Journal of Mathematical Systems, Estimation, and Control © 1996 Birkhäuser-Boston Vol. 6, No. 1, 1996, pp. 1–22

Viscosity Solutions of Hamilton{Jacobi Equations Arising in Nonlinear H_∞{Control^∗

Joseph A. Ball† J. William Helton‡

Abstract This note extends the necessary conditions for the solvability of a nonlinear H∞-control problem obtained in previous work of the authors to the case where the required energy function on the state space is not assumed to be smooth. This leads to consideration of viscosity subsolutions of the Hamilton-Jacobi equations associated with the nonlinear bounded real lemma and H∞-control.

Introduction

The nonlinear H_∞ control problem (i.e. the problem of selecting a stabilizing state or measurement feedback subject to an L_2-gain constraint for the closed loop input-output map) recently has been intensively studied (see [1, 2, 19, 14, 15, 21, 22, 23]). All these works involve the investigation of a Hamilton-Jacobi type equation which is satisfied by the storage or energy function associated with the closed loop system if this function happens to be smooth. However in general this storage function need not be smooth and hence does not correspond to a solution of the Hamilton-Jacobi equation in the classical sense. M. Crandall and P.L. Lions [5] have discovered a notion of weak, or so-called “viscosity” solution (or “subsolution”) for a Hamilton-Jacobi equation which has since been applied in various optimal control and differential game contexts (see e.g. [20, 8]), including applications to systems governed by partial differential equations. Most of these

∗Received May 5, 1993; received in final form April 29, 1994. Summary appeared in Volume 6, Number 1, 1996.

†The first author was partially supported by the National Science Foundation. ‡The second author was partially supported by the National Science Foundation and the US Air Force.

problems are time-varying and finite-horizon. The H_∞-problem in the nonlinear context is just beginning to attract attention. While it is closely related to older work in differential game theory, there are differences; the H_∞ setting emphasizes the time-invariant, infinite horizon context where stability is a major issue. For example, in the H_∞-theory solutions of an algebraic Riccati equation are uniquely determined by a stabilizing side condition whereas in the time-varying finite horizon context solutions of a differential Riccati equation are uniquely specified by an initial condition. Another major distinctive feature of H_∞ control is its emphasis is on measurement feedback, a feature not treated in traditional differential games. The recent book [1] treats the H_∞-control problem (including some results for the measurement feedback problem) from the game theory point of view; these authors use dynamic programming ideas for the smooth case and convert to a Hamiltonian rather than viscosity solution formulation to handle some nonsmooth cases. A recent treatment of the role of viscosity solutions in both deterministic and stochastic control problems is [10].

The purpose of this paper is to extend one of the existing studies on the nonlinear H_∞-control problem (specifically the necessity analysis of the authors in [2] on the measurement feedback problem) to the case of a nonsmooth storage function. In this paper we deal only with the L_2- gain condition in the formulation of the H_∞-control problem; the internal stability side condition is a separate issue which under appropriate conditions can be handled in the same way as in the smooth case (see [14, 15]). As preparation and to keep the paper self-contained, we also develop the ideas in detail for the state feedback problem. We invite others with more expertise in nonsmooth analysis to improve these results in due time.

The first section of the paper discusses the role of a storage or energy function for a γ-gain stable nonlinear system as originally set down in [24] and [12]. We recall the recent result of James [18] that a storage function for an finite-gain stable system is necessarily a viscosity subsolution for a related Hamilton-Jacobi equation and conversely. Here we add the result that the available storage function under certain conditions is actually a viscosity solution of the Hamilton-Jacobi equation. Related results are well known in various control and differential game contexts and in fact were a motivation for the introduction of viscosity solutions (see [20, 8, 11, 9]). The second section obtains the existence of a nonnegative-valued viscosity subsolution of an appropriate Hamilton-Jacobi equation as a necessary condition for the existence of a solution of the H_∞-control state feedback problem. The last section extends the analysis (to the extent possible) to the measurement feedback case; there the role of viscosity subsolutions to analogues of the two Riccati equations playing a prominent role in the well known solution of the linear case (see [7]) is developed.

The authors would like to thank Mete Soner and William McEneaney of

Carnegie-Mellon University for some helpful insight into viscosity solutions and the referee for some useful remarks.

1 The Nonlinear Bounded Real Lemma

Consider a nonlinear input-output system (Σ) assumed to be affine with respect to the input signal w ẋ = A(x) + B(x)w z = C(x) + D(x)w. (1.1)

Here we take the state vector x(t) to have values in the state space X which we take to be RN, the input vector w(t) has values in the input space W = Rn^w and the output vector z(t) to have values in the output space Z = Rn^z . We assume that A(x), B(x), C(x) and D(x) are continuously differentiable matrix functions (i.e., are in the class C^1) such that

A(0) = 0, C(0) = 0

(so 0 in RN is an equilibrium point if w is taken equal to 0). We assume that the unique solution x(t) of the differential equation in (Σ) exists for all time t > 0 for any initial condition x(0) and input w ∈ L^{nw}_{2,e} (inputs w with values in Rn^w which are norm square-integrable on any finite subinterval of [0, ∞)).

We are interested in studying such systems (Σ) having L_2-gain at most γ (for some prescribed γ > 0); by this we mean that the output z associated with any input w ∈ L^{nw}_{2,e} satisfies ∫_T 0 ‖z(t)‖^2dt ≤ γ^2 ∫_T 0 ‖w(t)‖^2dt (1.2) for all T < ∞ if we take x(0) = 0. As developed in [24, 12], a state space mechanism for the validity of (1.2) is the existence of an energy or storage function φ : X → R^+ = {r ∈ R : r ≥ 0} with φ(0) = 0 such that the energy balance inequality

φ(x(t_2)) − φ(x(t_1)) ≤ ∫_{t2} t_1 {γ^2‖w(t)‖^2 − ‖z(t)‖^2}dt (EB) holds over all paths (w(t), x(t), z(t)) of the system Σ. Indeed, when specializing (EB) to t_1 = 0 with x(0) = 0, then the fact that 0 ≤ φ(x(t)) and 0 = e(0) = φ(x(0)) in (EB) gives 0 ≤ φ(x(T )) ≤ ∫_T 0 {γ^2‖w(t)‖^2 − ‖z(t)‖^2}dt from which (1.2) follows.

