Journal of Mathematical Systems, Estimation, and Control © 1996 Birkhäuser-Boston Vol. 6, No. 1, 1996, pp. 1–40

Spectral Approach to Well-Posedness and Stability Analysis of Hybrid Feedback Systems^�

Piotr Grabowski

Abstract

The modern method of analysis of the distributed parameter systems relies on the transformation of the dynamical model to an abstract differential equation on an appropriately chosen Banach or, if possible, Hilbert space. A linear dynamical model in the form of the first order abstract differential equation is considered to be wellposed if its right-hand side generates a strongly continuous semigroup. Similarly, a dynamical model in the form of the second order abstract differential equation is well-posed if its right-hand side generates a strongly continuous cosine family of operators.

Unfortunately, the presence of a feedback leads to serious complications or even excludes a direct verification of assumptions of the Hille-Phillips-Yosida and/or the Sova-Fattorini Theorems. The class of operators which are similar to a normal discrete operator on a Hilbert space describes a wide variety of linear operators. In the present paper two groups of similarity criteria for a given hybrid closed-loop system operator are given. The criteria of the first group are based on some perturbation results, and of the second, on the application of Shkalikov’s theory of the Sturm-Liouville eigenproblems with a spectral parameter in the boundary conditions.

The results are applied to RLCG-transmission lines, a model of an elastic robot arm and a class of neutral systems.

Key words: Riesz bases, distributed parameter systems, stability

AMS Subject Classifications: 47N70, 93

�Received January 6, 1994; received in final form July 7, 1994. Summary appeared in Volume 6, Number 1, 1996.

1 Abstract Differential Equations

Abstract Differential Equations with Right-hand Side being a Linear Operator which is Similar to a Normal One

The mathematical models of systems involving such physical phenomena as diffusion, wave propagation as well as information and transport delays engage the partial and/or functional differential equations and integral operators. Particular examples can be found in the mathematical description of diffusion of heat, electric charges, molecules participating in chemical reactions, genetic characters, pathogenic viruses, oscillations of overhead high-voltage transmission lines, lifting ropes, antenna masts, deformations of shafts, beams and mechanical constructions, oscillations of robot elastic arms, propagation of electromagnetic waves in transmission lines, wave-guides, oscillations of quantum generators, etc. Such systems are called distributed parameter systems, as opposed to lumped parameter systems described by ordinary differential equations.

Feedback is an essential feature of many distributed parameter systems in automatic control, electronics (nonlinear oscillation generators), chemistry (reactors with recycles), mechanical engineering (stabilizers and dampers of mechanical construction) and must be taken into account in the analysis.

The modern method of analysis of the distributed parameter systems relies on the transformation of the dynamical model to an abstract differential equation on an appropriately chosen Banach or, if possible, Hilbert space.

The first order abstract differential equation has the form

u̇(t) = Au(t), u(0) = u_0 ∈ H (1.1)

where H denotes a real Hilbert space with scalar product ⟨·, ·⟩, A : (D(A) ⊂ H) −→ H is an unbounded linear operator.

The family {T (t)}_{t≥0} ⊂ L(H) will be called a C_0-semigroup if T (0) = I, T (s + t) = T (t)T (s) ∀t, s ≥ 0; T (t)u −→ u as t −→ 0 + ∀u ∈ H. If additionally, the mapping t −→ T (t)u is an analytic function on (0, ∞) for any fixed u ∈ H, then we say that A generates an analytic semigroup on H. If both A and −A generate C_0-semigroups then we say that A generates a C_0-group on H.

The following conditions are equivalent:

(i) A is a linear, closed densely defined operator and for any u_0 ∈ D(A), T > 0 there exists a unique classical solution

u ∈ C^1([0, T ], H) ∩ C([0, T ], D_A)

of problem (1.1), where D_A denotes the Banach space D(A) equipped with the norm ‖u‖_A = ‖u‖ + ‖Au‖_A;

(ii) A generates a C_0-semigroup {T (t)}_{t≥0} on H.

If the above conditions are satisfied then the function u(t) = T (t)u_0, where u_0 ∈ H, is called a weak solution of (1.1).

The second order abstract differential equation has the form

ü(t) = Au(t), u(0) = u_0 ∈ H, u̇(0) = u_1 ∈ H (1.2)

where H denotes a real Hilbert space with scalar product ⟨·, ·⟩, and A : (D(A) ⊂ H) −→ H, is generally, an unbounded linear operator.

The family {C(t)}_{t∈}R ⊂ L(H), such that C(0) = I, C(s+t)+C(t−s) = = 2C(t)C(s) ∀t, s ∈ R and the functions R ∋ t −→ C(t)u is continuous for any fixed u ∈ H is called a strongly continuous cosine family of operators on H.

The following conditions are equivalent:

(i) A is a linear, closed densely defined operator and for any u_0 ∈ D(A), T > 0 there exists a unique classical solution u ∈ C^2([0, T ], H) ∩ C([0, T ], D_A) of the problem (1.2);

(ii) A generates a strongly continuous cosine family {C(t)}_{t∈}R on H.

If the above conditions are satisfied then the function u(t) = ∫_t 0 C(s)u_1ds+ C(t)u_0, where u_0, u_1 ∈ H, is called a weak solution of (1.2).

The concept of semigroup is a formal extension of the definition of the exponential scalar function C ∋ λ −→ e^{tλ} (t ≥ 0), to an argument being an unbounded linear operator A, while the strongly continuous cosine family of operators is a similar extension of the scalar entire function C ∈ λ −→ cosh(t √ λ) (t ∈ R). This justifies the notation T (t) = e^{tA}(t ≥ 0), C(t) = cosh tA^{1/2}(t ∈ R). The fundamental results of the semigroup theory as the Hille-Phillips-Yosida theorem - see [29, Corollary 3.8,p.12] and the Sova- Fattorini [6, Theorem 5.1,p.37] theorem determine those classes of linear unbounded operators on a general Banach space for which such extensions are possible. To verify the assumptions of the above theorems one should estimate the norm ‖(λI − A)^{−n}‖ of the n-th power of the resolvent of A on appropriate subsets of C (observe that for the semigroup generator A, (λI− A)^{−1}u_0 = ∫_∞ 0 e^{−tλ}T (t)u_0dt is the Laplace transform of a weak solution of (1.1)). This is a difficult task especially for an operator A describing a feedback system with boundary control and/or boundary observation.

Let A : (D(A) ⊂ H) −→ H be a closed, densely defined linear operator on a Hilbert space H. D(A^∗) := {v ∈ H : there exists (a unique) h_v ∈ H such that ⟨Au, v⟩ = ⟨u, h_v⟩ for all u ∈ D(A)} is the domain of the adjoint operator A^∗ : (D(A^∗) ⊂ H) −→ H with respect to A, defined as A^∗v := h_v, v ∈ D(A^∗). A is called normal if

D(A) = D(A^∗), AA^∗ = A^∗A . (1.3)

It follows from the spectral theorem for normal operators that

(i) The resolvent of A satisfy an estimate ‖ (λI − A)^{−n} ‖ = [dist(λ, σ(A))]^{−n} (1.4)

where λ ∈ C \ σ(A), n ∈ N and σ(A) denotes the spectrum of A;

(ii) For any Borel, function f bounded on σ(A), the formula ⟨f(A)u, v⟩ = ∫ σ(A) f(λ)d⟨E(λ)u, v⟩ ∀u, v ∈ H (1.5) determines an operator f(A) ∈ L(H). Here E(λ) is the unique (by the spectral theorem) spectral resolution of identity. If, additionally, A has a compact resolvent (A is a discrete operator) then (1.5) takes an equivalent form f(A)u = ∞∑ i=1 f(λ_i)⟨u, e_i⟩e_i , (1.6) where {e_i}^∞_{i=1} is the orthonormal system of eigenvectors of A, corresponding to the eigenvalues of A denoted by {λ_i}^∞_{i=1}, Ae_i = λ_ie_i.

The result (i) requires an explanation. If λ ∈ C \ σ(A) then applying the result from [44, Theorem 7.34(b), p.217] we get ‖ ‖(λI − A)−1 ‖ ‖ = [dist(λ, σ(A))]^{−1} . Moreover, from [44, Corollary, p.126] we know that the resolvent (λI − A)^{−1} is also normal. Hence ‖(λI − A)^{−n}‖ = ‖(λI − A)‖^{−n} = [dist(λ, σ(A))]^{−n} - see [44, Theorem 5.44, p.127] or [12, problem 162]. The results (ii) are known as the functional calculus for normal operators.

An operator A : (D(A) ⊂ H) −→ H is similar to a normal operator N, if there exists an isomorphism S ∈ L(H) such that S^{−1}AS = N. The similarity relation does not change the spectrum of operators.

Putting: f(λ) = e^{tλ} (for semigroup t ≥ 0 and t ∈ R for group), f(λ) = (μ − λ)^{−1} (for an analytic semigroup, μ ∈ S_{b,θ}) and f(λ) = cosh(t √ λ) (for a strongly cosine family of operators, t ∈ R), in (ii) we obtain, respectively statements (a), (b), (c) and (d) of the following theorem.

Theorem 1.1 If A is similar to a normal operator then

(a) A generates a C_0-semigroup ⇐⇒ sup{Reλ : λ ∈ σ(A)} < ∞

(b) A generates a C_0-group ⇐⇒ −∞ < inf{Reλ : λ ∈ σ(A)}, sup{Reλ : λ ∈ σ(A)} < ∞ (c) A generates an analytic semigroup ⇐⇒ ∃ b ∈ R, θ ∈ (^π_2 , π) : S_{b,θ} = {λ ∈ C : |arg(λ − b)| ≤ θ, λ ≠ b} ⊂ C \ σ(A)

(d) A generates a strongly cosine family of operators ⇐⇒ ∃ ω ∈ R; σ(A) ⊂ {λ ∈ C : Reλ ≤ ω^2 −^1_{4ω2} Im^2λ} . Frequently, in the analysis of finite-dimensional dynamics it is enough to consider the state matrices of simple structure (matrices with linear divisors exclusively or, equivalently, with a diagonal Jordan form). The class of such matrices is identical with the class of matrices which are similar to normal ones.

B. Nagy pointed out (see [6]) that if A generates a uniformly bounded C_0-group (i.e. there exists M ≥ 0 such that ‖T (t)‖ ≤ M ∀t ∈ R) then ıA is similar to a self-adjoint operator and a similarity isomorphism S can be found in the class of self-adjoint, positive definite operators. This is a partial inverse of the claim (b).

Recall that a system {f_i}_{i∈I} is a Riesz basis in a Hilbert space H if there exists a linear, bounded operator S mapping H onto itself and an orthonormal basis {e_i}_{i∈I} of H such that f_i = Se_i ∀i ∈ I. An operator A : (D(A) ⊂ H) −→ H with a compact resolvent is similar to a normal operator iff A possesses a system of eigenvectors forming a Riesz basis of H. This follows immediately from the fact that an operator with a compact resolvent is normal iff it possesses a system of eigenvectors forming an orthonormal basis of H. For the proof of necessity see [18, pp.260-263 and pp.276-277], [38, pp.250-255] or, less explicitly [44, Theorem 7.2, p.167]. Sufficiency can be deduced from [44, Theorem 7.2, p.167].

