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Abstract

In this paper we use the information-state approach to obtain so-
lutions to risk-sensitive quadratic control problems. Specifically we
consider the case of tracking a desired trajectory. Results are pre-
sented for linear discrete-time models with Gaussian noise, and also
for finite-discrete state, discrete-time hidden Markov models with
continuous-range observations. These results give insight to more
general information-state methods for nonlinear systems. Using such
methods the tracking solution is obtained without appealing to a
certainty equivalence principle. Limit results are presented which
demonstrate the link to standard linear quadratic Gaussian control.
Also presented is a discussion on achieving zero steady state error
with risk-sensitive control policies. Simulation studies are presented
to show some advantages of using the risk-sensitive approach.
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1 Introduction

Recently there has been much interest in risk-sensitive control techniques.
Such control policies lead to an optimal solution, similar to the case for lin-
ear quadratic Gaussian (LQG) control, however, with a risk-sensitive policy
the controller’s sensitivity to risk can be varied. One application area for
risk-sensitive control has been in economics where risk-sensitivity is termed
hedging or risk-aversion, for example Karp [9] and Caravani [5]. In these

*Received February 1994; received in final form September 22, 1994. Summary ap-
peared in Volume 6, Number 3, 1996.

TPartially supported by the Australian Telecommunications and Electronics Research
Board (ATERB) and the Co-operative Research Centre for Robust and Adaptive Sys-
tems ((CR)2ASys).



[.LB. COLLINGS, M.R. JAMES, J.B. MOORE

papers it is seen that advantages can be gained from the risk-sensitive
approach, for problems such as dynamic trading and futures market pre-
diction.

The particular risk-sensitive control policy we consider in this paper
involves an exponential in the cost function. This approach was first taken
by Jacobson [6], when considering the risk-sensitive LQG problem with
state feedback. Jacobson demonstrated a link between exponential perfor-
mance criteria and deterministic differential games. He showed that the
risk-sensitive approach provides a method for varying the the robustness
of the controller and noted that in the case of no risk, or risk-neutral, the
well known LQG solution [3] would result.

The risk-sensitive linear quadratic Gaussian (LQG) output feedback
control problem was first solved by Whittle [12], where use was made of a
risk-sensitive version of the certainty equivalence principle. This allowed
the state estimation and control optimisation to be decoupled, solved sep-
arately and then re-coupled. The continuous-time case was solved by Ben-
soussan and van Schuppen [4] using a different technique, one which gener-
alises to the nonlinear case. Recent developments in risk-sensitive control
have included a solution to the output feedback control problem for nonlin-
ear systems using information-state techniques (James, Baras and Elliott
[7]). The solution is of course infinite dimensional, but does not require the
use of a certainty equivalence principle.

In this paper we present the output feedback risk-sensitive LQG solu-
tion derived via the methods in [4, 7]. Specifically, we consider the case
of tracking a desired trajectory. We show that the equations are consis-
tent with those presented in [12] (although the tracking results here are
in a much more intuitive form), and that in the “risk-neutral” case, the
standard LQG solution results. The solution to the discrete-time hidden
Markov model (HMM) risk-sensitive tracking problem is also presented.
This system results in a finite-dimensional information-state, with an in-
finite dimensional dynamic programming task. However, it is possible to
discretize that information-state space and thus obtain approximate solu-
tions. Also discussed are methods for achieving zero steady state error for
tracking with risk-sensitive control policies.

The key to the technique used in this paper is that an information- state
is chosen in such a way that it represents both a state estimate and the
cost incurred to the time of the estimate. A change of reference probability
measure is used to arrive at a linear recursive update equation for the
information-state. Then dynamic programming methods are employed to
obtain the solution to the control problem, having been re-formulated in
terms of the information-state. This derivation is fundamentally different
to Whittle’s approach [12], being more closely linked to Bensoussan and
van Schuppen [4].
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An important feature of this paper is that it presents a finite dimen-
sional solution to the risk-sensitive output feedback control problem in the
LQG case. It therefore provides a finite-dimensional example of the quite
general infinite-dimensional controllers derived in [7], and gives insight to
the nonlinear control solution. The presentation of results for tracking with
hidden Markov model systems demonstrates a nonlinear situation where a
finite dimensional information state can be derived. The dynamic pro-
gramming solution is infinite dimensional, but can be approximated, as
discussed later in Section 3.4.