Conversely, if the system Σ has L_2-gain at most γ and if the system is completely reachable in the sense that there exists a control input to drive the state vector x(t) from x(0) = 0 to any prescribed state x(T ) = x_0 in finite time T , then (see [12]) storage functions exists; two such are the required storage function φ_r given by

φ_r(x) = inf w∈Lnw 2e ,t0 ≤t1 x(t0 )=0,x(t1 )=x ∫_{t1} t_0

(γ^2w(t)^T w(t) − z(t)^T z(t))dt (1.3)

and the available storage function φ_a given by

φ_a(x) = − inf w∈Lnw 2e ,t2 ≥t1 x(t1 )=x ∫_{t2} t_1 (γ^2w(t)^T w(t) − z(t)^T z(t))dt. (1.4)

Moreover, any other storage function φ must satisfy φ_a(x) ≤ φ(x) ≤ φ_r(x). While it is well known that storage functions need not be smooth even if the original data of the system (1.1) is smooth, the following simple argument guarantees continuity under a controllability hypothesis. As a matter of notation let us denote by x(t) = x(t, t_0; x_0, w) and z(t) = z(t, t_0; x_0, w) the solution of (1.1) with initial condition x(t_0) = x_0 and input w(t) over the interval [t_0, t]. Let us say that the dynamical system (1.1) is locally uniformly controllable if , for each x_1 in RN there exists a δ > 0 and a continuous function α : [0, δ) → R^+ with α(0) = 0 such that, for any any state x_2 in RN with ‖x_2 − x_1‖ < δ, there exists finite times t_1 < t_2 and an L_2 input signal w defined over the time interval [t_1, t_2] such that x(t_2, t_1; x_1, w) = x_2 and ‖w‖_L^nw_{2 ([t1,t2])} ≤ α(‖x_2 − x_1‖). Proposition 1.1. Assume that the system (1.1) is locally uniformly controllable and that φ : RN → R^+ is a storage function for (1.1). Then φ is continuous.

Proof: Suppose that φ has a discontinuity at x_0 ∈ RN. Then there is a sequence of states x_n with lim_{n→∞} x_n = x_0 such that |φ(x_n) − φ(x_0)| ≥ ϵ for some ϵ > 0. By choosing a subsequence if necessary we may suppose that φ(x_n) − φ(x_0) has a fixed sign. As a first case suppose that φ(x_n) − φ(x_0) ≥ ϵ for all n. Use the local uniform controllability hypothesis to choose, for all n sufficiently large, a control w_n on an interval [t_0, t_n] with x(t_n, t_0; x_0, w_n) = x_n and ‖w_n‖_L^nw_{2 ([t0 ,tn])} ≤ α(‖x_n − x_0‖) where α : [0, δ) → R^+ is continuous with α(0) = 0. In particular, we see that ‖w_n‖_L^nw_{2 ([t0,tn])} tends to zero as n tends to infinity. On the other hand the energy balance inequality (EB) and the construction of the sequence {x_n} gives 0 < ϵ ≤ φ(x_n) − φ(x_0) ≤ ∫_{tn} t_0 [‖w_n(t)‖^2 − ‖z_n(t)‖^2]dt ≤ ‖w_n‖_L^nw_{2 ([0,tn])} which leads us to a contradiction. The case where φ(x_0) − φ(x_n) ≥ ϵ can be handled in a similar way by choosing a control w_n on intervals [t_n, t_0] (t_n < t_0) with w(t_0, t_n; x_n, w_n) = x_0.

We henceforth will consider only continuous storage functions φ. If φ is a smooth storage function, then the energy balance inequality (EB) can be written in infinitesimal form

∇φ(x) · [A(x) + B(x)] + (C(x) + D(x)w)^T (C(x) + D(x)w) − γ^2w^T w ≤ 0.

As this is required to hold for all w ∈ W we get that φ is a solution of an infinitesimal form of the energy balance inequality, namely the Hamilton- Jacobi inequality H(x, ∇φ(x)) ≤ 0 (EB^′) where

H(x, p) = max_w {p^T [A(x) + B(x)w]

+ [C(x) + D(x)w]^T [C(x) + D(x)w] − γ^2w^T w}.

(1.5)

If Δ(x) := γ^2I − D(x)^T D(x) is (strictly) positive definite for all x, then H(x, p) can be written explicitly as

H(x, p) =p[A(x) + B(x)Δ(x)^{−1}D(x)^T C(x)] + 1 4 p^T B(x)Δ(x)^{−1} B(x)^T p

+ C(x)^T [I + D(x)Δ(x)^{−1}D(x)^T ]C(x)

but this representation is not essential for the analysis to follow.

However it can easily happen that a storage function φ is not smooth. Nevertheless, as was shown in [18], any such storage function φ satisfies the infinitesimal inequality (EB^′) in the generalized viscosity sense introduced by Crandall and Lions (see [5, 6, 3, L, 4]). The result from [18] is stated more generally where more general supply rates and not necessarily continuous storage functions are allowed; we formulate the result only for the situation considered here.

To state the result we first recall the notion of viscosity solution. If φ is a continuous function defined on an open set O in RN with values in R and x_0 ∈ O, the superdifferential of φ at x_0 is the set, denoted by D^+φ(x_0), of all p_0 ∈ RN such that lim sup x→x_0 (φ(x) − φ(x_0) − p^T_0 (x − x_0))‖x − x_0‖^{−1} ≤ 0 (1.6)

Similarly the subdifferential of φ at x_0 is the set, denoted by D^−φ(x_0), of all p_0 ∈ RN such that

lim inf x→x_0 (φ(x) − φ(x_0) − p^T_0 (x − x_0))‖x − x_0‖^{−1} ≥ 0.

We say that the function φ is a viscosity subsolution of H(x, ∇φ(x)) = 0 (1.7) in O if H(x, p) ≤ 0 for all x ∈ O and for all p ∈ D^+φ(§). (1.8) Similarly φ is a viscosity supersolution of (1.7) if H(x, p) ≥ 0 (1.9) for all x ∈ O and all p ∈ D^−φ(x). If φ is both a viscosity subsolution and a viscosity supersolution, we say that φ is a viscosity solution. Theorem 1.2 (see [18]). Suppose that φ : RN → R^+ is continuous. Then φ is a storage function for the system (1.1) if and only if φ is a viscosity supersolution of −H(x, ∇φ(x)) = 0 where H is given by (1.5).