Remark 1.1 There are operators which are not similar to normal ones but still satisfy an estimate analogous to (1.4). This is the case for hyponormal operators (a densely defined operator A : (D(A) ⊂ H) −→ H is called hyponormal if D(A) ⊂ D(A^∗) and ‖Au‖ ≥ ‖A^∗u‖ ∀u ∈ D(A)). As an example of a hyponormal operator one may take the generator of a rightshift semigroup on L^2(0, ∞). In [17] this observation is employed to show that the statements of Theorem 1.1 remain true for hyponormal operators. Let us recall, however, that for operators with a compact resolvent the notions of normality and hyponormality are equivalent.

A very important feature of the spectral approach to the problem of well-posedness of systems (1.1) and (1.2) is the possibility of collecting essential information by the examination of the spectral properties of A, which makes considerations simpler than with other analytical tools. This enables one to investigate a wide class of infinite-dimensional systems by elementary methods available also for engineers. As an example we shall consider the stability problem of the system (1.1).

The most commonly used concepts of asymptotic stability of the system (1.1) are:

• ⟨v, T (t)u⟩ −→ 0 as t → ∞ ∀u, v ∈ H (weak asymptotic stability, w–(AS))

• T (t)u −→ 0 as t → ∞ ∀u ∈ H (strong asymptotic stability, s–(AS))

• ‖T (t)‖ −→ 0 as t → ∞ (uniform asymptotic stability) ⇐⇒

• ∃M ≥ 1, ∃α > 0 : ‖T (t)‖ ≤ Me^{−αt} ∀t ≥ 0 (exponential stability, (EXS )).

The following implications hold: (EXS) =⇒ s–(AS) =⇒ w–(AS). For eventually compact semigroups (i.e. there exists t_0 > 0 such that T (t) is a compact operator on H for all t ≥ t_0) all the above concepts are equivalent. In particular, this is the case if dim H < ∞. For the semigroup whose infinitesimal generator has a compact resolvent we have: s–(AS) ⇐⇒ w–(AS).

To derive practically checkable criteria of (EXS), it is of great importance to characterize the notion of (EXS) in terms of the spectrum of semigroup generator. Prüss [30], Huang[14] and Weiss [45] have proved that the following conditions are equivalent:

(i) (EXS)

(ii) λ −→ (λI − A)^{−1} is an analytic function on the open right complex halfplane and bounded on the closed right complex halfplane

(iii) λ −→ (λI − A)^{−1} is a bounded function on ıR and σ(A) lies in the open left complex halfplane.

Only an incomplete spectral characterization of the notion of s–(AS) is known. The next theorem follows from the functional calculus for normal operators and the diagram obtained in [11, p.88].

Theorem 1.2 Let A be an operator which is similar to a normal one. Then:

(a) A generates a uniformly bounded semigroup ⇔ sup{Reλ : λ ∈ σ(A)} ≤ 0 (b) A generates an (EXS) semigroup ⇐⇒ sup{Reλ : λ ∈ σ(A)} < 0

(c) Under the additional assumption that A has a compact resolvent we have: A generates a s–(AS) semigroup ⇐⇒ σ(A) is contained in the left open complex half-plane.

Remark 1.2 The last statement appears also in [15, Corollary 2.5/(i), p.319].

HYBRID FEEDBACK SYSTEMS

CONTROLLER PLANT v̇ =Pv+Qξ y =R^∗v+Dξ u̇ = Lu boundary observation ξ = Γ_1u boundary control y = Γ_0u

- - - ξ y r Figure 1: The feedback control system

Remark 1.3 Levan [24] has proved that if A is normal then A is strictly dissipative (i.e. Re⟨Af, f⟩ ≤ 0 ∀f ∈ D(A) with equality only for f = 0) iff the semigroup generated by A is s–(AS). However, his results are not explicitly expressed by the spectrum of A.

2 Hybrid Feedback Operators

Let us consider a feedback control system consisting of a distributed parameter plant with boundary observation and boundary control worked out by a finite-dimension controller (e.g. conventional controller), depicted in Fig.1.

Here P∈ L(R^n), Q∈ L(R^r, R^n), R∈ L(R^m, R^n), D∈ L (R^r, R^m), H is a Hilbert space; L : (D(L) ⊂ H) −→ H, is a linear closed operator with domain D(L) ⊂ D(Γ_0), D(L) ⊂ D(Γ_1) where Γ_0, Γ_1 are some boundary operators, e.g. Dirichlet or Neumann trace operators. The closed-loop system is naturally described on the space X = C^n ⊕ H by a hybrid linear operator

A [ v u ] = [ Pv + QΓ_1u Lu ] ,

D(A) = {[ v u ] ∈ X : u ∈ D(L), R^∗v + DΓ_1u = Γ_0u } . (2.1)

The problem is to recognize whether a closed-loop system operator A generates a strongly continuous semigroup on X. As we know from Theorem 1.1, the spectral approach is an effective tool for establishing the wellposedness of the feedback system (i.e. generation of a semigroup by the closed-loop system operator) if we can prove that the operator describing the closed-loop system is a discrete operator, similar to a normal one.

A critical survey of the existing criteria for a given ordinary differential operator to a system of eigenvectors which forms a Riesz basis, done from a viewpoint of practical applications, is present in [11, Chapter I and references therein]. In particular, from that survey we know that the so-called strict regularity of the boundary conditions decides about the existence of a Riesz basis of eigenvectors. There are some criteria based on determinants which allow to check strict regularity of given boundary conditions in a simple way, provided that a spectral parameter does not enter these conditions. The case of a spectral parameter appearing in the boundary conditions is much more involved.

The sequel of this paper is devoted to continuation of a discussion of that problem initiated in [11].

The eigenproblem for A takes the form

(λI − P)v = QΓ_1u Lu = λu, u ∈ D(L) R^∗v + DΓ_1u = Γ_0u

(2.2)

and for λ /∈ σ(P) (2.2) reduces to Lu = λu, u ∈ D(L) W(λ)Γ_1u = Γ_0u, W(λ) = D + R^∗(λI − P)^{−1}Q

. (2.3)

The spectral parameter λ rationally enters the transfer function W in (2.3), but after the multiplication of both sides of the boundary condition by the characteristic polynomial det(λI−P) of the matrix P, it enters the boundary condition polynomially.

In some cases the existence of a system of eigenvectors of A forming a Riesz basis can be proved by the use of perturbation methods. The essence of the perturbation methods is to characterize the admissible classes of perturbations under which the property of having a Riesz basis of eigenvectors is stable with respect to a perturbation from that class. Usually, an unperturbed operator corresponds to an open-loop system, but sometimes it may describe its conservative part. The perturbation expresses the feedback or the dissipative part of the closed-loop system operator.

For other classes of system (2.3), one may seek a similarity isomorphism between A and the linearizing operator for (2.3). For this last operator some criteria guaranteeing the existence of a Riesz basis of eigenvectors are known.

Proving the existence of Riesz bases by both direct and perturbation approaches is in practice limited to problems with one-dimensional spatial variable. There are only a few incomplete results on the problem of Riesz bases in multidimesional case and we shall not invoke them here.

3 Perturbation Methods

A typical application of perturbation methods to control theory problems relies on the treatment of a feedback as a perturbation of the open-loop system operator. Our approach to the problem of similarity of the operator (2.3) to a normal operator will be different and we shall regard A as the result of perturbing the operator G, G [ v u ] = [ Pv Lu ] , D(G) = D(A) (3.1)

by a finite-rank operator [ v u ] −→ [ QΓ_1u 0 ] . Notice that G does not

correspond to an open-loop system operator. Usually in applications the observation operator Γ_1 is G-bounded. Lasiecka & Triggiani [22] pointed out that the property of having a Riesz basis of eigenvectors is not stable even with respect to a one-dimension perturbation of a discrete normal operator. To be more precise, if (D(N) ⊂ H) −→ H is a discrete normal operator acting on a Hilbert space H then not for all a, b ∈ H; a /∈ D(N^∗) the operator N + ba^∗N (ba^∗Nu = b⟨Nu, a⟩, u ∈ D(N)) has a Riesz basis of eigenvectors (i.e.is not similar to a normal discrete operator under one-dimensional perturbation). This difficulty causes that there is only a limited number of results which can be used to solve the question of similarity of A to a normal operator, provided that G is similar to a normal operator. This problem has been investigated in [22, Theorem 3.1, p.71], [2, Theorem 3.2, p.50] and [1, Theorem 2.3, p.1428-1429]. This last result seems to have the simplest possible set of assumptions to be effectively verified.

Theorem 3.1 (Baskakov-Katsaran) Let A : (D(A) ⊂ H) −→ H be a linear operator in Hilbert space H, with the following properties

(i) A is invertible with a compact inverse and {λ ∈ C : ϕ_1 ≤ |argλ| ≤ ϕ_2, ϕ_1 < ϕ_2} ⊂ C \ σ(A) ;

(ii) σ(A) = {λ_j }_{j∈J} (i ≠ j ⇐⇒ λ_i ≠ λ_j ) contains only a finite number of nonsingle eigenvalues and for some ν ∈ [0, 1) we have sup_{i≠j} |λ_i| |λ_j |^{1−ν} 1 |λ_i − λ_j | < ∞, sup_{i≠j} |λ_i|^ν 1 |λ_i − λ_j | < ∞ ; (3.2)

(iii) generalized eigenvectors of A form a Riesz basis in H (clearly only finitely many of them are not eigenvectors).

If T is a Hilbert-Schmidt operator and T A^v is A-bounded (A^ν denotes a fractional power of A) then the operator Ã = A + T A^ν has the spectrum

{λ̃_j }_{j∈J} = σ(Ã) (i ≠ j ⇐⇒ λ̃_i ≠ λ̃_j ), | | |λj − λ̃j | | | |λ_j |^ν j_{∈J} ∈ ℓ^2(J)

only a finite number of eigenvalues are nonsingle, and the corresponding system of generalized eigenvectors also forms a Riesz basis in H (again only finitely many of generalized eigenvectors of Ã are not eigenvectors).

In fact, the generalized eigenvectors of Ã form the so-called Bari basis of H and this is why the eigenvalues of A and Ã are asymptotically equal.

The next result corresponds in a way to the limit case ν = 0 of Theorem 3.1, but now the perturbation is assumed to be a closed operator.

Theorem 3.2 (Katsnel’son-Shkalikov) Let H be a Hilbert space and L : (D(L) ⊂ H) −→ H be a linear operator similar to a normal discrete operator. Suppose also that there exists p ∈ (0, 1] such that

(i) lim sup_{n→∞} n |μ_n|^{−p} < ∞, where {μ_n}_{n∈}N = σ(L), |μ_1| ≤ |μ_2| ≤ . . . , (ii) σ(L) ⊂ {λ ∈ C : |Imλ| ≤ h |λ − c|^{(p−1)/p}} for some h ≥ 0 and c ∈ C . If T : (D(T ) ⊂ H) −→ H is a linear closed operator such that D(L) ⊂ D(T ), L^{(p−1)/2}T L^{(p−1)/2} has an extension to an operator from L(H) and all eigenvalues of A = L + T are simple and asymptotically separated then A is also similar to a normal discrete operator.