Simulation studies are presented in an effort to demonstrate the effect of
variations in the controller’s sensitivity to risk. Various tracking problems
are considered to show the advantages of the risk-sensitive approach.

2 Linear Systems

In this section we consider the risk-sensitive tracking problem for discrete-
time linear systems. The case of time-invariant systems is presented, how-
ever in this finite-time framework the result is equally applicable to time-
varying systems.

2.1 State space model

Consider the following discrete-time system on the probability space
(Q, F, P) with complete filtration {F}}

Tpt1 = Azy, + Buy, + vy,
Y1 = Cxp+wy (2.1)
zpy1 = Dy

over the finite time interval & = 0,1,...,7. The state of the system is

represented by the process z. The observable part of the system is rep-
resented by the process y. In this paper we will consider the problem of
output tracking, and denote the desired trajectory by Z. The process which
is to follow Z is defined by z. The random variables v;, and wj, have normal
densities ¥ ~ N(0,X) and ¢ ~ N(0,, ) respectively, where ¥ and , are
n X n and p X p positive definite matrices. The control, u, takes values
in R™. The complete filtration generated by (yo,...,yr) is denoted by
Vi, and the admissible controls u are the set of IR™-valued {))} adapted
processes. We write Uy for the set of such control processes defined on
the interval k,...,1[.

In order to reformulate the system model (2.1), a new probability mea-
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sure, P, can be defined by setting

dpP k
Nos = = L= l:HlAz : (2.2)
where Py — A Bui—1)d(y — Cryy)
), = $(@n = Azg_1 — Bup—1)¢(yx — Cap—1) - 53
¢ ERPII (2:3)

Here, Ao is an Fj, martingale and E[Ag,x] = 1. Now under P, x;, and y;,
are two sequences of independent, normally distributed random variables
with densities 9 and ¢ respectively. This reformulated model results in a
linear recursion for the un-normalised information-state, as in Section 2.3.

2.2 Cost

The cost function for the risk-sensitive control problem is given, for any
admissible control uw € Up,7—1, by

Juw) = FE [exp& {‘I’O,T—l + %CE'TMTZUT}] (2.4)

_ 1
E [AO,T expf {‘I’O,T—1 + imITMTxT}:| ; (2.5)

where

A k
ITEDY
l=j

Here, & > 0 is a real number and represents the amount of risk in the
control policy. For small values of 6, approaching zero, the effect is to
make control decisions assuming the stochastic disturbances are acting in
an average manner. For larger values of 6, the control is effectively more
conservative, or in other words, has a higher sensitivity to risk.

[.T%M.T[ + uI(NUg + (Ze41 — D.T[)’Q(Eu_l — Dzg)] . (2.6)

N | =

2.3 Information-state

In this section we present finite dimensional recursions for the information-
state which, as the name suggests, provides information about the state of
the system [10] p. 81. In the case of risk-sensitive control, it is convenient
to also include a component of the cost in the information-state. For the
formulation presented here, the information-state is a probability distribu-
tion (it can be compared to the ‘past stress’ in [12]). For small values of 6,
approaching zero, the mean and variance of the information-state become
the state and covariance estimates for the linear Kalman filter.

4
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For any admissible control u, consider the measure

A J—
ag(z)dz = E[Ag 1, exp(0%¢ k—1)I(zr € dz)|Vi] (2.7)
where I(.) is the indicator function.

Lemma 2.1 The information-state oy, (x) as defined in (2.7) obeys the fol-
lowing recursion

a1 (@) = ¢ (Yrgr) /]Rn A(Yry1 —C8) exp(0¥y, )Y (x — AL — Buy ) (€)d§
(2.8)
Proof:

apt1(z)de = E[Agp+1exp(0% ) (xp41 € dz)|Vit1]

[Aet100,k exp(094 1) exp(8o x—1)](zht1 € dx)|Vit1]
a1 (@) = fgo oo e LG exp (90, )i (0 — Azy — Buy)
Ao i exp(6%q —1)dP(zg, ..., o)
= ¢ (Yrt1) [ O(Wrt1 — C€) exp(0Ty 1)
Y(r — A — Buy)ay(€)d€

E
E

Theorem 2.1 The information-state o (x) is an un-normalised Gaussian
density given by

ar(x) = ar(z,xr) = Zrexp(—1/2)[(z — pr) Ry (x — )] (2.9)

where X = (pk, Ri, Zk), and py, R,' and Zy, are given by the following
algebraic recursions

fet1 = Reyr [S7'Bug
+5 Y Aa; (R e — A'STBuy + €', “typp1 — D' Q)]

Rl = Yl-u"l4g ' Ax!
Zip1 = ZilS| " arl "% exp (=3) [y — phpr Rty ]
(2.10)
where
ar, = C',7'C—-0M+D'QD)+ AL 'A+ R’ (2.11)
W = up(=ON + B'ST Blug + p Ry — 074 QFria

—(up Ryt —upB'S " A+ g, T'C —0%,,,QD)a
(R, ‘e — A'S™'Buy, + C', “lypp1 — 0D'Q7p41) (2.12)

under the condition that ap and Ry, be positive definite for all k.