Remark 1.1. By reversing the direction of time in the proof of Theorem 3.1 from [18], one can also show that φ : RN → R^+ is a storage function for the system (1.1) if and only if φ is a viscosity subsolution of H(x, ∇φ(x)) = 0 with H as in (1.5). Thus, in this context at least, the inequality H(x, p) ≤ 0 holding for all p ∈ D^+φ(x) for each x is equivalent to the same inequality holding for all p ∈ D^−φ(x) for each x.

The extremal storage functions φ_r and φ_a are rather special. We shall show that under certain conditions φ_a is a viscosity solution of −H(x, φ_a(x), ∇φ_a(x)) = 0 and that φ_r is a viscosity solution of H(x, φ_r(x), ∇φ_r (x)) = 0. The following properties of φ_a and φ_r provide motivation for the hypotheses to follow.

Proposition 1.3. For any t_0 < t_1 < t_2, sup w∈L^{nw}_2 ([t_1 ,t_2])

{φ_a(x(t_2)) − φ_a(x_0) − ∫_{t2} t_1 (γ^2w(t)^T w(t) − z(t)^T z(t))dt} = 0. (1.10) If the system is reachable, then sup w∈L^{nw}_2 ([t_0,t_1])

{φ_r(x_0) − φ_r(x(t_0)) + ∫_{t1} t_0 (γ^2w(t)^T w(t) − z(t)^T z(t))dt} = 0. (1.11) Here our convention is x(t) = x(t, t_1; x_0, w), z(t) = z(t, t_1; x_0, w). (1.12)

Proof: We prove only (1.10); equation (1.11) follows analogously. To condense notation, set q(x, w) = γ^2w^T w − [C(x) + D(x)w]^T [C(x) + D(x)w]. Then by definition

−φ_a(x_0) ≤ ∫_{tf} t_1 q(x(t), w(t))dt = ∫_{t2} t_1 q(x(t), w(t))dt + ∫_{tf} t_2 q(x(t), w(t))dt (1.13) for all w ∈ L^{nw}_2 ([t_1, t_f ]) where t_0 < t_1 < t_f and where x(t) and z(t) are as in (1.12). Taking the infimum over w ∈ L^{nw}_2 (t_2, t_f ) in the second term on the right hand side in (1.13) gives

−φ_a(x_0) ≤ ∫_{t2} t_1 q(x(t), w(t))dt − φ_a(x(t_2). This gives (1.10) with ≤ in place of =.

To get the reverse inequality, let ϵ > 0. Then by definition there is a w_ϵ ∈ L^{nw}_2 (t_1, t_f ) so that

φ_1(x_0) + ϵ > ∫_{tf} t_1 q(x_ϵ(t), w_ϵ(t))dt = ∫_{t2} t_1 q(x_ϵ(t), w_ϵ(t))dt + ∫_{tf} t_2 q(x_ϵ(t), w_ϵ(t))dt ≥ ∫_{t2} t_1 q(x_ϵ(t), w_ϵ(t))dt − φ_a(x_ϵ(t_2)). From this the reverse inequality in (1.10) follows easily.

In order to prove that φ_a is a viscosity solution of −H(x, ∇φ_a(x)) = 0 we need a slight strengthening of (1.10), namely:

(H1) Given x_0 ∈ Rn and t_1 < t_2 with t_2 − t_1 sufficiently small there is a bounded set B_{x0} ⊂ Rn^w such that sup w∈Lnw 2 ([t1 ,t2]) w(t)∈Bx0 ∀t {φ_a(x(t_2)) − φ_a(x_0)

− ∫_{t2} t_1

(γ^2w(t)^T w(t) − z(t)^T z(t))dt} = 0

where x(t) and z(t) are given by (1.12).

Similarly, to prove that φ_r is a viscosity solution of H(x, ∇φ(x)) = 0 we shall need the following strengthening of (1.11):

(H2) Given x_0 ∈ Rn and t_0 < t_1 with t_1 − t_0 sufficiently small, there is a bounded set B_{x0} ⊂ Rn^w so that sup w∈Lnw 2 ([t0 ,t1]) w(t)∈Bx0 ∀t {φ_r(x_0) − φ_r(x(t_0))

− ∫_{t1} t_0

(γ^2w(t)^T w(t) − z(t)^T z(t))dt} = 0

where x(t) and z(t) are given by (1.12). We are now ready to state the following result.

Theorem 1.4. Assume that the system Σ in (1.1) has finite gain at most γ and is uniformly controllable, so φ_a and φ_r are both well-defined and continuous storage functions for Σ. Then:

(i) φ_a is a viscosity solution of −H(x, ∇φ(x)) = 0 if (H1) is satisfied. (ii) φ_r(x) is a viscosity solution of H(x, ∇φ(x)) = 0 if (H2) is satisfied.

Proof: We prove assertion (i) only. Assertion (ii) follows in the same way by running the system in backwards time.

We have already observed that φ_a is a storage function for the system Σ (1.1). Hence, by Theorem 1.2 we know that φ_a is a viscosity supersolution of −H(x, ∇φ(x)) = 0. It remains to show that φ_a(x) is a viscosity subsolution of −H(x, ∇φ(x)) = 0 if hypothesis (H1) holds.

As a matter of notation throughout the proof, set q(x, w) = γ^2w^T w − [C(x) + D(x)w]^T [C(x) + D(x)w]. Suppose that φ_a(x) is not a viscosity subsolution of −H = 0. Then there is an x_0 ∈ Rn, a p ∈ D^+φ(x_0) and an ϵ > 0 so that

p^T [A(x_0) + B(x_0)w] − q(x_0, w) ≤ −ϵ < 0 (1.14)

for all w ∈ Rn^w . By an equivalent characterization of the super gradient (see e.g. [3] or [4]) there is smooth function ψ : RN → R so that (i) ψ(x_0) = φ_a(x_0), (ii) ∇ψ(x_0) = p and (iii) φ_a(y) − ψ(y) ≤ 0 for all y ∈ RN. Then (1.14) becomes

∇ψ(x_0)^T [A(x_0) + B(x_0)w] − q(x_0, w) ≤ −ϵ < 0 (1.15)

for all w ∈ R^{nw} . By assumption the expression on the left side of (1.15) is uniformly continuous. Hence there is a δ > 0 so that ∇ψ(x(t))^T [A(x(t)) + B(x(t))] − q(x(t), w(t)) ≤ − ϵ 2 (1.16)

for t_1 ≤ t ≤ t_1 + δ for any w ∈ L^{nw}_2 ([t_1, t_1 + δ]) as long as w(t) ∈ B_{x0} , where B_{x0} is as in (H1). Integrating (1.16) from t_1 to t_1 + δ gives us

ψ(x(t_1 + δ)) − ψ(x_0) − ∫_{t1+δ} t_1 q(x(t), w(t))dt ≤ − ϵ 2 δ. (1.17) for all w ∈ L^{nw}_2 ([t_1, t_1 + δ]) with w(t) ∈ B_{x0} for all t.