The above theorem was proved initially under the assumption that L is self-adjoint (in this case (ii) is trivially satisfied) - see [19, Theorem 3.1, p.47]. The generalization above is taken from [39, p.236].

4 Shkalikov’s Theory

The theory concerns the Sturm-Liouville boundary-value problems, containing a spectral parameter in the boundary conditions,

ℓ(y, λ) = y^{(n)} + p_1(x, λ)y^{(n−1)} + · · · + p_n(x, λ)y = 0 (4.1) U_j (y, λ) = n−1∑ k=0 a_{jk} (λ)y^{(k)}(0) + b_{jk}(λ)y^{(k)}(1) = 0, j = 1, 2, . . . , n (4.2)

where p_s(x, λ) = ∑_s ν=0 p_{νs}(x)λ^ν ; p_{ss}(x) = const, s = 1, 2, . . . , n; a_{jk} (λ), b_{jk}(λ) - are arbitrary polynomials of the spectral parameter λ.

Definition 4.1 A nonnegative integer κ_j is said to be the order of the boundary condition U_j (y, λ) of the form (4.2) if the linear form U_j (y, λ) contains the terms λ^ν y^{(k)}(0) or λ^ν y^{(k)}(1) for ν + k = κ_j and it does not contain such terms for ν + k > κ_j . κ = κ_1 + κ_2 + . . . + κ_n is then called the total order of the boundary conditions (4.2). If any n boundary conditions equivalent to (4.2), i.e. obtained from (4.2) by taking linear combinations, have the total order not less than κ then we say that the boundary conditions (4.2) are normalized.

For further considerations we assume without loss of generality that the boundary conditions (4.2) are normalized and that they are arranged in the decreasing orders, to be precise: κ_1 ≥ κ_2 ≥ . . . κ_n.

Assume also that p_{νs} ∈ W^r_1(0, 1), r ≥ 0 and the characteristic polynomial of the problem (4.1), (4.2)

ω^n + p_{11}ω^{n−1} + · · · + p_{nn} = 0 (4.3)

has only simple roots: ω_1, ω_2, . . . , ω_n.

Remark 4.1 Without loss of generality we may assume that 0 ≤ ν ≤ s−1. This implies r + (ν − s + 1) ≤ r, and p_{νs} ∈ W^{r−s+ν+1}_1 (0, 1) ∩ L^1(0, 1).

Under the above assumptions the complex plane C can be decomposed into 2h, h ≤ n sectors S_1, S_2, . . . , S_{2h} and in each sector (4.1) has the fundamental system of solutions of the following asymptotic form as |λ| → ∞ (the theory of Birkhoff and Tamarkin), y^{(s−1)} k (x, λ) = ω^{s−k}_k λ^{s−1} exp(ω_kλx) [_r ∑ ν=0 λ^{−ν} η_{ksν} (x) + O(λ^{−r−1}) ] (4.4)

k, s = 1, 2, . . . , n; r ≥ 0, r - is arbitrary and fixed; η_{ksν} ∈ W^{r−ν+1}_1 (0, 1), ν = 0, 1, . . . , r, η_{ks0} does not depend on s, and η_{ksν} does not depend on the choice of a sector.

Let μ_{Jk} = ∑ α∈J_k ωα, where Jk(k = 1, 2, . . . , n) denotes a k-element

subset of {1, 2, . . . , n}; for k = 0 we put μ_{J0} = 0. Let us consider the set of all complex numbers μ_{Jk} which can be obtained by variating over all possible selections of J_k (in this way we get nothing more than the set of all possible sums which can be created from the set of complex numbers ω_1, ω_2, . . . , ω_n). Let M be the smallest convex polygon containing all points μ_{Jk} . It may happen that M is an interval.

Further, we consider the characteristic determinant

Δ(λ) = det[U_j (y_k, λ)]_{j,k=1,2,...,n} (4.5) with functions y_k defined in sectors S_1, S_2, . . . , S_{2h} by (4.4). This determinant may be expressed as

Δ(λ) = λ^κ ∑ J_k [F^{Jk} ]_r exp(λμ_{Jk} ) , (4.6) [ F^{Jk} ] r = F^{Jk}_0 + λ^{−1}F^{Jk}_1 + · · · + λ^{−r}F^{Jk}_r + O(λ^{−r−1}) . (4.7)

Definition 4.2 The problem (4.1), (4.2) is said to be regular if the numbers F^{Jk}_0 in the resolutions of [F^{Jk} ]_0, corresponding to the vertexes of M are nonzero. The problem (4.1), (4.2) is strictly regular if it is regular and additionally, the zeros of Δ(λ) are asymptotically simple and isolated one from another.

In what follows, we assume without loss of generality that p_{nn} = 1 and for simplicity of notation we represent (4.1) in the form

ℓ(y, λ) = ℓ_0(y) + λℓ_1(y) + λ^2ℓ_2(y) + · · · + λ^{n−1}ℓ_{n−1}(y) + λ^ny = 0 . (4.8)

For any fixed r ≥ 0 let us denote:

W^r_2 = W^{n−1+r}_2 (0, 1) ⊕ W^{n−2+r}_2 (0, 1) ⊕ · · · ⊕ W^r_2(0, 1) (n components)

and define an operator

W^r_2 ∋ ṽ = v_0 v_1 . . v_{n−2} v_{n−1} −→ Hṽ = v_1 v_2 . . v_{n−1} − ∑_{n−1} ν=0 ℓ_ν (v_ν )

where v_0 = y, v_1 = λv_0, . . ., v_{n−1} = λv_{n−2} and hence, H^νṽ ∈ W^{r−ν}_2 (ν-th power of H, ν = 0, 1, 2, . . .. In (4.2) we make substitutions according to the rule

λ^ν y^{(k)}(0 or 1) = { (H^νṽ)^{(k)}_0 (0 or 1), ν + k < n + r

λ^{ν+k−n−r+1}(H^{n+r−k−1}ṽ)^{(k)}_0 (0 or 1), ν + k ≥ n + r } (4.9)

where the subscript 0 means that we take the first component of an appropriate vector. As a result of these substitutions we represent the boundary conditions in a form

Ũ_j (ṽ, λ) = ν_j (r)∑

i=0 λ^iU^i_j (ṽ), 1 ≤ j ≤ n (4.10) where now the functionals U^i_j do not depend on λ. Next, we make the following partition of indices ν_j (r):

ν_1(r) ≥ ν_2(r) ≥ . . . ν_q (r) > 0 = ν_{q+1}(r) = . . . ν_n(r) . Consider the space W^r_{2,U} ⊕ C^{Nr} where

W^r_{2,U} = {ṽ ∈ W^r_2 : Ũ_j (H^kṽ, λ) = Ũ_j (H^kṽ) = 0 for 0 ≤ k ≤ n + r − 2 and all boundary conditions of order ≤ n + r − k − 2} (4.11)

N_r = q∑ j=1 ν_j (r) (4.12)

(if all ν_j (r) are zero then N_r = 0). Let us define an operator H_r : (D(H_r) ⊂ W^r_{2,U} ⊕ C^{Nr} −→ W^r_{2,U} ⊕ C^{Nr} , ṽ U^{ν1(r)}_1 z_{12} . . . z_{1(ν1(r)−1)} z_{1ν1(r)} . . . similar blocks of variables for successive numbers ν_j (r), j = 2, 3, . . . , q

H_r =

Hṽ z_{12} − U^{ν1(r)−1}

1 (ṽ) z_{13} − U^{ν1(r)−2}

1 (ṽ) . . . z_{1ν1(r)} − U^1_1 (ṽ) −U^0_1 (ṽ) . . . similar blocks of variables for successive numbers ν_j (r), j = 2, 3, . . . , q D(H_r) = {(ṽ, U^{ν1(r)}_1 , z_{12}, . . . z_{1ν1(r)}, . . . U^{νq (r)}_q , z_{q2}, . . . , z_{qνq (r)}) : ṽ ∈ W^{r+1}_{2,U} , z_{jν} ∈ C, 2 ≤ ν ≤ ν_j (r), 1 ≤ j ≤ q} . (4.13) (4.13) will be called Shkalikov’s linearization of the problem (4.1), (4.2) because the eigenvalue problem for H_r in this space W^r_{2,U} ⊕ C^{Nr} reduces clearly to (4.1), (4.2).

Theorem 4.1 (Shkalikov [40]) Let the above assumptions hold and, additionally, let the boundary conditions be strictly regular. Under these assumptions:

(i) There exists a system of generalized eigenvectors (only finitely many of them are not eigenvectors) of the operator (4.13) which forms a Riesz basis in W^r_{2,U} ⊕ C^{Nr} .

(ii) A necessary and sufficient condition for the existence of a system of generalized eigenvectors of the operator (4.13) which forms a Riesz basis in W^r_{2,U} , is that all boundary conditions should have the order ≤ n + r − 1 (the case of N_r = 0). If such a system of generalized eigenvectors exists, then only a finite number of them are not eigenvectors.

Sargsian generalized Shkalikov’s theory to a multidimensional boundaryvalue problem of the order with special boundary conditions, { y^′(x) + P(x)y(x) = λy(x), 0 ≤ x ≤ 1 (A_0 + λA_1)y(0) + (B_0 + λB_1)y(1) = 0 } (4.14)

where A_0, A_1, B_0, B_1 ∈ L(R^n), P(x) ∈ L(R^n) for a fixed x ∈ [0, 1]. Let V_i denote the i-th row of the boundary conditions.

Definition 4.3 We say that V_i is of the first order if the parameter λ enters this row. Otherwise, we say that V_i is of the null order. The sum of orders of all rows creating boundary conditions is called the total order of boundary conditions. The boundary conditions are normalized if any n rows, equivalent to the given, i.e. obtained from the given by taking linear combinations, have the same total order.

In what follows, we assume that the boundary conditions in (4.14) are normalized. Without loss of generality one may assume that the first s rows have the null order. Let W^{2,k} = W^{2,k} ⊕ W^{2,k} ⊕ W^{2,k} ⊕ · · · ⊕ W^{2,k}

denote n copies of the standard Sobolev W^{2,k}(0, 1) space.

w^1_{2,V} := {y ∈ W^{1,2} : V_i(y) = 0, i = 1, 2, 3, . . . , s}

w^2_{,V} := { y ∈ W^{2,2} : A_0y(0) + A_1[y^′(0) + P(0)y(0)] + B_0y(1)+

+B_1[y^′(1) + P(1)y(1)] = 0, V_i(y^′ + Py) = 0, i = 1, 2, 3, . . . , s} .

The problem (4.14) can be regarded as an eigenvalue problem in the space w^1_{2,V} for the operator

Hy = y^′ + P(x)y, D(H) = w^2_{,V} . (4.15)

The characteristic function of this problem can be written in the form Δ(λ) = ∑_n k=0 p_k(λ)e^{kλ} where p_k(λ) is a polynomial.

Definition 4.4 If deg p_0(λ) = deg p_n(λ) then (4.14) is called a regular eigenvalue problem. If p_0(λ) ≠ 0, p_n(λ) ≠ 0 then (4.14) is called an almost regular eigenvalue problem.