5
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Proof: Due to the linearity of the dynamics, and the fact that v; and
wy, are independent and normally distributed, we know that ay(z) is an
un-normalised Gaussian density. The recursions for puy, kal and Zj, are
obtained by evaluating the integral in (2.8). The details are omitted. ™

Further matrix manipulations yield the following, more familiar, ex-
pressions

per1 = Apg + Buy, + AK), [C', M(yr+1 — Cp
=0, (C")™'D'QZ41) + 6(M + D'QD)puy]
K 2 (R;'+C', 7'C —6(M + D'QD))™
Rk+1 = X + AKkAI

(2.13)

which can be compared to the result presented in [12] for the case where
@ = 0. When @ # 0 (that is, for tracking), the equations here are in a
much more intuitive form than the tracking result in [12].

2.3.1 Limit result

Equations (2.13) can be re-expressed in the following form

teer = Apgp + Bug
A
prke = e+ Kilyper — Cpg
—0(, (C")'D'Qzp41 —, (C")"H(M + D'QD) )]
Ky £ (R7'—6(M+D'QD))'C"
[C(R.'—6(M +D'QD))~*C"+,]7!

Rpyr = Y+ ARy A

Ry = Ry—KiCR,

(2.14)
In the case when 6 approaches zero, it can easily be seen that the equations
in (2.14) reduce to the standard Kalman filter equations [2] p.40.

2.4 Alternate cost representation

In this section we show that the cost function can be expressed in terms of
the information-state. This allows the optimisation problem to be solved
by dynamic programming, without any appeal to a certainty equivalence
principle.

Theorem 2.2 For any admissible control u, the risk sensitive cost can be
expressed in the form

J(u) = E [{ar(-, x1), Br)] (2.15)
where (f(),q(")) = [gn [(2)a(2)dz and Br(z) = exp(§2' Mrz).
6
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Proof: We have from (2.5) that

J(u) [éo,T exp(6To,r_1) exp(alp Mrzr)]
[E [Ao,7 exp(6%o,7—1)B7(z7)| V7]
[ [ Br(2)ar(z)dz]

r(+, x1), Br)] -

[
| bl |

2.5 Dynamic programming

Following [7] we know that the alternative control problem can be solved
using dynamic programming. Suppose that at some time &k, 0 < k& < T,
the information-state x is x = (u, R, Z).

The value function for this control problem is [1, 7]

Viek) = _inf Ellaw ) | ar = a(x)] (2.16)

where (i is an adjoint process defined by
— 0
ﬂk(l’) = E[Ak+1’T exp(B\Ilk,T,l) eXp(§:L‘ITMT£L’T)|1‘k = :L’,yT] . (217)

The adjoint process can be compared to the ‘future stress’ in [12].

Theorem 2.3 [1, 7] The value function satisfies the recursion

VOGk) = inf BV (Xk+1(Xk % Ykt1), & + 1)]xx = X] (2.18)

and V(x,T) = {ar(.,x), Br)-

2.6 Dynamic programming solution
Theorem 2.4 The value function is the exponential of a quadratic in u
VX k) = Zioxp(8/2) i St + 28} e + S5 (2.19)

and the optimal control is linear in p

ufi" = —(N + B'S41B) ' B[Sy Ay, + Shy, + 0K}, (2.20)
where
Skvr = ((Sip)™ =60k, A = 4!
Ki = (N+B'Sp11B)"'B'Sii4, M = (M+D'QD)p™!
K} = 5Py, 867G 841 —OD'Q3k41), o = N+B'S.B
r = AK.C', "'Ce, 6 = I—0,3Sii1,k
0 = [(C,O) " +p RV, p =I—0R,(M + D'QD)
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Also S} and S,g are given by the following recursions

Sg M+ A'S¢ (I+BN7'B'Sg,, — 0,1, 1.58,) A
St = A'Spy — (I +0MRy)D'Q%p )
+A'Sp 1 BotB'(St,, +0K}) + 0A' K}

] i (2.21)
under the condition that (I —6, .S, |, 1) is positive definite for all k, and
C is positive definite except in the cases where C = D or D = 0.