On the other hand, if we take δ sufficiently small, the hypothesis (H1) combined with the known relations

ψ(x_0) = φ_a(x_0), ψ(x) ≥ φ_a(x) for all x gives us sup w∈Lnw 2 ([t1 ,t1 +δ]) w∈Bx0 ∀t {ψ(x(t_1)) − ψ(x_0) − ∫_{t1+δ} t_1 q(x(t), w(t))dt} ≥ 0,

a direct contradiction to (1.17). It follows that φ_a(x) is a viscosity solution of −H(x, ∇φ(x)) = 0 as claimed.

Remark 1.2. The proof of Theorem 1.4 is a modification of the proof of Theorem 4.1 in [8]. There it is proved that upper and lower value functions for a differential game are viscosity solutions of associated (time-varying) upper and lower (respectively) Hamilton-Jacobi-Isaacs equations. Also it is assumed that both players use controls in a bounded set (the analogue of our hypotheses (H1) and (H2)). We also remark that the smooth case of Theorem 1.4 is obtained in [16] but with a somewhat different hypothesis.

2 The H∞ Control State Feedback Problem

In this section we consider the nonlinear H_∞-control state feedback problem. For simplicity we consider only plants which are affine in the input variables. Thus we assume that we are given a plant P : (w, u) → z described by state space equations

ẋ = A(x) + B_1(x)w + B_2(x)u z = C_1(x) + D_{12}(x)u.

(2.1)

Here w is a reference or disturbance signal with values in Rn^w , u is the control signal with values in Rn^u , z is the error signal with values in Rn^z and x is the state vector assumed to have values in Rn. We assume that A, B_1, B_2, C_1, D_{12} are continuously differentiable matrix functions on Rn of appropriate sizes such that A(0) = 0, C_1(0) = 0 (so 0 in Rn is an equilibrium point when w(t) and u(t) are taken equal to 0). In order that certain explicit formulas make sense it is convenient to assume that x → e_1(x) := D_{12}(x)^T D_{12}(x) is uniformly positive definite and uniformly bounded on Rn, but the general analysis goes through without this assumption. The problem of interest here (the nonlinear L_2-gain problem with state feedback) is to design a state feedback u = c(x) (where we take c(0) = 0) so that the resulting closed loop system P_c : w → z given by

ẋ = A(x) + B_2(x)c(x) + B_1(x)w z = C_1(x) + D_{12}(x)c(x)

(2.2)

is well-posed (i.e. there exists a unique solution x(t) of the first of equations (2.2) for all t > 0 for any initial value x(0)) and has L_2-gain at most γ (for some prespecified tolerance level γ). This is the nonlinear H_∞-control state feedback problem, apart from the stability side constraint with which we do not deal in this paper (see the Introduction).

To analyze the L_2-gain property, we apply the analysis of the previous section and seek a storage function φ : Rn → R^+ with φ(0) = 0 which satisfies the energy balance inequality (EB) for the closed loop system.

We therefore formulate the φ-dissipative state feedback problem

(φ − DISSF BK) : given a system as in (2.1), find a state feedback law u = c(x) and a continuous nonnegative real-valued storage function φ :

Rn_{→ R}+_{so that the energy balance inequality}

φ(x(t_2)) − φ(x(t_1)) ≤ ∫_{t2} t_1 {γ^2‖w(t)‖^2 − ‖z(t)‖^2}dt holds on all paths (x(t), w(t), z(t)) of the closed loop system (2.2).

Note that if u = c_∗(x) is a solution of the L_2-gain state feedback problem as posed above, then the results of [12] imply the existence of a nonnegative, possibly extended real valued, not necessarily smooth storage function φ satisfying (EB) which has finite values on reachable states. Conversely, if (u = c_∗(x), φ) is a solution of (φ − DISSF BK) such that the associated closed loop system ((2.1) with u = c_∗(x) is well-posed, then u = c_∗(x) provides a solution of the L_2-gain state feedback problem. Previous works on the nonlinear H_∞-control state feedback problem [1, 21, 22] assume that there exist a smooth solution of (EB). We point out also that in [21] it is shown that there exists a solution of (EB) which is smooth at least in a neighborhood of the origin if the linearized problem is in the strictly suboptimal case. In any case, the (φ − DISSF BK) problem (with φ only assumed to be semicontinuous) appears to be a reasonable next step towards consideration of the general H_∞ problem.

A consequence of Theorem 1.2 is that, under certain circumstances, the integral form of the (φ − DISSF BK) can be translated to an infinitesimal form; the following result summarizes the situation.

Theorem 2.1. If the pair (c_∗, φ) (where φ : Rn → R^+ is continuous with φ(0) = 0 and c_∗ : Rn → Rn^u is continuously differentiable) solves the (φ − DISSF BK) problem, then φ is a viscosity supersolution of −H_{c∗(x)}(x, ∇φ(x)) = 0 (2.3) where

H_c(x, p) = max_w {p^T [A(x) + B_1(x)w + B_2(x)c]

+ [C_1(x) + D_{12}(x)c]^T [C_1(x) + D_{12}(x)c] − w^T w}, or equivalently,

H_c(x, p) =p^T [A(x) + B_2(x)c + 1 4 B_1(x)B_1(x)^T p] + [C_1(x) + D_{12}(x)c]^T [C_1(x) + D_{12}(x)c].