Sargsian [35, Theorem 2, p.5] and [34, Theorem 4.1, p.14] obtained the following result

Theorem 4.2 (Sargsian) If the boundary value problem (4.14) is regular, all eigenvalues of H are simple and inf{|λ − μ|: λ, μ ∈ σ(H), λ ≠ μ} > 0 then H has a system of eigenvectors which forms a Riesz basis in w^1_{2,V} . If the boundary problem is almost regular, all eigenvalues of H are simple and inf{|λ − μ|: λ, μ ∈ σ(H), λ ≠ μ} > 0 then the system eigenvectors of H form a complete system in w^1_{2,V} for which there exists a biorthogonal system.

To apply the above results to problem (2.3) one should look for an isomorphism under which Shkalikov’s linearization is similar to the operator A. 5 Examples of Applications

5.1 Example 1: RLCG transmission line

Consider an RLCG transmission line with a proportional feedback depicted in Fig.2.

PROPORTIONAL CONTROLLER OR FINITE- DIMENSIONAL DYNAMICS - - 0 1 x I(1, τ ) = 0

6^{V (1, τ )}

`ȷ́ı^{6e} b^{-τ = 0} 6 V (0, τ ) RLCG

TRANSMISSION

LINE

Figure 2: The control system with RLCG transmission line

The closed-loop system is governed by the equations L^{∂I(x,τ )}_{∂τ} = −^{∂V (x,τ )}_{∂x} − RI(x, τ), 0 ≤ x ≤ 1, τ ≥ 0 C^{∂V (x,τ )}_{∂τ} = −^{∂I(x,τ )}_{∂x} − GV (x, τ), 0 ≤ x ≤ 1, τ ≥ 0 I(1, τ) = 0, τ ≥ 0 V (0, τ) = KV (1, τ) + e, τ ≥ 0 V (x, 0) = 0, 0 ≤ x ≤ 1 I(x, 0) = 0, 0 ≤ x ≤ 1

. (5.1)

5.1.1 The case of RC transmission line (L = 0, G = 0) Eliminating I(x, τ) and substituting u(x, t) = V (x, RCt) − e/(1-K) we get ∂u(x,t) ∂t =^{∂2u(x,t)}_{∂x2} , 0 ≤ x ≤ 1, t ≥ 0 ∂u(x,t) ∂x = 0, t ≥ 0 u(0, t) = Ku(1, t), t ≥ 0 u(x, 0) = e/(K-1), 0 ≤ x ≤ 1

. (5.2)

In H = L^2(0, 1) with standard scalar product

⟨u_1, u_2⟩ =

∫_1 0 u_1(x)u_2(x)dx

we can rewrite (5.2) into an abstract form (1.1) with

Au = u^{′′}, D(A) = {u ∈ H^2(0, 1) : u^′(1) = 0, u(0) = Ku(1)} (5.3) u_0 = e/(K-1) (u_0 /∈ D(A)) . (5.4) The eigenproblem for A, Au = λu, u ∈ D(A), u ≠ 0 reduces to the twopoint boundary value problem u^{′′}(x) = λu(x), 0 ≤ x ≤ 1 u^′(1) = 0 u(0) = Ku(1)

. (5.5)

Assuming a solution in the form u(x) = C_1e^{−√λx} + C_2e^{√λx}, we obtain

λ_n = [ ln^2 Δ − (2nπ + π)^2 ] + 2ı(2nπ + π) ln Δ, K < −1 −(ϕ + 2nπ)^2, |K| ≤ 1 [ ln^2 Δ − 4n^2π^2 ] + 4nπı ln Δ, K > 1 , n ∈ Z (5.6) where Δ = |K| + (K^2 − 1)^{1/2}, |K| > 1; ϕ = arccos K, |K| ≤ 1.

Thus, if |K| ≤ 1 the point spectrum of A is located on the negative real semiaxis, but if |K| > 1 it is located on the parabola

Reλ = ln^2 Δ − 1 4 ln^2 Δ Im^2λ . All eigenvalues are single for |K| ≠ 1 and double for |K| = 1, except for 0 which is single if K = 1.

Now, we are going to prove

Lemma 5.1 If |K| ≠ 1 then the system {u_n}_{n∈}Z of eigenvectors of A, corresponding to eigenvalues λ_n,

u_n(x) = 2s cosh[μ_n(1 − x)], 0 ≤ x ≤ 1, n ∈ Z (5.7)

where

μ_n = ı(ϕ + 2nπ), |K| < 1 ln Δ + 2nπı, K > 1 ln Δ + (π + 2nπ)ı, K < −1

(5.8) and s = e^{μn} = e^{ıϕ}, |K| < 1 Δ, K > 1 −Δ, K < −1 (5.9)

forms a Riesz basis in H = L^2(0, 1).

Proof: Observe that μ^2_n = λ_n, n ∈ Z and

u_n(x) = ε_n(x) + sε_n(1 − x) (5.10)

where ε_n(x) = exp(μ_nx) = g(x) · exp(2nπxı) . (5.11) g(x) = e^{ıxϕ}, |K| < 1 e^{x ln Δ}, K > 1 e^{ıπx}e^{x ln Δ}, K < −1 . (5.12)

In virtue of (5.11), (5.12), the operator M of multiplication by g transforms the classical Fourier basis {exp(2nπı(·))}_{n∈}Z in H = L^2(0, 1) into the system of exponentials {ε_n}_{n∈}Z. Next, the operator

(Lε)(x) = ε(x) + sε(1 − x) (5.13)

transforms the system of exponentials {ε_n}_{n∈}Z into {u_n}_{n∈}Z. Since M and L are linear and bounded jointly with their inverses, the definition of Riesz basis implies that the system (5.7) is such a basis.

The operator A is similar to a normal discrete operator with spectrum located on the negative real semiaxis or on the parabola having the branches directed to the left. However, this implies that A generates a strongly cosine operator family and hence an analytic semigroup. This semigroup is (EXS), equivalently (AS), iff

− cosh π < K < 1 . (5.14)

The resolvent of A has the form

((λI − A)^{−1}v)(x) = −K cosh √ λ − K ∫_1 0 1(y − x) sinh √ λ(x − y) √ λ v(y)dy+

+ 1 cosh √ λ − K ∫_1 0 sinh √ λx cosh √ λ(1−y) √ λ , x < y sinh √ λy cosh √ λ(1−x) √ λ , x > y v(y)dy, v ∈ H . (5.15) To examine the solvability of the initial-value problem (5.3), (5.4) and to establish the exponential decay of solutions without the knowledge that A has a system of eigenvectors forming a Riesz basis in H, one should estimate precisely ‖(λI − A)^{−n}‖ on the real axis for n = 2, 3, . . . and on the right complex halfplane for n = 1, which is a difficult task.

5.1.2 RC transmission line steered by a SISO dynamical controller

If in the above example we replace a proportional controller by a SISO finite-dimensional dynamical system then the closed-loop system is governed by the equations

v̇(t) = Fv(t) + u(1, t)g, t ≥ 0 ∂u(x,t) ∂t =^{∂2u(x,t)}_{∂x2} , 0 ≤ x ≤ 1, t ≥ 0 ∂u(1,t) ∂x = 0, t ≥ 0 h^∗v(t) + du(1, t) = u(0, t), t ≥ 0

where F ∈ L(R^n); g,h ∈ R^n, d ∈ R. Here we neglect the initial conditions as they are immaterial. In the space X = C^n ⊕L^2(0, 1) we may write down the dynamics in the form (1.1) with the right-hand side A [ v u ] = [ Fv + u(1)g u^{′′} ] ,

D(A) = {[ v u ] ∈ X : u ∈ H^2(0, 1), u^′(1) = 0, u(0) = h^∗v + du(1) } . (5.16)

Comparing (2.1) and (5.16) we may find that in the discussed example H = L^2(0, 1); Lu = u^{′′}, D(L) = {u ∈ H^2(0, 1) : u^′(1) = 0}; P = F, Q = g, R = h, D = d (r = m = 1) and the boundary control and observation operators are the Dirichlet trace operators,

Γ_0u = u(0), Γ_1u = u(1) .

Thus, the reduced eigenvalue problem (2.3) takes the form

u^{′′}(x) = λu(x), u ∈ H^2(0, 1) u^′(1) = 0 u(1)[h^∗ adj(λI − F)g + d det(λI − F)] = u(0) det(λI − F)

. (5.17)

The polynomials in λ appearing in the last equation can be easily identified as the numerator and denominator of the controller transfer function, respectively. The plant is of parabolic type and thus the term λ^2u(x) does not appear in the right-hand side of the first equation of (5.17), which is needed for the applicability of Theorem 4.1. We try to apply Theorem 3.1 and to do this we represent the operator (5.16) as a perturbation of the operator G [ v u ] = [ Fv u^{′′} ] , D(G) = D(A) . (5.18)

The perturbation has a form [ v u ] −→ [ g 0 ] u(1). Under the assumption

that G^{−1} exists, or equivalently F^{−1} exists and d≠ 1, we have

u(1) = ⟨ G [ v u ] , [ α β ]⟩ X = ⟨[ Fv u^{′′} ] , [ α β ]⟩ X = = v^∗F^∗α +

∫_1 0 u^{′′}(x)β(x)dx ∀ [ v u ] ∈ D(G) . The integration-by-parts yields α = − 1 d − 1

(F^∗)^{−1}h, β(x) = x d − 1 , 0 ≤ x ≤ 1 . Hence, the operator (5.16) can be written as A [ v u ] = G [ v u ] + [ g 0 ] ⟨ G [ v u ] , [ α β ]⟩ X . (5.19)

Observe that [ α β ] /∈ D(G^∗) where G^∗ is the adjoint operator with respect

to G, G^∗ [ v u ] = [ F^∗v + u^′(0)h u^{′′} ] ,

P. GRABOWSKI

D(G^∗) = {[ v u ] ∈ X : u ∈ H^2(0, 1), u(0) = 0, du^′(0) = u^′(1) } . The perturbation therefore is G-bounded. G^{−1} belongs to B_∞(X), the class of compact linear operators on X, which can be established by calculating G^{−1} explicitly. The spectrum of G is a union of the spectrum of the matrix F and the operator (5.3), describing the RC-transmission line steered only by a proportional controller,

ϕ^{′′}(x) = λϕ(x), ϕ ∈ H^2(0, 1) ϕ^′(1) = 0 ϕ(0) = dϕ(1)

. (5.20)

The eigenproblem (5.20) was discussed in details previously. As we know for |d| ≠ 1 it has a sequence of simple eigenvalues {λ_n}_{n∈}Z and the corresponding system of eigenvectors {ϕ_n}_{n∈}Z forms a Riesz basis in L^2(0, 1). This means that σ(G) \ σ(F) = {λ_n}_{n∈}Z and the system of eigenvectors of G, {[ 0 ϕ_n ]} n∈Z forming a Riesz basis of the subspace {0} ⊕ L^2(0, 1) in

X, corresponds to the sequence {λ_n}_{n∈}Z. It is clear that completing this system by the n-tuple of generalized eigenvectors of G, corresponding to σ(F) one obtains a Riesz basis in the whole space X (this is justified by the result of [23, Theorem 3.6, p.323] according to which codimension of a subspace spanned by the generalized eigenvectors of G, G^{−1} ∈ B_∞(X), is either 0 or ∞; thus if the completing n-tuple would not exist then the codimension would be exactly n). From the formulae for {λ_n}_{n∈}Z which are already known we deduce that (3.2) holds for ν =^1_2 (see also [1, p.1431]). Now, it follows from (5.19) and Theorem 3.1 that A has a system of generalized eigenvectors forming a Riesz basis in X, provided

that [ α β ] ∈ D [ (G^∗)^{1/2} ] . This last condition holds iff ∑ n∈Z |λ_n| | | | | ⟨[ 0 ϕ_n ] , [ α β ]⟩ | | | 2 = ∑ n∈Z 1 |λ_n| | | | | ⟨ G [ 0 ϕ_n ] , [ α β ]⟩ | | | 2 =

= ∑ n∈Z 1 |λ_n| |ϕ_n(1)|^2 < ∞

(a contribution from the spectrum of the matrix F is not essential as it gives only a finite number of components and therefore is neglected). The convergence of last series follows from the previously examined properties of the systems {λ_n}_{n∈}Z, {ϕ_n}_{n∈}Z. The result we have just proved can be formulated as

Lemma 5.2 If |d| ≠ 1, then there exists a system of generalized eigenvectors of A forming a Riesz basis in X and only a finitely many of them are not eigenvectors. The asymptotic eigenvalues of A are equal to eigenvalues of the problem (5.20), corresponding to the system with a proportional controller.

