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On Fixed Gain Recursive
Estimation Processes*

Lészl6 Gerencsér!

Abstract

An important class of fixed gain recursive estimation processes
can be approximated by random differential equations, the right
hand sides of which are L-mixing random fields. It will be shown that
the solution trajectories of these random differential equations follow
the trajectories of the corresponding deterministic differential equa-
tion obtained by averaging so that the tracking error is majorated by
an L-mixing process,the moments of which can be estimated. The
result is applied to prove a theorem on the pathwise tracking ability
of a time-varying recursive estimation scheme.
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1 Introduction

The purpose of this work is to present a rigorous mathematical analysis
of a time-varying recursive parameter estimation scheme, that is suitable
for the “identification” of linear stochastic systems. For the time invariant
parameter estimation problem this scheme was proposed in [19] and [4] and
its usefulness was demonstrated in [20], [2] and [3]. An estimation scheme
that is suitable for the tracking of time varying parameters is obtained
using fixed gain instead of decreasing gain, typically 1/n. The first steps
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towards the analysis of this algorithm were presented in [7], in which some
classical averaging methods were applied (cf. [5]).

Fixed gain recursive estimators for adaptive filtering were used in [18]
using a weak convergence framework. The main result of that paper is
a characterization of a fixed gain recursive estimator process by a limit
theorem for a sequence of problems with fixed gains which tend to zero.
Another aspect of the same problem, namely the rate of convergence of
the estimator process was recently considered in [13]. Structured problems
of time-varying estimation, i.e. problems where the parameter process is
assumed to be the output of a linear stochastic system of known structure,
were considered in [21]. The nature of time varying estimators was explored
in more detail for off-line identification using exponential forgetting in [6],
and was further elaborated in [12] and [16].

The major advance of the present paper is that we characterize the
actual estimator process instead of a somewhat artificial limiting process;
we give a pathwise characterization of the estimation error rather than an
upper bound for its moments; and finally, we do not impose any structure
on parameter process.

Fixed gain estimators are of particular interest in at least two impor-
tant problems of the statistical theory of linear stochastic systems: model
selection (cf.[15]) and change point detection (cf.[14]). In both papers a key
role is played by what is called fixed gain predictive stochastic complexity
(cf.[23, 11]).

The first and major part of this paper is devoted to the analysis of
what is called the frozen-parameter system. This is a random differential
equation, the right hand side of which is a so-called L-mixing random field.
We shall develop an averaging principle, which captures the properties of
the tracking error in a fairly precise way. The application of these results
to time-varying recursive estimation will be given in Section 3.

To start the technical discussion we introduce some notations and def-
initions which have been introduced partly in [8]. The set of real numbers
will be denoted by R, the p-dimensional Euclidean space will be denoted
by R? and we write R™ = {t: ¢ > 0}.

Let a probability space (2, F, P) be given, let D C RP be an open
domain and let (z4(f)): @ x RT x D — R" be a stochastic process. Here
6 is considered as a parameter. We say that (z:(0)) is M-bounded if for all
1<g< @

My(z) = stl>1£)E1/4|a:t(9)|q < 0.
feD

Here |-| denotes the Euclidean norm. We shall use the same terminology
if @ or t degenerate into a single point. Also we shall use the following
notation: if (x4()) is M-bounded, we write (x¢(f)) = Opr(1). Moreover, if
(¢t) is a positive real-valued function, we write z:(0) = Opr(ct) if 24(0) /et =
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Oum(1).

A key tool in the analysis of estimator processes is the concept of L-
mixing which we are now going to introduce. Let (F5), s > 0 be a family of
monotone increasing o-algebras, and (F;),s > 0 be a family of monotone
decreasing o-algebras. We assume that (F;") is continuous from the right,
ie. F} = 0{Uo<.F/ .}. Furthermore assume that for all s > 0,F, and
F are independent. For s <0 F} = F;.