(2.4)

In particular min_c max p∈D^−φ(x) H_c(x, p) ≤ 0. (2.5) Conversely, if the continuous function φ : Rn → R^+ and C^1 function c_∗ : Rn → Rn^u are such that max p∈D^−φ(x) H_{c∗(x)}(x, p) ≤ 0, then (u = c_∗(x), φ) is a solution of the (φ − DISSF BK) problem. Proof: Simply apply Theorem 1.2 to the closed loop system associated with the L^2-gain state-feedback problem.

Remark 2.1. In the case where φ is smooth, (D^−φ(x) = {∇φ(x)} is a singleton), (2.5) can be solved explicitly for c_∗(x)—

c_∗(x) = −e_1(x)^{−1}[ 1 2 B_2(x)^T ∇φ(x) + D_{12}(x)^T C_1(x)]

where we assume that e_1(x) = D_{12}(x)^T D_{12}(x) is uniformly invertible— from which (2.5) assumes the form

H_{c∗(x)}(x, ∇φ(x)) = ∇φ(x)^T [A(x) − B_2(x)e_1(x)^{−1}D_{12}(x)^T C_1(x)] + 1 4 ∇φ(x)^T [B_1(x)B_1(x)^T − B_2(x)e_1(x)^{−1}B_2(x)^T ]∇φ(x) + C_1(x)^T [I − D_{12}(x)e_1(x)^{−1}D_{12}(x)^T ]C_1(x) ≤ 0.

This agrees with the solution of the H_∞-control state feedback problem for the nonlinear case as presented elsewhere (see [22]) and specializes to the inequality version of the X-Riccati equation in [7] in the linear case (with 1 2 ∇φ(x) = Xx). Remark 2.2. Note that H_c(x, p) is quadratic in p with positive semidefinite Hessian. Hence the maximum over p ∈ D^−φ(x) necessarily is attained at a boundary point of D^−φ(x).

Remark 2.3. Note that if (2.5) holds for some continuous φ, then a natural candidate for c_∗ so that (c_∗, φ) solves (2.3) is any function x → c_∗(x) such that max p∈D^−φ(x) H_{c∗(x)}(x, p) = min_c max_{p∈D−φ(x)} H_c(x, p). (2.6)

Unfortunately, there may be no solution c_∗ of (2.6) which is smooth.

3 The H∞-Control Measurement Feedback Problem

In this section we consider a plant P as in Section 2 but augmented by an additional output signal y with values in Rn^y which serves as a measurement signal. We assume that the plant P : (w, u) → (z, y) is described by state space equations of the form

ẋ = A(x) + B_1(x)w + B_2(x)u; z = C_1(x) + D_{12}(x)u; y = C_2(x) + D_{21}(x)w.

(3.1)

In addition to the assumptions on A(x), B_1(x), B_2(x), C_1(x), D_{12}(x) as in Section 2, we assume that C_2 and D_{21} are continuously differentiable matrix functions of appropriate sizes with C_2(0) = 0. The L_2-gain measurement feedback problem which we consider here is to construct a dynamic compensator K : y → u given in terms of a state space realization of the form ζ̇ = a(ζ) + b(ζ)y u = c(ζ) (3.2)

(where ζ takes values in the compensator state space Rn^0 , a, b and c are smooth (continuously differentiable) functions with a(0) = 0, c(0) = 0) so that the resulting closed loop system (3.1) and (3.2) is well-posed and has L^2-gain at most γ for some prespecified tolerance level γ. By the discussion in Section 1, the L_2-gain condition is satisfied once we find an energy (or storage) function φ = φ(x, ζ) : Rn × Rn^0 → R^+ such that the energy balance inequality

φ(x(t_2), ζ(t_2)) − φ(x(t_1), ζ(t_1)) ≤ ∫_{t2} t_1 {γ^2‖w(t)‖^2 − ‖z(t)‖^2}dt (EB)

is satisfied over all trajectories (x(t), ζ(t), w(t), z(t)) of the closed loop system. In general there is no a priori reason why such a φ need be smooth. Here we focus on what we call the φ-dissipative measurement feedback problem:

(φ − DISMF BK): given a plant P as in (3.1), find a compensator K = (a, b, c) as in (3.2) and a continuous φ : Rn × Rn^0 → R^+ so that (EB) is satisfied for the closed loop system (3.1) - (3.2).

We remark that in [2] the smooth version of this problem (where φ was required to be smooth) was called simply the φ-dissipative feedback (φ − DISF BK) problem. Application of Theorem 1.2 to the (φ−DISMF BK) problem leads immediately to the following infinitesimal version of the dissipation inequality (EB).

Theorem 3.1. Suppose the collection (a_∗, b_∗, c_∗, φ) is a solution of the (φ − DISMF BK) problem, where φ : Rn → R^+ is continuous and where a_∗, b_∗, c_∗ are all of class C^1. Then φ is a viscosity supersolution of −H_{a∗(ζ),b∗(ζ),c∗(ζ)}(x, ∇_xφ(x, ζ), ∇_ζ φ(x, ζ)) = 0 (3.4) where H_{a,b,c}(x, p_z , p_ζ ) : = max_w {p^T_x [A(x) + B_1(x)w + B_2(x)c]

+ p^T_ζ [a + bC_2(x) + bD_{21}(x)w] + [C_1(x) + D_{12}(x)c]^T [C_1(x) + D_{12}(x)c] − w^T w} or equivalently,

H_{a,b,c}(x, p_z , p_ζ ) = p^T_x [A(x) + B_2(x)c + 1 4 B_1(x)B_1(x)^T p_x]

+ p^T_ζ [a + bC_2(x) + 1 4 be_2(x)b^T p_ζ + 1 2 bD_{21}(x)B_1(x)^T p_x]

+ [C_1(x) + D_{12}(x)c]^T [C_1(x) + D_{12}(x)c] (3.5) where e_2(x) = D_{21}(x)D_{21}(x)^T . In particular,

max_ζ min_{a,b,c} max_x max (p_x,p_ζ )∈D^−φ(x,ζ) H_{a,b,c}(x, p_x, p_ζ ) ≤ 0. (3.6) Conversely, if the continuous function φ : Rn×Rn^0 → R^+ with φ(0, 0) = 0 and the C^1 functions a_∗(ζ), b_∗(ζ), c_∗(ζ) are such that max (p_x,p_ζ )∈D^+φ(x,ζ) H_{a∗(ζ),b∗(ζ),c∗(ζ)}(x, p_x, p_ζ ) ≤ 0 (3.7) for all (x, ζ), then (a_∗, b_∗, c_∗, φ) is a solution of the (φ − DISMF BK) problem.

