorem 2.4 For all z ∈ Z, T^{N,M} (t)P^{N,M} z → T (t)z as N, M → ∞, uniformly on bounded t-intervals, where T^{N,M} (t) = e^{AN,M t}.

This semigroup theoretic result provides for convergence of solutions of (2.5) to the solution of (2.1).

3 Numerical Experiments

As discussed in section 1, in this section we present two examples, each involving the use of numerical experiments to investigate certain unresolved theoretical issues.

Example 1 We consider again the following scalar integro-differential equation (1.6) discussed in section 1: ü(t) + A[Eu(t) + ∫_0 −r a(θ)u̇(t + θ) dθ] = f(t). (3.1) This equation evolves on 1R, so the state spaces become W = L^2_g(−r, 0; 1R) and Z = 1R^2 × W , with norm on Z given by |(u, v, w)|^2_Z = EA|u|^2 + |v|^2 + A ∫_0 −r g(θ)w^2(θ) dθ. We will investigate the eigenvalues of this equation (that is, the eigenvalues of A) for the case r = ∞. Then we will apply the approximation scheme outlined in section 2 to compute the eigenvalues of A^{N,M} for various finite values of r, and compare the results.

Thus, let us consider (3.1) with r = ∞. Well-posedness for this case has been shown in [9]. For the history kernel we consider g(θ) = ḡ(θ) (−θ)^{3/2} , where ḡ(θ) = αe^{βθ}( 1 2 − βθ). (3.2) The positive constants α and β can be specified later. Such exponentially decaying kernels are frequently seen in the literature ([6], [7], [13]), and are thought to be a reasonable model for viscoelastic materials with ‘fading memory’ behavior. We have chosen ḡ(θ) as indicated in order to facilitate the computation of the eigenvalues of A. In particular, if λ is an eigenvalue of the operator A, then

λu − v = 0 (3.3) λv + A[Eu + ∫_0 −∞ g(θ)w(θ) dθ] = 0 (3.4) λw − d dθ (w + θv) = 0 (3.5)

for some (u, v, w) ∈ dom A. Solving (3.5) for w yields w(θ) =^1_λ (1 − e^{λθ})v. Equation (3.3) implies that v = λu so that w(θ) = (1 − e^{λθ})u. Plugging in to (3.4) yields λ^2u + A[Eu +

∫_0 −∞ g(θ)(1 − e^{λθ})u dθ] = 0. Observe that d dθ αe^{βθ} (−θ)1^/2 = g(θ) (in fact, this is the reason for the choice of ḡ(θ) in the

form given above). An integration by parts yields ∫_0 −∞ g(θ)(1 − e^{λθ}) dθ = ∫_0 −∞ αe^{λθ} (−θ)^12 λe^{βθ}dθ. (3.6) Thus if λ is an eigenvalue of A, then λ is a root of the characteristic equation

λ^2 + A[E + λα

∫_0 −∞ e^{(λ+β)θ} (−θ)^12 dθ] = 0. (3.7)

The integral in (3.7) can be written as ∫_0 −∞ e^{(λ+β)θ} (−θ)^12 dθ = λ ∫_∞ 0 e^{−λt}t^{− 12} e^{−βt} dt. (3.8) Viewing λ as a transform variable, this last integral is the Laplace transform of t^{−1/2}e^{−βt}, and it follows that ∫_∞ 0 e^{−λt}t^{− 12} e^{−βt} dt = √ π λ + β for Re λ > −β. (3.9)

Thus, if λ is an eigenvalue of A, then λ is a root of the characteristic equation

λ^2 + A[E + α √ πλ √ λ + β ] = 0. (3.10)

Further, in order for the integrals in (3.6)-(3.9) to exist it is necessary that Re λ > −β (so that e^{λθ}g(θ) is integrable at −∞). There are no purely imaginary solutions of (3.10). Also, if we consider the real function f(x) = x^2 + AE +^{Aα√πx}√_{x+β} , a straightforward calculus argument shows that

f has exactly one root on the interval (−β, ∞), and it is negative. Thus, (3.10) has one and only one real root λ_1, and −β < λ_1 < 0. Next observe that any solution of (3.10) is also a solution of

λ^5 + βλ^4 + 2AEλ^3 + (2βAE − A^2α^2π)λ^2 + A^2E^2λ + βA^2E^2 = 0 (3.11)

There are at most 5 roots of (3.11) and nonreal roots appear as conjugate pairs. Thus (3.11) can be written as

(λ − λ_1)(λ − λ_2)(λ − λ̄_2)(λ − λ_3)(λ − λ̄_3) = 0 (3.12)

where λ_2 = a + bi and λ_3 = c + di. Expanding (3.12) and comparing the constant and λ coefficients with (3.11) gives

2λ_1a(c^2 + d^2) + (a^2 + b^2)(c^2 + d^2) + 2λ_1c(a^2 + b^2) = A^2E^2 −λ_1(a^2 + b^2)(c^2 + d^2) = βA^2E^2.