A stochastic process (z:(6)),t > 0 6eD is L-mixing with respect to
(Fi, F;7) uniformly in 6 if it is (F;)-progressively measurable, M-bounded
and if we set for 1 < ¢ < 00

Y(r) = 74(7,2) = sup EV?zy(8) — E(z ()| FL )" 720,

t>7
0cD

then we have ~
,q:,q(x):/ Ye(T)dr < 0.
0

It can be shown that v,(7) is measurable and thus the integral makes
sense. If the process does not depend on a parameter, then we define L-
mixing in an obvious way. We shall sometimes use the notations mzs(O) =
E(x4(8)|F;), for s < ¢ and write z4(0) as :(0) = =/, (0) + = ().

The above definitions extend to discrete-time processes in an obvious
way. Let D C R? be an open domain and let the stochastic process (z,,(6)) :
OxZxD — R" be a stochastic process. We say that (x,,(0)) is M-bounded
ifforall1 < ¢ < oo

M,(z) = sup EY9|z,,(0)|7 < oo.
o

Let (F,),n > 0 be a family of monotone increasing o-algebras, and
(F;F),n > 0 be a monotone decreasing family of o-algebras. We assume
that for allm > 0, F,, and F," are independent. For n < 0 we set F,\ = }'0*.
A stochastic process (z,,(#)),n > 0 is L-mixing with respect to (Fy,, F,1)
uniformly in 6 if it is (F,,)-progressively measurable, M-bounded and if we
set for 1 < ¢ < o0

Y4(T, %) = 74(7) = sup EY2,(0) — Bz (0)| Fi_, )|
6eD

where 7 is a positive integer then

v = q(@) :Z'Vq(T) < 00.

Some of the basic results of the theory of L- mixing processes were
developed in [8], and a summary of them was given in [12].
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To capture the smoothness of a stochastic process (z:(#)) with respect
to 6 we define

Az/A0 = (Az/A0)¢ (0,0 + h) = |z:(0 + h) — :(0)|/|h]

for t > 0,0 # 6 + heD. A stochastic process (x:(#)) is M-Lipschitz-
continuous in @ if the process Az/Af is M-bounded; i.e. if for all 1 <
q < oo, we have

M,(Az/A0) = sup EY9z,(0 + h) — x4(8)|?/|h| < 0.
t>0
0#60+heD

We define , ,(Az/Af) in an analogous way. Finally, we introduce the
notations

M, () = My(x) + M,(Az/Af) and , (z) =, 4(x) +, ;(Az/AF).

1 q
Now we start the discussion of the subject matter of this paper. Con-
sider the random differential equation

0, = H(t,0;,w) + 6H(t,w) f,=¢ s>0 (1.1)

where (H (t,6,w)) is a random field defined on the probability space (2, F, P)
for t > 0 and feD, where D is an open domain in R? and 6H (t,w) is a
perturbation term. Define the random field AH/A# as above by

AH/AO(t,0,0 + h,w) = |H(t,0 + h,w) — H(t,0,w)|/|h|
for 0,0 + heD,h # 0. We assume

Condition 1.1 (H(t,0,w)) and (AH/A6(t,6,0 + h,w)) are continuous in
t and bounded in (¢,0,w) and (¢,6,6 + h,w) respectively, say

\H(t,6,0)| <K and |AH/A(L,6,6 + h,w)| < L.

Condition 1.2 The process §H (t,w) is a measurable, bounded process,
satisfying |6 H (t,w)| < 6K < K.

This condition ensures that (1.1) has a unique solution which can be
continued until 8; escapes D. To get an averaging principle for random
differential equation we need to assume some kind of mixing property of
the random field (H(¢t,0,w)) .

Condition 1.3 H and AH/A# are L-mixing uniformly in 6 for feD and
in 0,0 + heD respectively, with respect to a pair of families of o-algebras
(Fu, FiH).
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An important step in the study of random differential equations is the
development of an averaging method. The concrete form of this method
may vary from problem to problem, cf. e.g. the paper of [5] and the refer-
ences therein. A common feature of these methods is that the solution of
the random differential equation is compared to the solution of a determin-
istic differential equation, the “averaged differential equation.” However,
instead of exact averaging we consider approximate averaging. Let us con-
sider a decomposition of the expectation of H(t,0;,w) into a dominant and
a residual term as follows:

EH(t,0,w) = G(t,0) + 6G(¢t). (1.2).
Then the ordinary differential equation
9 = G(t,yt) ys =&, 520 (1.3)
is the approximate averaged differential equation.