In the rest of this section we work with the infinitesimal version of the (φ − DISMF BK) problem, namely: find a nonnegative continuous function φ on Rn × Rn^0 with φ(0, 0) = 0 such that (3.6) holds, where H is given by (3.5).

As a first reduction, we present the following necessary condition for the existence of a solution to the infinitesimal (φ − DISMF BK) problem.

Proposition 3.2. A necessary condition for the function φ to be a solution to the infinitesimal (φ − DISMF BK) problem is inf_{a,b,c} max (p_x,p_ζ )∈D^−φ(x,ζ) H_{a,b,c}(x, p_x, p_ζ ) ≤ 0 (3.8) for all x and ζ.

Proof: By definition a solution φ of the infinitesimal (φ − DISMF BK) problem satisfies (3.6). For each fixed ζ, interchange of the order of max and min gives the inequality sup_x inf_{a,b,c} max_{(px,pζ )} H_{a,b,c}(x, p_x, p_ζ ) ≤ min_{a,b,c} max_x max_{(px ,pζ )} H_{a,b,c}(x, p_x, p_ζ ) from which (3.8) follows.

As we shall see (as was done in [2]), the key step in analyzing this condition further is the introduction of the subset Z_φ of Rn × Rn^0 defined by Z_φ = {(x, ζ) : (p_x, 0) ∈ D^−φ(x, ζ) for some p_x ∈ Rn} (3.9) Since D^−φ(x, ζ) is a closed and convex subset of Rn×Rn^0 , the complement Z^c_φ of Z_φ in Rn × Rn^0 has the characterization

Z^c_φ = {(x, ζ) : there exists a nonzero vector a ∈ Rn^0 so that a^T p_ζ ≤ −δ < 0 for some δ > 0 for all p_ζ ∈ D^−_ζ φ(x, ζ)}

(3.10)

We then have the following result.

Proposition 3.3. Assume that D^−φ(x, ζ) is a bounded set whenever (x, ζ) /∈ Z_φ. If (x, ζ) /∈ Z_φ then inf_{a,b,c} max (p_x,p_ζ )∈D^−φ(x,ζ) H_{a,b,c}(x, p_x, p_ζ ) = −∞. (3.11) Hence a necessary condition for the infinitesimal (φ−DISMF BK) problem to have a solution is that sup (x,ζ)∈Z_φ inf_{a,b,c} max (p_x ,p_ζ )∈D^−φ(x,ζ) H_{a,b,c}(x, p_x, p_ζ ) ≤ 0. (3.12)

Remark 3.1. As in the state feedback case (see Remark 2.2 after Theorem 2.1) the maximum over (p_x, p_ζ ) ∈ D^−φ(x, ζ) in (3.12) necessarily occurs on the boundary of D^−φ(x, ζ) since H_{a,b,c}(x, p_x, p_ζ ) is quadratic in (p_x, p_ζ ) with positive semidefinite Hessian.

Remark 3.2. The hypothesis that D^−φ(x, ξ) is bounded is imposed for convenience in the proof. The result is probably true more generally. In any case in many circumstances viscosity solutions φ of Hamilton-Jacobi equations are Lipschitz, in which case this boundedness hypothesis is automatically satisfied (see [10]).

Proof: We work with the necessary condition (3.8) given by Proposition 3.2. First note that inf_a max (p_x,p_ζ )∈D^−φ(x,ζ) p^T_ζ a = { −∞ if (x, ζ) /∈ Z_φ 0 if (x, ζ) ∈ Z_φ. (3.13) Indeed, if (x, ζ) /∈ Z_φ, then by (3.10) there is always a choice of a so that max (p_x,p_ζ )∈D^−φ(x,ζ) p^T_ζ a < 0. By rescaling a we can arrange the quantity max_{p∈D−φ(x,ζ)} p^T_ζ a to be as small as we like. This proves (3.13) in case (x, ζ) /∈ Z_φ. If (x, ζ) ∈ Z_φ then for any a the choice p_ζ = 0 achieves p^T_ζ a = 0 and therefore max (p_x ,p_ζ )∈D^−φ(x,ζ) p^T_ζ a ≥ 0. But the choice a = 0 always achieves max (p_x ,p_ζ )∈D^−φ(x,ζ) p^T_ζ a|_{a=0} = 0

Thus (3.13) follows in case (x, ζ) ∈ Z_φ as well.

Next we argue that

inf_{a,b,c} max (p_x,p_ζ )∈D^−φ(x,ζ) h_{a,b}(x, p_x, p_ζ ) = { −∞ if (x, ζ) /∈ Z_φ 0 if (x, ζ) ∈ Z_φ. (3.14) where h_{a,b}(x, p_x, p_ζ ) = p^T_ζ [a + bC_2(x) + 1 4 be_2(x)b^T p_ζ + 1 2 bD_{21}(x)B_1(x)^T p_x].

(3.15)

Indeed, if (x, ζ) /∈ Z_φ again by using the assumption that D^−φ(x, ζ) is bounded and (3.10), we can choose a and then rescale a (with b, c fixed) to make the quantity max (p_x,p_ζ )∈D^−φ(x,ζ) h_{a,b}(x, p_x, p_ζ ) as small as we like, and (3.14) follows in case (x, ζ) /∈ Z_φ. The case (x, ζ) ∈ Z_φ in (3.14) follows in the same way as for (3.13).

Finally note from (3.5) and (3.15) that H_{a,b,c}(x, p_x, p_ζ ) = p^T_x [A(x) + B_2(x)c + 1 4 B_1(x)B_1(x)^T p_x] + h_{a,b}(x, p_x, p_ζ ) + [C_1(x) + D_{12}(x)c]^T [C_1(x) + D_{12}(x)c].

(3.16)

In (3.16), if (x, ζ) /∈ Z_φ then by appropriate choice of a while holding b and c fixed, we can make the second term of (3.16) approach −∞ uniformly with respect to (p_x, p_ζ ) ∈ D^−_φ (x, ζ) while the first term is uniformly bounded with respect to (p_x, p_ζ ) (by the assumed boundedness of D^−φ(x, ζ)) and the last term is fixed. The assertion of Proposition 3.2 now follows.