Proof: By evaluating the dynamic programming equation (2.18) for
V(x,T — 1) it can be seen that the value function is the exponential of
a quadratic in g. The remainder of the proof is too long for presentation
in this paper, but is essentially an evaluation of the dynamic programming
equation (2.18), with appropriate variable transformations. [ |

Remark: The condition that C be positive definite, is a manifestation of
the variable transformation used in order to present the results in a form
which more readily demonstrates the link to standard LQG results. As
can be seen from the exclusion when D = 0, the condition only applies
to the tracking part of the solution, (i.e., S? and K} recursions). It is
possible to solve the dynamic programming problem without such a variable
transformation and thus remove the condition on C. |

In order to demonstrate consistency with the results presented in [12],
where an appeal was made to a certainty equivalence principle, and Q = 0,
we now set

), =S¢ +6R, SE ™ (2.22)

and @ = 0, which results in the following recursion for Il

I, =M+ A'[Il,}, + BN~'B'—6%]7'A (2.23)

under the condition that (I — 0RyII}) is positive definite for all k.
Substitution of (2.23) into (2.20), yields

upin = —N"'B'(II,}, + BN 'B' = 0%) YAl — R I;] 'pi| (2.24)

where the term [I — @Ry I1;] = 11y, is sometimes referred to as the minimum
stress estimate.

2.6.1 Limit result

In the case where 6 approaches zero, it can easily be seen that §k+1, A
and M approach Sj,;, A and M + D'QD respectively, and the following
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equations result from manipulations to (2.20) and (2.21)

u;cnm = _(N + B’Sg+1B)_1B’[SI%+1AMk + SZ+1]
Sg = M+ D'QD + AI[SI%+1 - Sl‘i+1B(N + B'S,‘j+1B)_1B'S,‘§+1]A
St = (A=B(N+B'S{; B) ' B'S{ 1 A) Sty — D'QZa

(2.25)
These are the standard LQG equations, as presented for example in ([3],
pages 32 and 81.)

3 Hidden Markov Models

In this section we present the risk-sensitive tracking result for Hidden
Markov Models. Such systems are discrete time and have finite-discrete
states. By finite-discrete we mean they have a finite number of discrete
states. We will consider the case of continuous valued observations.

3.1 State space model

Let X}, be a discrete-time homogeneous, first order Markov process belong-
ing to a finite-discrete set. The state space of X, without loss of generality,
can be identified with the set of unit vectors S = {ej,ea,...,en}, e; =
(0,...,0,1,0,...,0)" € TR"™ with 1 in the ‘" position [11]. We consider
that the process is defined on the probability space (2, F, P) with com-
plete filtration {Fj}. Suppose there is a family of generators A(u) =
(aij(u)),1 < 4,5 < n where a;;(u) = P(Xpt1 = e | X = e;,u) so that
E[Xkt1 | Xk, u] = A'(u)Xp. These generators depend on the admissible
controls, u. Of course a;j(u) > 0, Z?:l a;j(u) = 1, for each 7. In this pa-
per we consider the case of continuous valued observations y;,, and desired
trajectories Z. The state space model for the HMM is given by

Xpt1 = Al(u) Xi +mpq
Y = C(Xk) + wy, (3.26)
zr = d(Xk)

where my1 is a (A(u), F)) martingale increment, in that E[mgyq1 | Fi] =
0. Also, the random variable w;, has normal density ¢ ~ N(0,, ), where ,
is a p X p positive definite matrix.

In order to reformulate the system model (3.26), a new probability
measure, P, can be defined by setting

k
dP  — (X
Ao == =]]r. where X\ = $lye — (X)) (3.27)
dPlg, 5 d(yr)
Here, Ao is an Fj, martingale and E[Agx] = 1. Now under P, y is

a sequence of independent, normally distributed random variables with

9
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density ¢. This reformulated model results in a linear recursion for the
un-normalised information-state, as in Section 3.3.