Remark 5.1 Formally, we have proved Lemma 5.2 under an additional assumption that det F ≠ 0. This assumption is not essential as δv can be added to and subtracted from the C^n- component of A with δ ≠ 0 chosen such that det(δI − F) ≠ 0, and F−δI can play the role of F; δv is counted

into the perturbation and the vector [ α β ] is modified appropriately.

Corollary 5.1 In virtue of Lemma 5.2 the spectrum of A lies in a region bounded by a parabola which guarantees that A generates a strongly continuous cosine family of operators on X and hence an analytic semigroup.

5.1.3 The case of RLCG transmission line (LC > 0)

If H = L^2(0, 1) ⊕ L^2(0, 1), the dynamic equations (5.1) can be rewritten in the abstract form (1.1) with

A [ i v ] = − 1Lv^′ − RL i

− 1Ci^′ − GC v ,

D(A) = {[ i v ] ∈ H^1(0, 1) ⊕ H^1(0, 1) : i(1) = 0, v(0) = Kv(1) } . (5.21) For simplicity we introduce α = 1 2 ( R L + G C ) , β = 1 2 ( R L − G C ) ; z = √ L C , r = √ LC and now we are able to represent A in the particular form A = 1 r A_0 + P

where

A_0 [ i v ] = [ 0 −z^{−1} −z 0 ] [ i^′ v^′ ] , D(A_0) = D(A) (5.22)

P [ i v ] = [ −α − β 0 0 −α + β ] [ i v ] , P ∈ L(H) . (5.23)

The operator^1_r A_0 describes the lossless transmission line, and P describes dissipation.

Observe that A^2_0 can be decomposed into the current operator,

A_ii = i^{′′}, D(A_i) = {i ∈ H^2(0, 1) : i(1) = 0, i^′(0) = Ki^′(1)} (5.24)

and the voltage operator,

A_vv = v^{′′}, D(A_v ) = {v ∈ H^2(0, 1) : v^′(1) = 0, v(0) = Kv(1)} . (5.25)

The operator (5.25) is equal to the operator (5.3) which we discussed in the RC-transmission line case while (5.24), after replacing x by 1 − x is its adjoint. Thus, the system of eigenvectors of A_0, {[ i^±_n v^±_n ]} n∈Z , [ i^±_n (x)

v^±_n (x) ] = [ 2s sinh [μ_n(1 − x)] ±2sz cosh [μ_n(1 − x)] ] , 0 ≤ x ≤ 1 , where s is defined by (5.9), corresponding to eigenvalues ±μ_n, with μ_n given by (5.8), may be represented in the form {[ i^+_n v^+_n ] , [ i^−_n v^−_n ]} = [ N 0 0 L ] [ 1 1 z −z ] {[ ε_n 0 ] , [ 0 ε_n ]} (5.26)

where {ε_n}_{n∈}Z is the system of exponentials (5.11), (5.12), L is defined by (5.13) and (Nε)(x) = −ε(x) + sε(1 − x) . (5.27)

However, we know from Lemma 5.1 that for |K| ≠ 1, {ε_n}_{n∈}Z forms a

Riesz basis in L^2(0, 1), hence {[ ε_n 0 ] , [ 0 ε_n ]} n∈Z is a Riesz basis in H

and since L, N are linear and bounded jointly with their inverses then by (5.26),^1_r A_0 has a Riesz basis of eigenvectors. Moreover, its eigenvalues {^1_r μ_n}_{n∈}Z lie in a strip parallel to ıR. Now, one can apply the perturbation Theorem 3.2 to establish that if all eigenvalues λ^±_n of A, corresponding to the two solutions of the equation

μ^2_n = (R + λL)(G + λC) = r^2 [ (λ + α)^2 − β^2 ] (5.28)

are single then the operator (5.21) has the system {[ i^±_n v^±_n ]} n∈Z of eigen-

vectors forming a Riesz basis of H, e.g. [ i^±_n (x)

v^±_n (x) ] = [ 2s sinh [μ_n(1 − x)]

2s(R + λ^±_n L)^{1/2}(G + λ^±_n C)^{−1/2} cosh [μ_n(1 − x)] ] , 0 ≤ x ≤ 1. (5.29)

A detailed analysis of (5.28) shows that all eigenvalues are single iff |K| > 1 or |K| < 1, ((arccos K + 2nπ)/r)^2 ≠ β^2. Though the perturbation P changes the eigenvalues of^1_r A_0 into the eigenvalues of A, they are still located in a strip parallel to ıR. A is similar to a normal discrete operator with its spectrum located in a vertical strip, and so A generates a group on H. Under the reasonable assumption: 2α = ( R L + G C ) > 0, this group is (EXS), equivalently (AS) iff

− cosh √ (LG + RC)^2(π^2 + RG) (LG + RC)^2 + 4π^2LC

< K < cosh √ RG . (5.30)

5.1.4 RLCG transmission line steered by a SISO dynamic controller (LC ≥ 0)

The closed-loop system is described in the state space X = C^n ⊕ L^2(0, 1) ⊕ L^2(0, 1) by a linear operator

A y i u = Fy + gu(1)

− 1L u^′ − RL i

− 1C i^′ − GC u ,

D(A) = y i u ∈ X : i, u ∈ W^{1,2}(0, 1), i(1) = 0, u(0) = du(1) + h^∗y . (5.31) On the one hand it has the form (2.1), with H = L^2(0, 1) ⊕ L^2(0, 1),

L [ i u ] = − 1Lu^′ − RL i

− 1Ci^′ − GC u ,

D(L) = {[ i u ] ∈ H : i, u ∈ W^{1,2}(0, 1), i(1) = 0 } ; P = F, Q = g, R = h, D = d (r = m = 1);

Γ_0 [ i u ] = u(0), Γ_1 [ i u ] = u(1)

but on the other hand A can be represented in a perturbed form A y i u = G y i u + g 0 0 ⟨ G y i u , a b c ⟩ , where

G y i u = Fy − 1L u^′ − RL i

− 1C i^′ − GC u , D(G) = D(A) ;

a = −^1L b(0)(F^∗)^{−1}h, a, b and c are solutions of the two boundary-value problems b^{′′}(x) = RGb(x), 0 ≤ x ≤ 1 b^′(0) = 0 db(0) − b(1) = L , c^{′′}(x) = RGc(x), 0 ≤ x ≤ 1 c(0) = 0 dc^′(0) − c^′(1) = RC

provided that G^{−1} exists.

Unfortunately, Theorem 3.1 cannot be applied. To explain this recall that from the examination of the eigenproblem for (5.21) follows that G, has a Riesz basis of generalized eigenvectors for |d| ≠ 1 (only finitely many of them are not eigenvectors). But (3.2) holds only for ν = 0, and since a b c /∈ D(G^∗) the perturbation does not belong to B^2(X), the class of

Hilbert-Schmidt linear operators.

A positive answer to the existence problem of a Riesz basis formed by the eigenvectors of the operator (5.31) can be derived in other way, which we will now show.

1^o (5.31) can be written in a different perturbed form. The role of perturbation plays now the “dissipative” part of A,

A y u i = G y u i + 0 − GC u − RL i ,

G y u i = Fy + gu(1) − 1C i^′ − 1Lu^′ , D(G) = D(A) (5.32)

and without loss of generality we may assume that G^{−1} exists and belongs to L(X).

2^o G^n is an isomorphism of D_Gn , D_Gn = (D(G^n), ⟨·, ·⟩_n), ⟨ y_1 u_1 i_1 , y_2 u_2 i_2 ⟩

n = ⟨ G^n y_1 u_1 i_1 , G^n y_2 u_2 i_2 ⟩

X ,

24 onto X and thus G has a Riesz basis of generalized eigenvectors in X iff G_{|D(G}n+1_), i.e. the part of G in D_Gn has a Riesz basis of generalized eigenvectors in D_Gn .

3^o The space D_Gn is formed by elements y u i , y ∈ C^n; u, i ∈ W^{n,2}(0, 1) for which n pairs of equalities hold: h^∗y = Lu i(1) = 0;

h^∗Fy = −h^∗gMu + L(−i^′/C) u^′(1) = 0;

h^∗F^2y = −h^∗FgMu − h^∗gM(−i^′/C) + L(u”/LC) i^{′′}(1) = 0;

h^∗F^3y = −h^∗F^2gMu − h^∗FgM(−i^′/C) − h^∗gM(u”/LC)+ +L(−i^{′′′}/LC^2) u^{′′′}(1) = 0; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.33) where Lϕ = ϕ(0) − dϕ(1), Mϕ = ϕ(1). If the pair (F, h^∗) is observable then y can be uniquely determined from (5.33). To be more precise,

Oy = Δ_1u + Δ_2i , (5.34)

where O^∗ = [ h, F^∗h, (F^∗)^2h, . . . , (F^∗)^{n−1}h ] is the Kalman matrix of observability; Δ_1, Δ_2 ∈ L(W^{1,2}(0, 1); C), and according to (5.33)

Δ_1ϕ =

Lϕ −h^∗gMϕ −h^∗FgMϕ + L( 1LCϕ^{′′})

−h^∗F^2gMϕ − h^∗gM( 1LC ϕ^{′′}) . . . . . . . . . . . . . . . . . . . . . . . . . . .

,

Δ_2ϕ =

0 L(− 1Cϕ^′)

−h^∗gM(− 1C ϕ^′)

−h^∗FgM(− 1C ϕ^′) + L(− 1LC 1C ϕ^{′′′}) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

Hence

y = δ_1u + δ_2i; δ_1ϕ = O^{−1}Δ_1ϕ, δ_2ϕ = O^{−1}Δ_2ϕ (5.35) and finally any vector from D_Gn is of the form δ_1u + δ_2i u i , where

i, u ∈ W^{n,2}(0, 1) and satisfies an appropriate number of conditions (5.33).