We next obtain the analogues of the X- and Y -Riccati equations appearing in the linear theory (see [7]) as necessary conditions for solutions of the infinitesimal (φ − DISMF BK) problem to exist.

Theorem 3.4. Assume that φ(x, ξ) is a continuous function such that D^−φ(x, ξ) is a bounded set whenever (x, ξ) /∈ Z_φ (where Z_φ is given by (3.9)). Then necessary conditions for φ to be a solution to the infinitesimal (φ - DISMFBK) problem are: (i) min_c max (p_x,0)∈D^−φ(x,ζ) H_c(x, p_x) ≤ 0 (3.17)

for all (x, ζ) ∈ Z_φ, where H_c(x, p) is the Hamiltonian for the (φ − DISSF BK) problem given by (2.4) and Z_φ is given by (3.9) (ii) inf ~b max p_x∈D^−_1 φ(x,0) K~_b(x, p_x) ≤ 0 (3.18)

for all x in Rn, where K~_b(x, p_x) is given by

K~_b(x, p_x) = p^T_x [A(x) + 1 4 B_1(x)B_1(x)^T p_x]

+ ~b[C_2(x) + 1 2 D_{21}(x)B_1(x)^T p_x] + 1 4 ~be_2(x)~b^T + C_1(x)^T C_1(x).

Remark 3.3. In the smooth case where D^−φ(x, ζ) = {∇φ(x, ζ)}, as in Remark 2.1 (3.17) takes the explicit form

∇_xφ(x, ζ)^T [A(x) − B_2(x)e_1(x)^{−1}D_{12}(x)^T C_1(x)] + 1 4 ∇_xφ(x, ζ)^T [B_1(x)B_1(x)^T − B_2(x)e_1(x)B_2(x)^T ]∇_xφ(x, ζ)

+ C_1(x)^T [I − D_{12}(x)e_1(x)^{−1}D_{12}(x)^T ]C_1(x) ≤ 0 for all (x, ζ) ∈ Z_φ. If we assume that Z_φ has the form Z_φ = {(x, ζ(x)) : x ∈ Rn} of a graph space over the first coordinate space and specialize to the linear case, we pick up the inequality version of the X-Riccati equation from [7] (with^1_2 ∇_xφ(x, ζ(x)) = Xx).

As for condition (3.18), in the case where φ is smooth, we have K~_b(x, ∇_xφ(x, 0)) = ∇_xφ(x, 0)^T [A(x) + 1 4 B_1(x)B_1(x)^T ∇_xφ(x, 0)]

+ ~b[C_2(x) + 1 2 D_{21}(x)B_1(x)^T ∇_xφ(x, 0)] + 1 4 ~be_2(x)~b^T . As this expression is quadratic in ~b, the minimum over ~b can be calculated explicitly if we assume that e_2(x) is invertible. In this case, the critical value of ~b is given by

~b_∗ = −2[C_2(x)^T + 1 2 ∇_xφ(x, 0)^T B_1(x)D_{21}(x)^T ]

and condition (3.18) becomes min ~b K~_b(x, ∇_xφ(x, 0)) =K~_{b∗} (x, ∇_xφ(x, 0)) =∇_xφ(x, 0)^T [A(x) − B_1(x)D_{21}(x)^T e_2(x)^{−1}C_2(x)] + C_1(x)^T C_1(x) − C_2(x)^T e_2(x)^{−1}C_2(x) + 1 4 ∇^T_x φ(x, 0)^T [B_1(x)B_1(x)^T

− B_1(x)D_{21}(x)^T e_2(x)^{−1}D_{21}(x)B_1(x)^T ]∇_xφ(x, 0) ≤0. In the linear case, this condition specializes to the inequality version of the Riccati equation for Y^{−1} in the solution presented in [7] (with^1_2 ∇_xφ(x, 0) = Y^{−1}x).

Proof of Theorem 3.4: To prove (i), note that H_{a,b,c}(x, p_x, 0) = H_c(x, p_x) where H_{a,b,c}(x, p_x, p_ζ ) is the Hamiltonian for the (φ − DISMF BK) problem given by (3.5) while H_c(x, p) in general is the Hamiltonian for the (φ − DISSF BK) problem given by (2.4). Moreover we have the trivial inequality

inf_{a,b,c} max (p_x,0)∈D^−φ(x,ζ) H_{a,b,c}(x, p_x, 0) ≤ inf_{a,b,c} max (p_x ,p_ζ )∈D^−φ(x,ζ) H_{a,b,c}(x, p_x, p_ζ ) whenever (x, ζ) ∈ Z_φ. ¿From the necessity of condition (3.8), we see that (3.17) is necessary for the existence of a solution of the infinitesimal (φ − DISMF BK) problem as asserted. To prove (ii), simply restrict (x, ζ) to (x, 0) in (3.8).

Remark 3.4. As an example, consider the case where the storage function φ is piecewise smooth, i.e., the discontinuities of its first order derivatives all occur on a hypersurface and have simple jumps. As the simplest such scenario, write x ∈ Rn as x = (x_1, · · · , x_n) and suppose that φ is continuously differentiable in (x_2, · · · , x_n, ζ) for each fixed x_1 and that, for each fixed (x_2, · · · , x_n, ζ), the derivative of φ with respect to x_1 is continuous except for possibly a simple jump discontinuity at the point x_{10} = x_{10}(x_2, · · · , x_n, ζ). Then for each (x, ζ) ∈ Z_φ, the set {p_x : (p_x, 0) ∈ D^−φ(x, ζ)} is a singleton if (x, ζ) does not have the form (x, ζ) = (x_{10}(x_2, · · · , x_n, ζ), x_2, · · · , x_n, ζ) and has the form of an interval {(1 − s)p_{x−}(x, ζ) + sp_{x+}(x, ζ)} otherwise, where p_{x−}(x, ζ) and p_{x+}(x, ζ) are the one-sided gradients of φ computed from either side of the hypersurface x_1 = x_{10}(x_2, · · · , x_n, ζ). Since (as in Remark 2.2) the maximum in (3.17) necessarily is attained on the boundary of the set D^−φ(x, ζ), (3.17) assumes the form min_c max {H_c(x, p_{x−}(x, ζ)), H_c(x, p_{x+}(x, ζ))}. The minimizing c can be computed explicitly as

c_∗(x, ζ) = −e_2(x)^{−1}[B_2(x)^T X(x, ζ) + D_{12}(x)C_1(x)]

where X(x, ζ) = 1 2 p_{x+}(x, ζ) if H_{c∗+} (x, p_{x+}(x, ζ)) ≥ H_{c∗−} (x, p_{x−}(x, ζ)) = 1 2 p_{x−}(x, ζ), otherwise

where

c_{∗+}(x, ζ) = − e_2(x)^{−1}[ 1 2 B_2(x)^T p_{x+}(x, ζ) + D_{12}(x)C_1(x)]

c_{∗−}(x, ζ) = − e_2(x)^{−1}[ 1 2 B_2(x)^T p_{x−}(x, ζ) + D_{12}(x)C_1(x)].