Condition 1.4 We assume that G(t,y) is defined on R* x D; it is con-
tinuous and bounded in (¢,y) together with its first and second partial
derivatives as indicated below

G(t,y)l <K, [0G(t,y)/0yll < L 110°G(t,y)/0y”|| < L.
Here || - || denotes the operator norm of a matrix.

This condition ensures the existence and uniqueness of the solution of
(1.3), which we denote by y(t,s,£) in some finite or infinite time interval.
Further details will be provided in Condition 1.6.

Condition 1.5 The perturbation term §G(t) satisfies |§G(t)| < 6K.

Note, that the constants in the upper bounds in Condition 1.4 and 1.5
are identical with the constants in Conditions 1.1 and 1.2. This is no serious
restriction and makes the calculations and the interpretation of the results
easier.

We associate with the differential equation (1.3) a flow in the phase
space in the usual way: for any £ we define ¢; (&) = y(t,s,&). Let Dy C D
be any subset of D such that for some t,s > 0 we have ¢; ;({)eD for any
&eDy. Then the image of Dy under ¢ s will be denoted as ¢ s(Dy), i.e., we
set

¢t,s(D0) = {y NS y(tasv€)7£€D0}-

Assume now that ¢; s(Dp) can be defined for any ¢,s > 0.Then we denote
the union of these sets by ¢(Dy); i.e., we set

¢(Do) ={y:y =1yt s forsome t>s>0}.
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The € neighborhood of the set Dy will be denoted by S(Dy, ) i.e. S(Dyg,¢e) =
{6 : 16 — z| < € for some zeDy}. The interior of a compact domain D is
denoted by intD.

Condition 1.6 There exist compact domains D¢ C Dy C Dy C Dy C D
such that we have ¢(D¢) C intD, , S(D,,d) C intDy for some d > 0 and
#(Dg) C intDy. (The subscripts indicate the processes, which live in the
corresponding domains.)

It is well-known (cf. [22], Ch. 24 Th. 17, or [17] Ch. V Th. 1.1), that
y(t,s,€) is a continuously differentiable function of (¢,s,£) and even
(02/0€%)y(t,s,€) exists and is continuous in (t,s,£). We can therefore
express exponential asymptotical stability of (1.3) in the following way:

Condition 1.7 For some ¢y > 0 a > 0 we have for all 0 < s < t,0eDy

|2
08

It is no loss of generality to assume that ¢y > 1.

(t,s,0)] < coe” (t=5),

Note, that (0/908)y(t,s,0) = Y(t,s,0) is the solution of the linear dif-
ferential equation

V(t,s,0) = (%G(t,y(t, 5,0))Y(t,s,0) V(s,s,0) =I. (1.4)
It is interesting to note here that exponential asymptotical stability im-
plies under the conditions given above that the second order derivatives
(0?/06%)y(t,s,0) = (0/00)Y (t,s,0) also decay exponentially in (¢t — s) (cf.
Lemma 4.2 of Appendix).
In the formulation of the theorem below we also need the process H
defined by
H(t,0,w) = H(t,0,w) — EH(t,0,w).

We shall introduce constants which depend only on the constants appearing
in the conditions above, i.e. K, 0K, L, d, ¢y, and a. These constants will
be called system constants.

Theorem 1.1 Assume that Conditions 1.1-1.7 are satisfied. Then for
&eDy¢, any initial time s > 0 and sufficiently large d the solution 6; is
defined for allt > s, 6,¢Dg and |0, —y;| < coa™t-4K. Here d is sufficiently
large, if d > coa ' X\AK. Moreover setting T = o' we have for small a

sup 0¢ — yi| < On
nT<t<(n+1)T
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where (6,) is an L-mizing process with respect to (Fur, F ) and we have
forany2<qg<ooandr>p

M,(8) < Ca™Y2(M)(H) -, L.(H))Y? + Ca™ 16K 1.5
, o(6) < Ca 2 (M (H), ! (H)/? + Ca 6K + C, | (H) 16

where C = ¢ - exp30cg(1+ La™)(1+ Ka™"'), and here ¢y depends only on
D,q,7, Dy and D.