3.2 Cost

The cost function for the risk-sensitive control problem for HMMs is given,
for any admissible control u € Uy, r—1, by

1
J(u) E {expt‘) {\1’071“1 + §X}MTXT}:| (328)

_ 1
FE |:A[)’T exp9 {\IJO,TI + §X%MTXT}:| R (329)

where

k
[X¢M X +upNug + (¢ — d(X0))' Q(2¢ — d(Xe))] . (3.30)

v, =Y

l=j

DN | =

3.3 Information-state

As in Section 2.3, we again present an information-state which includes

a component of the cost. Unlike the linear case, however, for HMMs the

information-state is a finite-dimensional probability distribution vector.
For any admissible control u, consider the measure

ar(es) 2 Aoy exp(0Tox1){( X, e5)|Vil. (3.31)

Theorem 3.1 The information-state oy, = (ag(e1),-..,ar(en))’, as de-
fined in (3.81), obeys the following recursion

‘ A1 = BkA'(u)Dkak ‘ (3.32)
where
_ e (Y (yrtr —cler)) V(Y1 — C(en))>
B, = diag ( ) ) (3.33)
Dy = diag (exp g[e'lMel + up Nuy, + (Zx — d(e1))' Q(Zx — d(er))],

o exp S e Mew + uf Nug + (5 — d(en) QU5 — d(enm) (3.34)

10
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Proof:

apt1(e) = E[Ao,k+1eXP(e‘I’O,k)<Xk+1:€i>|yk+1]
= [/\kHAg,kexp(B\IIk,k)exp(t‘)\Ilg,k,l)X,’iA(u)ei|yk+1]

— yk+1 C(e ))
B E[ P(Yr+1)

(3252 (X e5) exp §le Me; + ufNug + (2 — dle;) Q2 — d(e;))])
(Ej:l aji(u)( Xk, €j>) Aok eXP(e‘I’o,k71)|yk+1]

—tlucleid) 70 exp §lef Me; +uj Nug + (2 — d(e;)) Q2 — d(e;))]
aj;(uw)ay(ej)

Writing this in matrix notation gives the result. ]

3.4 Alternate cost and dynamic programming

For the HMM case, the cost (3.29) can be expressed in a separated form,
as in Theorem 2.2, with appropriate notational changes. The dynamic
programming solution is likewise obtained from Theorem 2.3. Unfortu-
nately in this case the solution to the dynamic programming equation
is not able to be evaluated in terms of Riccati equations, as in Section
2.6. The solution for the HMM system requires a search over all possible
control values for each backwards step and for each possible value of the
information-state. Therefore the HMM case results in a finite dimensional
information-state, but unfortunately has an infinite dimensional solution to
the dynamic programming problem. It is possible however to make practi-
cal approximations by quantising the information-state space and solving
the approximate dynamic programming problem. This can be computa-
tionally feasible in some cases since the information state is known to have
positive elements. Also, a normalised version of the information-state can
be used in the Dynamic programming problem since the following property
is known to hold in the HMM case [8]

Viea, k) = cV(a, k). (3.35)
In Section 5 we present an example of such an approximate dynamic pro-

gramming solution for this risk-sensitive HMM case.

4 Constant Reference Input Case

In this section we discuss the case where Z;, is a constant value. Under such
conditions it is possible to design an optimal controller with zero steady
state error. Here we consider the discrete-time linear system of section 2.

Consider the cost function given in (2.5). We note that for this general
function there exist some trade-offs which do not allow zero steady state

11
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error to be achieved. For example, (2.6) penalises deviations of xj from
zero, while at the same time penalising deviations of Dz from Zj, these are
conflicting objectives. Also, the control uy is penalised for deviations from
zero when we know that, in steady state, it must be a constant non-zero
value for this constant reference input case. These considerations indicate
that the tracking problem must be reformulated.

4.1 Control integrator approach

A standard method for obtaining zero steady state error, is to introduce
an integrator in the forward path of the control loop. This technique can
be used in this risk-sensitive case with a few minor adjustments to the
control policy. Figure 1 shows the block diagram for the control system
presented in the preceding sections of this paper. By introducing an inte-
grator and augmenting the state, as in Figure 2, it is possible to obtain a
more appropriate cost function.