If Z_φ can be expressed as a graph space Z_φ = {(x(ζ), ζ) : ζ ∈ R^{n0} } over the second coordinate space, then a natural candidate (however possibly not smooth) for the compensator output map then is c_{K∗}(ζ) = c_∗(x(ζ), ζ).

Remark 3.5. An interesting open question concerns the Separation Principle proved in [2]. It says that in the smooth case, if (3.4) holds with equality and certain other nondegeneracy conditions hold, then the compensator dynamics a_K (ζ) necessarily has the form a_K (ζ) = a_{K∗}(ζ) where

a_{K∗}(ζ) = A(ζ) + B_1(ζ)B_1(ζ)^T X(ζ) + B_2(ζ)c_{K∗}(ζ)

− b_K (ζ)[C_2(ζ) + D_{21}(ζ)B_1(ζ)^T X(ζ)]

where the input map b_K (ζ) for the compensator still remains to be found and c_{K∗}(ζ) is as in Remark 3.4. Extensions of these results to the nonsmooth case requires further understanding of the calculus of generalized gradients.

References

[1] T. Basar and P. Bernhard. H^∞-Optimal Control and Related Minimax Design Problems: A Dynamic Game Approach. Boston: Birkhäuser- Verlag, 1991.

[2] J.A. Ball, J.W. Helton and M.L. Walker. H^∞-control for nonlinear systems with output feedback, IEEE Trans. Auto. Control 38 (1993), 546–559

[3] M.G. Crandall, L.C. Evans, and P.L. Lions. Some properties of viscosity solutions of Hamilton-Jacobi equations, Trans. Amer. Math. Soc. 282 (1984), 487–435.

[4] M.G. Crandall, H. Ishii and P.L. Lions. User’s guide to viscosity solutions of second order partial differential equations, Bull. Amer. Math. Soc. 27 (1992), 1–67.

[5] M.G. Crandall and P.L. Lions. Condition d’unicité pour les solutions generalisées des équations de Hamilton-Jacobi du premier ordre, C.R. Acad. Sci. Paris Sér. I Math. 292 (1981), 183–186.

[6] M.G. Crandall and P.L. Lions. Viscosity solutions of Hamilton-Jacobi equations, Trans. Amer. Math. Soc. 277 (1983), 1–42.

[7] J.C. Doyle, K. Glover, P.P. Khargonekar and B.A. Francis. Statespace solutions to standard H_2 and H_∞ control problems, IEEE Trans. Auto. Control 34 (1989), 831–847.

[8] L.C. Evans and P.E. Souganidis. Differential games and representation formulas for solutions of Hamilton-Jacobi-Isaacs equations, Indiana Univ. Math. J. 33 (1984), 773–797.

[9] W.H. Fleming and W.M. McEneaney. Risk sensitive control with ergodic cost criteria, Proc. 31st Conference on Decision and Control (December, 1992), 2048–2052.

[10] W.H. Fleming and H. M. Soner. Controlled Markov Processes and Viscosity Solutions. Heidelberg: Springer-Verlag, 1993.

[11] W.H. Fleming and P.E. Souganidis. On the existence of value functions of two-player, zero-sum stochastic differential games, Indiana Univ. Math. J. 38 (1989), 293–314.

[12] D.J. Hill and P.J. Moylan. Dissipative dynamical systems: basic input-output and state properties, J. Franklin Inst. 309 (1980), 327– 357.

[13] D.J. Hill and P.J. Moylan. The stability of nonlinear dissipative systems, IEEE Trans. Auto. Control 21 (1976), 708–711.

[14] A. Isidori and A. Astolfi. Nonlinear H_∞ control via measurement feedback, J. Math. Systems, Estimation and Control 2 (1992), 31–35.

[15] A. Isidori and A. Astolfi. Disturbance attenuation and H_∞-control via measurement feedback in nonlinear systems, IEEE Trans. Aut. Control 317 (1992), 1283–1293.

[16] J. Imura, T. Sugie and T. Yoshikawa. Bounded real lemma of nonlinear systems and its application to H_∞ state feedback control, MCEG Technical Report No. 93-01 (January, 1993), Kyoto University.

[17] H. Ishii. Uniqueness of unbounded viscosity solution of Hamilton- Jacobi equations, Ind. U. Math. J. 33 (1984), 721–740.]

[18] M. James. A partial differential inequality for dissipative nonlinear systems, Systems & Control Letters 21 (1993), 315–326.

[19] M. James and J.S. Baras, Robust output feedback control for discretetime nonlinear systems, preprint.

[20] P.L. Lions. Generalized solutions of Hamilton-Jacobi equations, Research Notes in Mathematics 69. Boston: Pitman, 1982.

[21] A.J. van der Schaft. On a state space approach to nonlinear H_∞ control, Systems & Control Letters 16 (1991), 1–8.

[22] A.J. van der Schaft. L_2-gain analysis of nonlinear systems and nonlinear H_∞ control, IEEE Trans. Auto. Control 37 (1992), 770–784.

[23] A.J. van der Schaft. Nonlinear state space H_∞ control, in Perspectives in Control ( H.L. Trentelman and J.C. Willems, eds.). Boston: Birkhäuser-Verlag, 1993.

[24] J.C. Willems. Dissipative dynamical systems, Part I: general theory, Arch. Rat. Mech. Anal. 45 (1972), 321–351.

Department of Mathematics, Virginia Tech, Blacksburg, VA 24061 Department of Mathematics, University of California at San Diego, La Jolla, CA 92093 Communicated by Hélène Frankowska