Multiplying the first equation by −λ_1 and simplifying yields

−2λ^2_1[a(c^2 + d^2) + c(a^2 + b^2)] = −(β + λ_1)A^2E^2.

This implies that Re λ_2 and Re λ_3 cannot both be negative. Thus (3.10) has one negative real root and at most two roots (a conjugate pair) with negative real part. But, since A is dissipative, its eigenvalues have negative real part. We conclude that A has at most 3 eigenvalues - one is real and negative, and two have negative real part (a conjugate pair).

In the numerical experiment which we report on here, we took A = 12.36236, E = 40, α = 0.10, and β = 0.50. (The values for A and E were chosen to resemble data for the first vibration mode of a cantilevered viscoelastic beam). For r = ∞, we used (3.10) to compute the three eigenvalues of A: λ_1 = −0.49999509632, and a conjugate pair λ_± = −0.1660964694 ± 22.39966735i. We then computed the eigenvalues of A^M (since (3.1) is scalar, there is no spatial discretization, so there is no index N) for several values of M and r. In Figure 1, we show the eigenvalues of A^M for M = 300 and r = 8, 16, 32, 48.

Figure 1: Eigenvalues of A^M

For each M, A^M has M + 2 eigenvalues. Two of these are a conjugate pair λ^M_± which are converging to the eigenvalues λ_± of A. In fact, the convergence for these two eigenvalues is quite good, but due to scale it is not possible to distinguish these eigenvalues in Figure 1 (they appear near ±22 on the imaginary axis). The purpose of Figure 1 is to exhibit the interesting behavior of the remaining M eigenvalues of A^M . Of these M eigenvalues, we observe numerically that two are real and M −2 are complex conjugate pairs which lie on a circle. As r increases, these circles are becoming smaller, and thus these eigenvalues are ‘converging as r → ∞’ to the remaining real eigenvalue λ_1 of A. Of course, this is only a numerically observed convergence behavior.

Next, for each M, r we let λ^{M,r}_1 denote the real eigenvalue of A^M nearest to the origin. In Table 1 we list λ^{M,r}_1 for several values of M and r. Again we observe a convergence behavior, as M, r → ∞, to the value λ_1.

We experimented with various values of M, r, α, and β, and this example is indicative of the general behavior which we observed. This appears to be a positive indication for the possible application of our approximation scheme to infinite delay and Volterra equations as mentioned above.

r M λ^{M,r}1 4 8 16 32 48 64 128

200 400 800 1600 3200 6400 16000

-2.362 -1.407 -0.930 -0.705 -0.632 -0.597 -0.545

Table 1 - Eigenvalues of A^M

Example 2 In the next example, we consider an optimal control problem for a viscoelastic beam. As discussed in section 1, we present only numerical results and do not address issues of uniform stabilizability and detectability or convergence of the approximating adjoint semigroups. The optimal control problem which we consider is to choose a control function η^∗(t) ∈ L^2(0, ∞) which minimizes J(η) = ∫_∞ 0 { |z(t)|^2_Z + |η(t)|^2 } dt (3.13) subject to dynamics governed by ż(t) = Az(t) + Bη(t). (3.14) In this example, A is the same as in (2.1) with r = 1, E = 40, and g(θ) =^{0.1e5θ}_{(−θ)3/2} . The spaces V and H are given by V = {u ∈ H^2(0, 1) : u(0) = u^′(0) = 0} and H = L^2(0, 1) . The operator A is defined from the bilinear form σ : V × V → C^| given by σ(u, v) = ⟨u^{′′}, v^{′′}⟩_H . The operator B : 1R → Z is defined by Bη = (0, b(x)η, 0) and b(x) = x. For this choice of data, equation (3.14) is an abstract formulation of (1.1) with f(t, x) = b(x)η(t), and models the motion of a cantilevered viscoelastic beam of length 1. Although the issue of exponential stabilizability of (3.14) is unresolved, it can be said (see [12]) that if an optimal control η^∗ exists then it will be given in feedback form by η(t) = −Kz(t), where K : Z → 1R is defined in the usual way in terms of a solution to an algebraic operator

Riccati equation on Z. Since K is a bounded linear functional on Z it may be represented by

Kz = ⟨k_1, ϕ⟩_V + ⟨k_2, ψ⟩_H + ⟨k_3, w⟩_W (3.15)

for z = (ϕ, ψ, w) ∈ Z. Here k_1, k_2, and k_3 are the optimal functional gains, and in our numerical experiments we use our approximation scheme to compute approximate (sub-optimal) gains k^{N,M}_1 , k^{N,M}_2 , and k^{N,M}_3 . Again, the issue of convergence is at present unresolved for this approximation scheme, but our preliminary numerical results indicate “experimental” convergence. In Figure 2 we plot the approximating functional gains k^{N,M}_2 for N = 5 and M = 8, 16, 32, 64.