Z
b - Y [ INFORMATION
J
Ka

Figure 1: Block diagram for standard control policy

In this section we choose the control u; to be an extra state, and define
a new control @y. The state of the augmented system is then given by

Gy = ( iz ) (4.36)

where zf, = up = Zle . This augmented state is an un-normalised
Gaussian density, and is given from equations (2.10) to (2.12), with

12
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Augmented Plant

(ABCD)

a H INFORMATION
K STATE

Nt

Figure 2: Block diagram for constant reference input case

appropriate re-definitions for the augmented system, by

Frp = (61 %“*(”a”(é)vk (437)

Yee1 = (C 0)Tp 4+ wy
Zk+1 = (D O)CEk

The cost function to be considered is now given, for Z, = Z, by (2.5) where
VU, 1, is re-defined as
A a1
U= 25 [uyNig + (2 — (D 0)7)'Q(2 — (D 0)7y)] (4.38)

t=j

It can easily be seen that for this cost function there are no conflicting
objectives, and as such zero steady state error can be achieved.

Unfortunately, however, there exist some hidden problems. The first is
that the new state Z;, has zero state noise and as such results in a singular
filtering problem. This can be overcome by assuming there exists some
noise of variance € and then taking the limit of the information-state, as
€ approaches zero. As can be seen from (2.13), the limit exits with K,
re-defined as

K 2 Ri(I+C', *CR, —6(M + D'QD)R;)"". (4.39)

The second problem is that in the case of modelling errors, even with the
augmented system, zero steady state error is not necessarily achieved. This

13
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is due to the fact that there exists a term in the optimal control law (2.20),
which is not proportional to the state estimate uj. If this term is not
calculated correctly, as would be the case with modelling errors, then the
control 4, would drive the output z; to an incorrect steady state value.

Although zero steady state error may not be achieved in certain cases,
there is still an advantage to applying the integrator approach. In the risk-
sensitive case, when modelling errors are present, it is possible to achieve a
lower minimum variance cost than for the case of LQG control (as can be
seen in Section 5). One problem however is that the step response can be
undesirable for values of # which are too large. By augmenting the system
with an integrator, the step response will be smoothed out, resulting in a
risk-sensitive policy which has both a lower minimum variance cost and an
acceptable step response.

4.2 Reference model integrator approach

An extra point to note is that in the scheme presented so far, it is necessary
to have prior knowledge of the constant reference input signal, Z. An
approach for removing this assumption, commonly used in LQG tracking
systems, is to model the reference Z by a first order integrator,

T — r r
Tpp = Tty

- 4.40
Zy1 = Daxj ( )

This would of course slow the response of the system, but would have the
advantage of zero-steady state error in conditions of uncertain models. The
augmented state vector is given by

o= 25 | . (4.41)

This new augmented state is again an un-normalised Gaussian density, and
is given from equations (2.10) to (2.12), with appropriate re-definitions for
the augmented system, by

A B 0 0 (U
Frp1 = 0 I 0 |&@+| I |ar+]| 0

0 0 I 0 vy (4.42)
Yerr = (C 0 =D )&k +wy
Zk+1 = (D 0 -D ).i'k

The cost function to be considered is given by (2.5) where ¥, j, is re-defined
as

k
1 N i
v, 2 > 5 l@Na+#(D 0 -D)YQ(D 0 —D)&]. (443)
=

14
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In this case there are no terms in (4.43) which are linear in Zj,, and as such
the optimal control will be proportional to the state estimate pu; and have
no extra terms (i.e., SZ and K£ will not appear). In fact the solution to
the dynamic programming problem for this augmented system is given in
Theorem 2.4 with the following substitutions (in addition to those for the
augmented system representation (4.42))

M=(D 0 -D)Q(D 0 -D), Q=0 (4.44)

Due to the purely proportional feedback nature of this solution, it can
now be seen that it is possible to obtain zero steady state error even in
the case of modelling errors, as there is no longer a constant offset term
contributed by K ,’i Unfortunately, however, the initial transient will suffer
due to the fact that the controller is no longer able to anticipate the step
in the reference input, as it is now assumed to be unknown.

One final point to note is that this second augmentation can be used
without the first augmentation, and zero steady state error will result for
the case where N = 0, (this is termed cheap control). However, undesir-
able oscillations in the transient response will increase, compared to the
situation where an integrator is present in the forward path.

5 Simulation Studies

We now present simulation studies to demonstrate the effect of variations
to the risk-sensitive parameter 6.

One practical motivation for a risk-sensitive approach is when high order
systems are to be optimally controlled by standard PID controllers. In this
case, higher order controllers can be represented by low order controllers
(by appropriate model reduction) while the risk-sensitive parameter can be
used to, in effect, robustify the model order reduction. It is partly for this
reason that we concentrate our simulation studies on second order systems.
However, higher order systems are straightforward extensions in this vector
framework.