4^o To get an idea what is the form of G_{|D(G}n+1_), the part of G in D_Gn , we should add a successive, (n+1)-th pair of equalities to (5.33). The added pair of relationships can be written also in a form in which y does not appear as we may eliminate y, with the aid of (5.35), from the equation determining h^∗F^ny. Moreover, an equivalent form of the equation determining h^∗F^ny may be obtained by expressing h^∗F^ny in terms of h^∗g, h^∗F^ng, . . . , h^∗F^{n−1}g (here we use the Cayley-Hamilton Theorem) and employing directly (5.33). Taking the last n pairs of equalities into account, we get from the extended in such a way system (5.33), an identity

OFy + OgMu = Δ_1 ( − 1 C i^′ ) + Δ_2 ( − 1 L u^′ ) . (5.36)

By (5.36) G_{|D(G}n+1_) can be expressed in D_Gn as

0 δ_2(− 1L^d_{dx} ) δ_1(− 1C^d_{dx} )

0 0 − 1C^d_{dx}

0 − 1L^d_{dx} 0 δ_1u + δ_2i i u .

5^o Now, it can be proved that the spaces: D_Gn and {0}⊕W^{n−1}_{2,U} are isomorphic and under the natural isomorphism between them, the operator G_{|D(G}n+1_) is similar to 0⊕H_{n−1}, where W^{n−1}_{2,U} denotes Shkalikov’s space and H_{n−1} is Shkalikov’s operator defined in W^{n−1}_{2,U} , corresponding to a linearization of the boundary-value problem with spectral parameter λ in the boundary conditions,

u^{′′}(x) = LCλ^2u(x), (LC > 0) M(λ)[u(0) − du(1)] − L(λ)u(1) = 0 u^′(1) = 0

(5.37)

where M(λ) = det(λI − F), L(λ) = h^∗adj[λI − F]g (d+ L^{(λ)}M_{(λ)} expresses the controller transfer function).

The natural isomorphism is given by 0 v_0 v_1 ∈{0}⊕W^n�12_{,U}

= I −δ_1 −δ_2 0 I 0 0 0 − 1C^d_{dx} δ_1u + δ_2i u i ∈D_Gn

(5.38)

with an inverse

δ_1u + δ_2i u i = I δ_1 δ_2(C

∫_1 x (·)ds) 0 I 0 0 0 C

∫_1 x (·)ds 0 v_0 v_1 .

The similarity relation can be written in terms of the operator matrices I −δ_1 −δ_2 0 I 0 0 0 − 1C^d_{dx}

0 δ_2(− 1L^d_{dx} ) δ_1(− 1C^d_{dx} ) 0 0 − 1C^d_{dx} 0 − 1L^d_{dx} 0 ·

· I δ_1 δ_2(C

∫_1 x (·)ds) 0 I 0 0 0 C

∫_1 x (·)ds = 0 0 0 0 0 I 0 1LC^{d2}_{dx2} 0 and is determined up to some evident correspondence between boundary conditions. Hence, the part G_{|D(G}n+1_) of G in D_Gn has a Riesz basis formed by generalized eigenvectors iff for Shkalikov’s operator H_{n−1} defined in Shkalikov’s space W^{n−1}_{2,U} the same property holds. But by Theorem 4.1 this occurs if the boundary conditions (5.37) are strictly regular. Observe that (5.37) can be obtained directly from the eigenproblem for G by eliminating y and i. The fundamental system of solution of (5.37) is built of two exponential functions x −→ e^{−λ} √ LCx, eλ √ LCx and according to (4.5) the characteristic equation of the problem (5.37) has the form

Δ(λ) = 2λ √ LC{M(λ) cosh λ √ LC − [L(λ) + dM(λ)]} = 0 . (5.39)

The regularity of boundary conditions easily follows from (5.39). Asymptotic distribution of zeros of an entire function Δ can be derived by dividing both sides of (5.39) by M(λ) (M(λ) ≠ 0 if |λ| > ‖F‖). Since lim_{|λ|→∞} L^{(λ)}M_{(λ)} −→ 0, the asymptotic zeros agree with the roots

P. GRABOWSKI

of the equation cosh λ √ LC =d, and thus for |d| ≠ 1 they are simple.

Finally, the boundary conditions (5.37) are strongly regular, provided that |d| ≠ 1.

6^o The whole discussion of spectral properties of G can be summarized as

Lemma 5.3 If the pair (F,h^∗) is observable and |d| ≠ 1, then G has a Riesz basis of generalized eigenvectors in X and only finitely many of them are not eigenvectors. The spectrum σ(G) is asymptotically equal to the spectrum of an unperturbed operator related to proportional controller only.

7^o Similarly as it was done for an entire function Δ we may point out that the spectrum of A is asymptotically equal to the spectrum of the perturbed operator related to a purely proportional controller. Such an operator has been already examined. Those investigations, Lemma 5.3 and Theorem 3.2 lead to

Lemma 5.4 If the pair (F,h^∗) is observable and |d| ≠ 1, then the operator A has a Riesz basis of generalized eigenvectors in X and only finitely many of them are not eigenvectors. Moreover, A generates a linear C_0-group on X.

5.2 Example 2: Stabilization system of an elastic robot arm A stabilization system of an elastic robot arm has been discussed in [8]. Its dynamical model is governed by the system of equations ẏ(t) = −kay(t) + kEIw_{xx}(0, t) w_t(x, t) = v(x, t) v_t(x, t) = − EIm w_{xxxx}(x, t) , 0 ≤ x ≤ 1, t ≥ 0 (5.40)

with the boundary conditions

w(0, t) = 0, w_{xx}(1, t) = 0, w_{xxx}(1, t) = 0, w_x(0, t) = y(t); t ≥ 0 . (5.41) The last two equations of (5.40) correspond to the Euler-Bernoulli model of an elastic beam, while the first equation constitutes the dynamic equation of a stabilizing controller acting in a feedback loop with boundary observation and boundary control.

Taking n = m = r = 1, H = L^2(0, 1) ⊕ L^2(0, 1) we may represent the above dynamical model in the abstract form (2.1) with

A y w v = −kay + kEIw^{′′}(0) v − EIm w^{′′′′} , D(A) = { y w v ∈ C ⊕ H :

w ∈ H^4(0, 1), w(0) = 0, w^{′′}(1) = 0, w^{′′′}(1) = 0, w^′(0) = y} ;

P = [−ka], Q = [kEI], R = [1], D = [0]; L [ w v ] = [ v − EIm w^{′′′′} ] ,

D(L) = {[ w v ] ∈ H : w ∈ H^4(0, 1), w(0) = 0, w^{′′}(1) = 0, w^{′′′}(1) = 0 } ; Γ_0 [ w v ] = w^′(0), Γ_1 [ w v ] = w^{′′}(0) .

Any system of eigenvectors of A cannot form a Riesz basis in the space X = C⊕H = C⊕L^2(0, 1)⊕L^2(0, 1). Indeed, if it would be the case then the component systems: {w_n}^∞_{n=1}, {v_n}^∞_{n=1} would form Riesz bases in L^2(0, 1). Hence these systems would be uniformly bounded with respect to n ∈ N (i.e. quasinormalized) and since v_n = λ_nw_n, the sequence of eigenvalues {λ_n}^∞_{n=1} would be bounded. This contradicts the fact that A has countably many eigenvalues and is unbounded. The use of our spectral approach to solve the question of well-posedness of the system under investigation is therefore impossible. However, following [8], we may seek a realization of an abstract dynamical model on a smaller space, choosing

H = H^2_0(0, 1) ⊕ L^2(0, 1), H^2_0(0, 1) = {u ∈ H^2(0, 1) : u(0) = 0}

as a candidate for the state space. The realization of an abstract dynamical model on this space is d dt [ w v ] = Ã [ w v ] , Ã [ w v ] = [ v − EIm w^{′′′′} ] ,

D(Ã) = { [ w v ] ∈ H : w ∈ H^4(0, 1) ∩ H^2_0(0, 1),

w(0) = 0, w^{′′}(1) = 0, w^{′′′}(1) = 0, v^′(0) = −kaw^′(0) + kEIw^{′′}(0)} . (5.42) Observe that an equation describing the feedback appears in the definition of the domain of Ã and thus we cannot represent Ã in the form: “the main part + perturbation, related to the feedback”. This makes it impossible to apply the perturbation methods to solve the question whether Ã generates a linear C_0-semigroup on H. Gnedin [8] has found a scalar product in H, equivalent to the natural one, with respect to which Ã is maximally dissipative. This means that Ã generates a linear C_0-semigroup of contractions on H. Applying the Prüss-Huang-Weiss criterion, Gnedin has pointed out that this semigroup is (EXS) iff k > 0.

Now, we show how the results of [8] can be derived and even strengthened by a direct spectral analysis based on Shkalikov’s theory. The eigenproblem for Ã takes the form v = λw − EIm w^{′′′′} = λv v^′(0) = kEIw^{′′}(0) − kaw^′(0) w(0) = 0 w^{′′}(1) = 0 w^{′′′}(1) = 0

(5.43)

and leads to the following Sturm-Liouville problem with a spectral parameter entering the boundary conditions, EI m w^{′′′′} + λ^2w(x) = 0, 0 ≤ x ≤ 1 (λ + ka)w^′(0) = kEIw^{′′}(0) w^{′′′}(1) = 0 w^{′′}(1) = 0 w(0) = 0

. (5.44)

Substituting λ = ρ^2 √ EI m , ã = a/(EI), K = k √ mEI we get from (5.44),

w^{′′′′} + ρ^4w(x) = 0, 0 ≤ x ≤ 1 (ρ^2 + Kã)w^′(0) = Kw^{′′}(0)

w^{′′′}(1) = 0 w^{′′}(1) = 0 w(0) = 0

. (5.45)

The orders of successive boundary conditions in (5.45) are κ_1 = 3, κ_2 = 3, κ_3 = 2, κ_4 = 0, respectively, while coefficients p_{νs} in the first equation of (5.45) are constant. The characteristic polynomial of (5.45) is ω^4 + 1 = (ω^2 − √ 2ω + 1)(ω^2 + √ 2ω + 1) = 0.

The construction of the smallest convex polygon M, containing all possible sums of the roots ω_1, ω_2, ω_3, ω_4 of the characteristic polynomial is depicted in Fig.3. Assuming the solution of the first equation of (5.45) to be w(x) = C_1e^{ρω1x} + C_2e^{ρω2x} + C_3e^{ρω3x} + C_4e^{ρω4x} and putting w into the remaining equations of the system (5.45) we get

f(ρ, ω_1) f(ρ, ω_2) f(ρ, ω_3) f(ρ, ω_4)

ρ^3ω^3_1 e^{ρω1} ρ^3ω^3_2 e^{ρω2} ρ^3ω^3 e^{ρω3} ρ^3ω^3_4 e^{ρω4}

ρ^2ω^2_1 e^{ρω1} ρ^2ω^2 e^{ρω2} ρ^2ω^2_3 e^{ρω3} ρ^2ω^2_4 e^{ρω4}

1 1 1 1

C_1

C_2

C_3

C_4 = 0 0 0 0 where f(ρ, ω) = ωρ(ρ^2 + Kã) − Kρ^2ω^2. The above homogeneous, linear system has a nonzero solution iff ρ is a root of the characteristic determinant −2ρ^6{e^{ıρ√2} [ ρ^2 + Kã + √ 2ıKρ ] + e^{−ρ√2} [ ρ^2 + Kã − √ 2Kρ ] + +e^{−ıρ√2} [ ρ^2 + Kã − √ 2ıKρ ] + e^{ρ√2} [ ρ^2 + Kã + √ 2Kρ ] + 4(ρ^2 + Kã)}

which can be represented as −2ρ^8{e^{ıρ√2} [ 1 + √ 2ıKρ^{−1} + Kãρ^{−2} ] + e^{−ρ√2} [ 1 − √ 2Kρ^{−1} + Kãρ^{−2} ] + +e^{−ıρ√2} [ 1 − √ 2ıKρ^{−1} + Kãρ^{−2} ] + e^{ρ√2} [ 1 + √ 2Kρ^{−1} + Kãρ^{−2} ] + +4(1 + Kãρ^{−2})} .