Figure 2: Gain k^{5,M}_2 for M = 8, 16, 32, 64

Even better convergence was observed for k^{N,M}_1 . In Figures 3-6 we plot the gains k^{N,M}_3 (s, x) for N = 5 and M = 16, 32, 64, 100. These results are representative of several numerical experiments with various values of N and M.

We may conclude that these numerical results, although preliminary, indicate the usefulness of our approximation scheme for applications involving strongly singular kernels. We are still investigating several unresolved theoretical issues. In addition, we are investigating the implementation of a nonuniform mesh for the case of a strongly singular kernel.

Figure 3: Gain k^{5,16}_3

Figure 4: Gain k^{5,32}_3

Figure 5: Gain k^{5,64}_3

Figure 6: Gain k^{5,100}_3

Acknowledgement The author is pleased to acknowledge Professor John Burns and Professor Kazufumi Ito for valuable advice and insightful discussions during this research.

References

[1] H.T. Banks and J.A. Burns. Hereditary control problems: numerical methods based on averaging approximations, SIAM J. Control and Optimization 16(2) (1978), 169-208.

[2] H.T. Banks and D.J. Inman. On damping mechanisms in beams, ICASE Report No. 89-64, NASA Langley Research Center, 1989.

[3] J.A. Burns, E.M. Cliff, Z.Y. Liu and R.E. Miller. Control of a thermoviscoelastic system, Proceedings of 27th IEEE Conference on Decision and Control, Austin, Texas, (1988), 1249-1252.

[4] J.A. Burns and R.H. Fabiano. Feedback control of a hyperbolic partial differential equation with viscoelastic damping, Control – Theory and Advanced Technology 5(2) (1989), 157-188.

[5] J.A. Burns, Z.Y. Liu and R.E. Miller. Approximations of thermoelastic and viscoelastic control systems, Numer. Funct. Anal. and Optimiz. 12(1&2) (1991), 79-135.

[6] C.M. Dafermos. An abstract Volterra equation with applications to linear viscoelasticity, J. Differential Equations 7 (1970), 554-569.

[7] C.M. Dafermos. Contraction semigroups and trend to equilibrium in continuum mechanics, Applications of Methods of Functional Analysis to Problems in Mechanics, Lecture Notes in Mathematics. New York: Springer-Verlag, 1976, 295-306.

[8] R.H. Fabiano and K. Ito. Semigroup theory and numerical approximation for equations in linear viscoelasticity, SIAM J. Math. Anal. 21(2), (1990), 374-393.

[9] R.H. Fabiano and K. Ito. Semigroup theory in linear viscoelasticity:

weakly and strongly singular kernels, International Series of Numerical Mathematics 91. Boston: Birkhäuser, 1989, pp. 109-121.

[10] R.H. Fabiano and K. Ito. An approximation framework for equations in linear viscoelasticity with strongly singular kernels, Quarterly of Applied Mathematics, to appear.

[11] J.S. Gibson. Linear–quadratic optimal control of hereditary differential systems: infinite dimensional Riccati equations and numerical approximation, SIAM J. Control and Optimization 21(1) (1983), 95- 139.

[12] J.S. Gibson and A. Adamian. Approximation theory for linear quadratic Gaussian control of flexible structures, SIAM J. Control and Optimization 29(1) (1991), 1-37.

[13] K.B. Hannsgen and R.L. Wheeler. Uniform L_1 behavior in classes of integrodifferential equations with completely monotone kernels, SIAM J. Math. Anal. 15 (1984), 579-594.

[14] A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations. New York: Springer, 1983.

[15] D.L. Russell. Mathematical models for the elastic beam with frequency proportional damping, to appear in the series SIAM Frontiers in Applied Mathematics.

[16] D.L. Russell. A comparison of certain elastic dissipation mechanisms via decoupling and projection techniques, Quarterly of Applied Mathematics 49(2) (1991), 373-396.

[17] J.A. Walker. Dynamical Systems and Evolution Equations. New York:

Plenum Press, 1980.

Department of Mathematics, Texas A&M University, College Station, TX 77843 Communicated by John Burns