An important point to mention is that classical controllers can be de-
signed for the control problem considered in the first three examples, how-
ever the classical techniques do not perform an optimisation of any criterion
(as such control energy can be restrictively high), and they rely to a large
extent on the designer placing poles and zeros in ‘good’ locations, often
via iterative techniques, rather than the optimal LQG and risk-sensitive
policies which are entirely structured, once the cost criterion is specified.
Therefore we focus our attention, in this section, on comparing the stan-
dard LQG results with those of the risk-sensitive tracker developed in this

paper.
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In Example 4, a two-input two-output system is considered, for which
a classical controller is not easily derived. In contrast, the risk-sensitive
controller for such a system is generated by a straight forward extension of
the single-input single-output case considered in the first three examples,
and therefore demonstrates another of the features of this risk-sensitive
approach, namely expandability to higher order systems.

Example 1: In this example we demonstrate a case where modelling
errors are present. The true system is given by the following parameters

-02 0 D =[10] 0 1

A:{—0.2 1} B:{ 0.9} C =110 M:{l 0]
—0.6
T =100 2:{8'01 0] N=01 , =0.01

0.01 Q =100

and the trajectory to be followed, Zy, is a unit step at & = 20. The modelling
error is introduced by assuming in the design that A is given by

08 1
A= [ ~0.8 0] '

Table 1 gives values of the LQG, minimum variance, cost function (i.e.,
Uo.r_1 + 0.5z Mrxr) averaged over 100 simulation runs. It can be seen
that in the case where no modelling error is present, of course # = 0 gives
lowest cost. However, when the error is introduced, a higher value of 6
gives a lower minimum variance cost. This example displays an advantage
of the risk-sensitive approach in the presence of modelling errors.

Unfortunately, the sample path properties may not improve with a lower
minimum variance cost, as one would wish, especially if 6 is too large. Here,
too large will depend on the type of modelling error, and will of course be
unknown to the designer. Figure 3 shows a typical sample run for the
case of no modelling errors. It shows that the cost function chosen for
the tracking task considered, results in little difference in tracking errors
between the LQG and risk-sensitive policies. Figure 4 shows a typical
sample run for the case where modelling errors are present. Even though
the minimum variance cost is lower for the risk-sensitive policy, the tracking
performance might not be as desirable, having much greater oscillations in
the transient response. The conservative risk-sensitive controller places
more emphasis on correcting for large errors, therefore the initial response
is faster, resulting in more oscillations. It is thereby making a trade-off
between a lower variance cost, and adding more oscillations. Therefore the
desirability of a risk-sensitive approach cannot be measured purely by the
minimum variance cost.

Example 2: In this example we demonstrate the case of a constant
reference input, where an integrator is added in the forward path of the
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control design. The system is the same as in Example 1, but with M =
05.5. When no modelling errors are present, zero steady state is achieved.
When errors are introduced to the model it is not possible to have zero
steady state error, however Figures 5 and 6 demonstrate that there are
still advantages to the integrator approach. The modelling error in these
figures is the same as that in Example 1. As can be seen from the figures,
the addition of an integrator effectively increases the usable range of risk-
sensitive parameter values, #, by smoothing the step response.

Example 3: In this example we demonstrate the case of a constant
reference input, where an integrator is added in the forward path of the
control design as well as using a model for the reference. As can be seen
from Figure 7 zero steady state error is achieved for both modelling er-
rors and no modelling errors, however it is at the expense of the speed of
transient response, (especially in the LQG case). The other point to note
from this example is that the benefit from a risk-sensitive control policy is
reduced when integrators are added. This is due to the fact that integra-
tors have the effect of adding robustness to the controller, and as such the
robustness gain from the risk-sensitive policy is seen to reduce. This can
also be seen by the fact that the LQG cost function is much smaller when
zero steady state error is achieved, compared to when it is not achieved.
The result is that the effect of varying 6 is less, as the variation is over a
less steep region of the exponential curve.

One final point to note is that the LQG design is not optimal for the
doubly augmented system, due to the fact that the reference is modelled
by an integrator (4.40) when in fact it is a deterministic signal. This can
be considered to be a modelling error in the design, and as such the LQG
solution is not optimal with this augmentation. In fact, for the example
considered, the cost is actually less for the risk-sensitive solution than for
the LQG solution, even in the case where A is known precisely (i.e., the
line labelled ‘no modelling error’ in Figure 7).