� � � � �@ @@ @@ @@ @@� � � � �@ @@ @@ @@ @@

0 ı √ 2

−ı √ 2

− √ 2 √ 2 x x x xω2 = −1+ı√_2 ω1 = 1+ı√_2

ω_4 =^{1−ı√}_2 ω_3 =^{−1−ı√}_2 SS So M Figure 3: The construction of the polygon M

Since for large |ρ|, 1 is the dominating term of each expression in the square brackets, the boundary conditions (5.45) are regular. Substituting η =^{1−ı√}_2 ρ, the analysis of asymptotic form of the spectrum can be repeated - see [8, Theorem 3; it states that Reλ_n −→ −2k √ mEI and

|λ_n| ≈ π^2(^{n+1}_2 )^2 √ EI m as n −→ ∞, {λ^n}n∈N = σ( Ã))], from which we deduce that the boundary conditions are in fact strictly regular. Now, by Theorem 4.1 a realization of Ã on a suitable space has a system of eigenvectors forming a Riesz basis. To determine both the state space and the particular realization of Ã we take r = 0. The orders of all boundary conditions are not greater than n + r − 1 = 3. The second part of Theorem 4.1 applies (N_0 = 0). The state space is therefore W^0_{2,U} , while the operator H takes a form

Hṽ = H v_0 v_1 v_2 v_3 = v_1 v_2 v_3 −v^{′′′′}_0 . According to the rule (4.9), the term ρ^2w^′(0), for which ν = 2, k = 1 should be replaced by (H^2ṽ)^{(1)}_0 = v^′_2(0) as ν + k = 3 < n + r = 4. As a result the first boundary condition now is

v^′_2(0) + ãKv^′_0(0) − Kv^{′′}_0 (0) = 0

while the remaining ones do not change essentially,

v^{′′′}_0 (1) = 0, v^{′′}_0 (1) = 0, v_0(0) = 0 .

An exact form of Shkalikov’s space can be determined to be

W^0_{2,U} = {ṽ ∈ W^0_2 : U_j (H^kṽ) = 0 for 0 ≤ k ≤ n + r − 2 = 2 and all boundary conditions of order ≤ 2 − k} =

= {ṽ = v_0 v_1 v_2 v_3

∈ W^{32}(0, 1) ⊕ W^2(0, 1) ⊕ W^{12}(0, 1) ⊕ L^2(0, 1) : v^{′′0} (1) = 0 ,

v_0(0) = 0 (k = 0); v_1(0) = 0 (k = 1); v_2(0) = 0 (k = 2)} .

By (4.13) the Shkalikov operator H_0 takes the form (now r = 1)

H_0 v_0 v_1 v_2 v_3 = H v_0 v_1 v_2 v_3 = v_1 v_2 v_3 −v^{′′′′}_0 , D(H^0) = W^{12,U} =

= {ṽ = v_0 v_1 v_2 v_3

∈ W^{42}(0, 1) ⊕ W^{32}(0, 1) ⊕ W^2(0, 1) ⊕ W^{12}(0, 1) :

U_j (H^kṽ) = 0 for 0 ≤ k ≤ n + r − 2 = 3 and all boundary conditions of order ≤ n + r − k − 2 = 3 − k} =

= {ṽ = v_0 v_1 v_2 v_3

∈ W^{42}(0, 1) ⊕ W^{32}(0, 1) ⊕ W^2(0, 1) ⊕ W^{12}(0, 1) :

v^′_2(0) + ãKv^′_0(0) − Kv^{′′}_0 (0) = 0, v^{′′′}_0 (1) = 0, v^{′′}_0 (1) = 0 , v_0(0) = 0 (k = 0) ;

v^{′′}_1 (1) = 0, v_1(0) = 0 (k = 1); v_2(0) = 0 (k = 2); v_3(0) = 0 (k = 3)} . The boundary conditions marked by frames also enter the definition of state space.

The relationship between (5.44) and (5.45) suggests a consideration of the operator H^2_0 ,

v_0 v_1 v_2 v_3

H^2_0 v_2 v_3 −v^{′′′′}_0 −v^{′′′′}_1 = =

= H_0 v_1 v_2 v_3 −v^{′′′′}_0 (5.46)

W^0_{2,U} ⊃ D(H^2_0 ) = {ṽ = v_0 v_1 v_2 v_3

∈ D(H^0) : H^0ṽ ∈ D(H^0)} =

= {ṽ ∈ W^5_2(0, 1) ⊕ W^4_2(0, 1) ⊕ W^3_2(0, 1) ⊕ W^2(0, 1) : the components of ṽ satisfy those boundary conditions which enter the definition of D(H_0) and the following additional boundary conditions:

v^′_3(0) + ãKv^′_1(0) − Kv^{′′}_1 (0) = 0, v^{′′′}_1 (1) = 0, v^{′′}_1 (1) = 0, v_1(0) = 0 ;

v^{′′}_2 (1) = 0, v_2(0) = 0; v_3(0) = 0; v^{′′′′}_0 (0) = 0} . (5.47) Now, it is not difficult to see that two groups of variables can be extracted from ṽ-the first includes the variable v_0 and v_2, the other - variables v_1 and v_3. This corresponds to a decomposition of H^2_0 into the direct sum of two operators. One of them, connected with the group of relationships including only the variables v_1, v_3 is marked by frames in (5.46). To be more precise, we have defined the operator

H^2_{0R} [ W V ] = [ V −W^{′′′′} ] , D(H^2_{0R}) = { [ W V ] ∈ H : W ∈ H^4(0, 1) ∩ H^2_0(0, 1),

W (0) = 0, W^{′′}(1) = 0, W^{′′′}(1) = 0, V^′(0) + KãW^′(0) = KW^{′′}(0)} .

Since by Theorem 4.1 H^2_{0R} has a system of generalized eigenvectors (only finitely many of them are not eigenvectors) which forms a Riesz basis in

H = H^2_0(0, 1) ⊕ L^2(0, 1) and S^{−1}H^2_{0R}S = √ EI m Ã, where [ W V ] = S [ w v ] = [ √ EI m w v ] ,

the same holds for Ã. Recall that ıη^2 = ρ^2 = λ √ m EI and in virtue of the above mentioned result of [8, Theorem 3], the spectrum of Ã is located in a vertical strip. Ã can be decomposed into the direct sum of two operators - one acts in a finite-dimensional subspace spanned by generalized eigenvectors corresponding to nonsimple eigenvalues, the second acts on a complementary subspace spanned by eigenvectors of Ã. Clearly, the finite-dimensional component generates a C_0-group. By Theorem 1.1 the infinite-dimensional part generates a C_0-group as well and thus Ã generates a C_0-group on H. Note that Gnedin obtained only the generation of a C_0-semigroup.

For k > 0 we have sup{Reλ : λ ∈ σ(Ã)} < 0, and thus this semigroup is (EXS) in the topology induced by the norm of H. We have established this result without the use of the Prüss-Huang-Weiss criterion.

5.3 Example 3: Multidimensional neutral system

In this subsection we will examine spectral properties of the operator A [ v ψ ] = [ Av + (AC + B)ψ(−r) ψ^′ ] , D(A) = { [ v ψ ] ∈ M^2 =

C^n ⊕ L^2(−r, 0; C^n) : ψ ∈ W^{1,2}(−r, 0; C^n), v = ψ(0) − Cψ(−r)} . (5.48)

Our investigations are motivated by the fact that A arises in the problem of building up an abstract differential equation on M^2 related to the delaydifferential system of neutral type,

v̇(t) = Av(t) + (AC + B)x(t − r), t ≥ 0 v(t) = x(t) − Cx(t − r), t ≥ 0 v(0) = v_0 x(θ) = ϕ(θ), −r ≤ θ ≤ 0 -see [10, Section 6.2.5].

If 0 /∈ σ(A) then A is an isomorphism of D_A onto M^2. Thus the existence of a Riesz basis of eigenvectors of A in M^2 is equivalent to the existence of a Riesz basis of eigenvectors of A_{|D(A}2_) in D_A, where D_A denotes the Hilbert space (D(A), ⟨·, ·⟩_A), ⟨a, b⟩_A = ⟨a, b⟩M_2 + ⟨Aa, Ab⟩M_2 . Notice that any element of D_A has the form: [ Lψ ψ ] = T [ 0 ψ ] , T = [ I L 0 I ] , Lψ = ψ(0) − Cψ(−r) . The operator matrix T defines an isomorphism of D_A onto {0}⊕W^{1,2}(−r, 0; C^n). Now

T^{−1}A_{|D(A}2_)T [ 0 ψ ] = [ I −L 0 I ] [ 0 L^d_{dx} 0^d_{dx} ] [ I L 0 I ] [ 0 ψ ] =

= [ 0 0 0 Ã ] [ 0 ψ ] ∀ψ ∈ D(Ã) ⊂ W^{1,2}(−r, 0; C^n) ⇐⇒ [ Lψ ψ ] ∈ D(A^2) ,

where Ãψ = ψ^′ , D(Ã) = {ψ ∈ W^{2,2}(−r, 0; C^n) : Aψ(0) + Bψ(−r) = ψ^′(0) − Cψ^′(−r)} . (5.49) This means that A has a system of eigenvectors which forms a Riesz basis in M^2 if and only if Ã has a system of eigenvectors which forms a Riesz basis in W^{1,2}(−r, 0; C^n).

The operator (5.48) is a particular form of (2.1) with X = M^2, H = L^2(−r, 0; C^n); Lψ = ψ^′, D(L) = W^{1,2}(−r, 0; C^n); P = A, Q = AC+B, R=I, D=C; Γ_0ψ = ψ(0), Γ_1ψ = ψ(−r). (2.2) reduces to { ψ^′ = λψ, ψ ∈ W^{1,2}(−r, 0; C^n) (λC + B)ψ(−r) = (λI − A)ψ(0) } (5.50)

i.e. to (4.14) with P(x) = 0, −r ≤ x ≤ 0; A_0 = B, A_1 = C, B_0 = A, B_1 = −I. All boundary conditions are of the first order and (4.15) is identical with the eigenproblem for Ã. Since the characteristic function is Δ(λ) = det(λI − λe^{−λr}C − A − e^{−λr}B), we have in Definition 4.4: p_0(λ) = (−1)^n det(λI − A), deg p_0(λ) = n; p_1(λ) = det(λC + B), deg p_n(λ) = n, provided that det C ≠ 0. In virtue of Theorem 4.2, Ã has a system of eigenvectors which forms a Riesz basis in W^{1,2}(−r, 0; C^n) if det C ≠ 0, all eigenvalues of Ã are simple and inf{|λ − μ| : λ, μ ∈ σ(A), λ ≠ μ}. The assumption 0 /∈ σ(A) is not essential. Thus we have proved

Lemma 5.5 If det C ≠ 0, all eigenvalues of A are simple and inf{|λ − μ|: λ, μ ∈ σ(A), λ ≠ μ} > 0 then there exists a system of eigenvectors forming a Riesz basis in M^2.