Example 4: In this simulation study we present an example of a two-
input two-output system. The state variables, A, M, T, and X are the same
as in Example 1. The remainder of the parameters are :

0.9 0.8 10 1 0
o= % 2] o= 1] p=fo Y]
0.01 0 100 0
’_[0 0.01} N= [ ] [ 100}
and the desired trajectory is a unit step in the first output and a zero
response in the second output.

The results are presented in Figure 8, which again demonstrate the
effect of varying the risk-sensitive parameter. These results are for the
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doubly augmented system, as in Example 3. It can be seen again, that
the more conservative controller, corresponding to 8 = 0.07 initially makes
more of an effort to follow the step-jump, and to achieve a lower cost,
however it also results in more oscillations. The more risky controller,
corresponding to = —0.07, in effect starts by assuming the step-jump is
just extra noise, and risks ignoring it. The overall cost is higher, but the
response is smoother. Obviously a trade-off exists, and this is where the
risk-sensitive controller, with its variable risk-sensitive parameter, becomes
extremely useful.

Example 5: In this simulation study we present an example of an
approximate solution to the risk-sensitive HMM control problem of Section
3. The system is given by the following parameters

0
A_[o.l 0.9]+{ u —u} (&)= (] 1 | Xk
109 01 - 0
SN axy = |
00 N =01 . =2
M‘[o 1} Q=0 T =100

and in this example there is no trajectory to be followed, (i.e., Z; = 0).
We see from this system that in an uncontrolled situation, the output
trajectory, zp, will tend to oscillate between the values 0 and 1 at each
discrete time instant. From the definition of M we see that the control
objective is to force zj to the value zero.

In this example the dynamic programming problem is solved by quan-
tizing the normalized information-state, o}, into six discrete values,

aj € {(tx0.2,m x0.2)"} 0<¢,m<5 l+m=5 (5.45)
and allowing only three possible control values
ur € {0.1,0.3,0.5}. (5.46)

The dynamic programming problem is then solved by evaluating the cost
which minimizes the value function for each possible information-state, f,
at each step backwards in time, k.

In order to demonstrate the effect of the risk-sensitive parameter on
the control policy we present, in Table 2, the steady state control values
which result from the approximate solution to the dynamic programming
problem. It can be seen that as the risk-sensitive parameter increases, the
information-state must be increasingly more confident of the true state,
before the controller is willing to apply a large control value. This example
therefore demonstrates the robustness property gained from increasing the
sensitivity to risk.
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6 Conclusion

In this paper we have presented the solution to the linear risk-sensitive
quadratic Gaussian control problem. Results have been derived for the
case of tracking a desired trajectory. The solution to the dynamic program-
ming problem has been achieved without the need to appeal to a certainty
equivalence principle, and hence gives insight to the solution for nonlinear
systems. Limit results have also been presented which demonstrate the
link to standard linear quadratic Gaussian control. Also, the solution to
the problem of risk-sensitive tracking for hidden Markov models has been
presented, as well as a discussion on achieving zero steady state error with
risk-sensitive control policies. Simulation studies were presented in order
to show some advantages of the risk-sensitive approach.

x 102 0=0(LQG) | #=0.1|6=0.15
No model error 4.714 4.715 4.716
With model error 9.363 6.076 6.593

Table 1: Error analysis for risk-sensitive control

q

(05)

(%

(ox )| (0s) (03)

0.1 0.1 0.1 0.1 0.3/0.5" 0.5 0.5
0|1 0.1 0.1 0.1 0.1 0.5 0.5
10 0.1 0.1 0.1 0.1 0.1 0.5

* control oscillates between the two values

Table 2: Risk-sensitive HMM control values
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1.2

0=0(LQG)

0.6 ]
0.4 ]
0.2 ]
o -
0 20 40 60 80 100
Timek

Figure 3: No modelling errors

Figure 4: With modelling errors
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25
6=0.15
2, -
15 With integrator
P
a
N
0.5
0 No integrator
0 20 40 60 80 100
Timek

Zz=Dx

Figure 5: Augmented system with modelling errors, # = 0.15

2.5

With integrator

(0] 20 40 60 80 100
Timek

Figure 6: Augmented system with modelling errors, 8 = 0.17
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I\

r'  With modelling error

)
’ ‘ ¢
I N

15

z=Dx

80 100

Figure 7: Doubly augmented system 6 = 0.15

' With modelling error 1

Zz=Dx

0% 20 40 60 80 100

Figure 8: Two-input two-output system with modelling errors
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