For comparison, let us try to use Theorem 3.1. To do this we represent (5.48) in a particular form A [ v ψ ] = G [ v ψ ] + n∑ j=1 [ e_j 0 ] ⟨[ p_j q_j ] , G [ v ψ ]⟩ M^2 , where G [ v ψ ] = [ Av ψ^′ ] , {e_j }^n_{j=1} is a Cartesian basis in C^n; {β^T_j }^n_{j=1} denotes the sequence of rows of the matrix AC + B; {p_j }^n_{j=1}, p_j = (A^∗)^{−1}(I − C^∗)^{−1}β_j ∈ C^n; {q_j }^n_{j=1} denotes the sequence of constant functions defined on [−r, 0] with their values (C^∗ − I)^{−1}β_j ∈ C^n. We assume that G is invertible, which is equivalent to two requirement: det A ≠ 0, 1 /∈ σ(C). Moreover, G^{−1} ∈ B_∞(M^2). The spectrum of G is a union of the spectrum of the matrix A and the operator

Qψ = ψ^′, D(Q) = {ψ ∈ W^{1,2}(−r, 0; C^n) : ψ(0) − Cψ(−r) = 0} .

If all elementary divisors of C are linear then its modal matrix S is nonsingular as it is constructed of n linearly-independent eigenvectors of C. Under the isomorphism induced in L^2(−r, 0; C^n) by the multiplication operator Sϕ(θ) = ψ(θ), Q is similar to

Rϕ = ϕ^′, D(R) = {ϕ ∈ W^{1,2}(−r, 0; C^n) :

ϕ(0) − diag{μ_1, μ_2, . . . , μ_n}ϕ(−r) = 0}, {μ_j }^n_{j=1} = σ(C) .

Suppose that det C ≠ 0. Then, any scalar eigenproblem to which the eigenproblem for R can be decomposed, generates a Riesz basis of exponentials {exp(λ_{j,k} (·))}_{k∈}Z in L^2(−r, 0), where λ_{j,k} =^1_r [ln |μ_j | + ı(arg μ_j + 2kπ)], k ∈ Z. This follows from the spectral properties of the RC-transmission line steered only by a proportional controller. Now, {exp(λ_{j,k} (·))e_j }_{j=1,2,···,n;k∈}Z and {exp(λ_{j,k} (·))Se_j } are the systems of eigenvectors of Q and R, respectively, which form Riesz bases in L^2(−r, 0; C). After completing the first system by the n-tuple of generalized eigenvectors of A we get a Riesz basis in M^2 of generalized eigenvectors of G and only finitely many of then are not eigenvectors. However, the condition (3.2) is not satisfied for any ν ∈ (0, 1), while for ν = 0 the perturbation does not belong to B_2(M^2) except for the trivial case AC+B= 0, when G = A. Thus if AC+B≠ 0, Theorem 3.1 cannot be applied.

References

[1] A.G. Baskakov and T.K. Katsaran. Spectral analysis of integro- differential operators with nonlocal boundary conditions, Differentsial’nye Uravnienia 24 (1988), 1424-1433.

[2] G. Bauer and R. Menniken. Störungstheorie für diskrete Spektraloperatoren und Anwendungen auf im Parameter nichtlineare Eigenwertprobleme, Regensburger Mathematische Schriften 10 (1987).

[3] G. Chen, S.G. Krantz, D.W. Ma and C.E. Wayne. The Euler-Bernoulli beam equation with boundary energy dissipation in Operator Methods for Optimal Control Problems (Sung J. Lee, ed.), Lecture Notes in Pure and Applied Mathematics 108 (1987), 67-96. Basel: Marcel Dekker, Inc.

[4] F. Conrad. Stabilization of beams by positive feedback control, SIAM Journal of Control and Optimization 28 (1990), 423-437.

[5] M.C. Delfour, J. Lagnese and M.C. Polis. Stabilization of hyperbolic system using concentrated sensors and actuators, IEEE Transactions on Automatic Control AC-31 (1986), 1091-1096.

[6] H.O. Fattorini. Second Order Linear Differential Equations in Banach Spaces. Amsterdam: North Holland, 1985.

[7] G. Freiling. Multiple expansions in series of eigen- and associated function of boundary eigenvalue problem nonlinearly dependent on the spectral parameter Pt.I., Results in Mathematics 17 (1990), 83-99.

[8] A. Gnedin. Stabilization of Euler-Bernoulli beam by boundary control, Results in Mathematics, 1991, preprint.

[9] I.C. Gokhberg and M.G. Krein. Introduction to the Theory of Non- Self-Adjoint Operators. Providence: AMS, 1969.

[10] H. Górecki, S. Fuksa, P. Grabowski and A. Korytowski. Analysis and Synthesis of Time Delay Systems. Warsaw & Chichester: PWN and J.Wiley & Sons, 1989.

[11] P. Grabowski. Spectral and Lyapunov Methods in the Analysis of Infinite - Dimensional Feedback Systems, Zeszyty Naukowe AGH,s. Automatyka 58 (1991), 1-189.

[12] P. Halmos.A Hilbert Space Problem Book. Princeton: Van Nostrand, 1967.

[13] S. Hansen. Exponential energy decay in a linear thermoelastic rod, Journal of Mathematical Analysis and Applications 167 (1992), 429- 442.

[14] F. Huang. Characteristic condition of exponential stability of linear dynamical systems in H-spaces, Annals of Differential Equations 1 (1985), 43-56.

[15] F. Huang. Strong asymptotic stability of linear dynamical systems in Banach spaces, Journal of Differential Equations 104 (1993), 307-324.

[16] K. Ito and N. Kunimatsu. Semigroup model and stability of the structurally damped Timoshenko beam with boundary inputs, International Journal of Control 54 (1991), 367-391.

[17] J. Janas. On unbounded hypornomal operators Pt.I, Arkiv für Mathematik 27 (1989), 273-281; Pt.II, Integral Equations and Operator Theory 15 (1992), 470-478.

[18] T. Kato. Perturbation Theory for Linear Operators. New York:

Springer, 1966.

[19] V.E. Katsnel’son. On the basisness of a system of root vectors of some classes of operators, Funktsional’nyi Analiz i ego Prilozheniya 1 (1967), 39-51.

[20] J.U. Kim and Y. Renardy. Boundary control of the Timoshenko beam, SIAM Journal of Control and Optimization 25 (1987), 417-429.

[21] A.M. Krall. Asymptotic stability of the Euler-Bernoulli beam, Journal of Mathematical Analysis and Applications 137 (1989), 288-295.

[22] I. Lasiecka and R. Triggiani. Finite rank relatively bounded perturbations of semigroups generators, Pt.II: Spectrum and Riesz basis assignment with applications to feedback systems, Annali di Matematica Pura ed Applicata ser.IV (1986), 47-100.

[23] P. Lang and J. Locker. Denseness of the generalized eigenvectors of an H-S discrete operator, Journal of Functional Analysis 82 (1989), 316-329.

[24] N. Levan. Stabilizability of two classes of contraction semigroups, Journal of Optimization Theory and Applications 76 (1993), 111-130.

[25] W. Littman and L. Marcus. Stabilization of hybrid system of elasticity by feedback boundary damping, Annali di Matematica Pura ed Applicata ser.IV.152 (1988), 281-330.

[26] Ö. Morgül. Control and stabilization of flexible beam attached to rigid body, International Journal of Control 51 (1990), 11-31.

[27] Ö. Morgül. Boundary control of a Timoshenko beam attached to a rigid body: Planar motion, International Journal of Control 54 (1991), 763-791.

[28] M. Najafi, G.R. Sarhangi and H. Wang. The study of the stabilizability of a coupled wave equations under various end conditions. Proceedings of the 31st Conference on Decision and Control (1992), 374-379.

[29] A. Pazy. Semigroups of Linear Operators and Applications to PDEs.

Berlin: Springer, 1983.

[30] J. Prüss. On the spectrum of C_0-semigroup, Transactions of the AMS 284 (1984), 847-857.

[31] R.L. Rebarber. Spectral determination for a cantilever beam, IEEE Transactions on Automatic Control AC-34 (1989), 502-510.

[32] H. Röh. Spectral Analysis of Non-Self-Adjoint C_0-Semigroup Generators. Edinburgh: Heriot-Watt University, Ph.D. Thesis, 1982.

[33] W. Rudin. Functional Analysis. New York: McGraw-Hill, 1973.

[34] A.I. Sargsian. Non-self-adjoint problem for one-dimensional Dirac system with spectral parameter in boundary conditions. Akademiya Nauk Armyanskoi. S.S.R. Izvestiya. Seriya. Matematika 22 (1987), 607-618.

[35] A.I. Sargsian. On the basisness of a system of eigen- and associated vectors of the Dirac operator with spectral parameter in boundary conditions. Uspiekhi Matematicheskikh Nauk 42 (1987), 181-182.

[36] A.I. Sargsian. Riesz basis generated by the system of differential equations of the first order, Akademiya Nauk Azerbaidzhanskoi. S.S.R. Izvestiya, Seriya. Fiziko- Tekhnicheskikh i Matematicheskikh Nauk 9 (1988), 8-15.

[37] A.I. Sargsian. On the basisness of a system of eigenfunctions of a regular problem, Akademiya Nauk Azerbaidzhanskoi. S.S.R. Doklady, 44 (1988), 3-5.

[38] M. Schechter. Principles of Functional Analysis. New York: Academic Press, 1971.

[39] A. Shkalikov. On the basisness of eigenfunctions of an ordinary differential operator, Uspiekhi Matematicheskikh Nauk 34 (1979), 235-236.

[40] A. Shkalikov. Boundary problem for ordinary differential operators with parameter in the boundary conditions, Journal of Soviet Mathematics 33 (1986), 1311-1342.

[41] A. Shkalikov. Boundary-value problems for ordinary differential operators with a parameter in boundary conditions, Funktsional’nyi Analiz i ego Prilozheniya 16 (1982), 92-93.

[42] K. Tsujioka. On a hyperbolic equations in robotics with a singular boundary condition, Saitama Mathematical Journal 7 (1989), 23-47.

[43] K. Tsujioka. On a damped wave equation with a singular boundary condition, Saitama Mathematical Journal 8 (1990), 31-39.

[44] J. Weidmann. Linear Operators in Hilbert Spaces. New York: Springer, 1980.

[45] G. Weiss. Weak L^p-stability of linear semigroups on Hilbert space implies EXS, Journal of Differential Equations 76 (1988), 513-523.

Institute of Automatics, Academy of Mining and Metallurgy, al. Mickiewicza 30, B1, rm.314, PL-30-059 Cracow, Poland

Communicated by Hélène Frankowska