An important feature of the theorem is that the moments of the tracking
error are directly estimated through systems characteristics. On the other
hand, the tracking error as a stochastic process has also been characterized
to a degree which is quite useful for applications.

It is of interest to check the effect of scaling onto the upper bounding
process (8,). Let us consider a family of problems parametrized by A,
wheresay 0 < A < 1:

0} = N(Ht,6),w) + 6H (t,w)) 9) = ¢. (1.7)

We shall assume the validity of Conditions 1.1, 1.3, 1.4 and 1.6 uniformly in
A. For the latter condition this means that the domains D¢ C Dy, C Dy C
Dy and d are independent of A\. The presence of the scaling parameter A
justifies some modifications in connection with Conditions 1.2, 1.5 and 1.7.

Condition 1.2' The process §H*(t,w) is a measurable, bounded process,
satisfying |[§H*(t,w)| < A - K, where K is independent of ).

Condition 1.5' The perturbation term §G*(¢) satisfies |§G*(t)| < A - K,
where K is independent of .

Let us associate with (1.7) the family of ordinary differential equations

g = AG (t,y7) yo =& (1.8)
and let its general solution be y*(t, s, £).

Condition 1.7" For some ¢y > 0,a > 0 we have for all 0 < s < ¢, feDy,

0<A<1 R
‘fi(t,s,m‘

00

and here ¢y and a do not depend on .

< Coe—ka(t—s)

Remark If G*(t,y) does not depend on ¢, then Condition 1.7 is a direct
consequence of Condition 1.7. On the other hand, for truly time-varying
differential equations g = AG(t,y;') with fixed G(t,y) on the right hand

7
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side, Condition 1.7" may not be satisfied: for small \’s the above differential
equation may lose stability. This is why there should be some dependence
between A and G(t,y), which is expressed by the superscript A.

Theorem 1.2 Assume that the Conditions 1.1,1.8,1.4 and 1.6 are satisfied
uniformly in \,and Conditions 1.2°,1.5’ and 1.7’ are also satisfied. Then
for €Dy, any initial time s, 0 < X < 1 and for sufficiently large d, 6} is
defined for all t > s, 6} eDy and |0} — 3| < coa'4K and we have

|9§\ _yt)\| < ‘ﬁ\t

where (8%) is an L-mizing process with respect to (Fi, F;) and for any
g1
M, (6)) < eXt/?, and L (62) < ex1/?

where the constant ¢ is independent of \.

Note that the essential supremum for the absolute value of the deviation
does not decrease with A. Using Theorem 1.2 we can derive the following
result, which gives a pathwise characterization of the process (6;'):

Corollary 1.3 Let (F(0)) be a continuously differentiable function of 6
defined in D. Then we have

1 T
lim sup = [ |F(6}) — F(y})|dt < eX'/?
T—o0 T 0

with probability 1, where ¢ is a deterministic constant, which is independent

of \.

In the application we present in Section 3 we shall need a discrete
time version of Theorem 1.2. Let us consider a discrete-time random field
H>(n,0,w) and a discrete-time random process § H*(n,w). We will consider
processes defined by

6 (n +1) =0 n) + AM(H (n + 1),0 (n),w) + §H (n + 1),w)). (1.10)

We define a continuous time extension of the correction terms as follows:
set for n <t < n+1 HNt,0,w) = H n + 1,0,w) and §H(t,w) =
§HXn + 1,w). We define 7y = Fyq1, Fyf = Fl,. Let the functions
G*(n,0),5G*(n) satisfy

EH*(n,6,w) = G n,0) + 6G*(n),

and let G*(t,6) be the the piecewise constant extension of G*(n, #), defined
by GMt,0) = GMn,0) for n <t <n+ 1. We define §G*(t,6) analo-
gously. Then the associated differential equation is defined as in (1.8).
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Theorem 1.4 Assume that H», §H*, G*, 6G* satisfy the conditions of
Theorem 1.2, and 0, is generated by (1.10). Then replacing 6} by 0 the
conclusion of Theorem 1.2 hold.

2 The Proofs

First we prove Theorem 1.1 in several steps.

Step 1 First we show that #;eDy for all t.

Assume s = 0 and apply Lemma 4.1 of the Appendix to express 0; — y;.
Note that along the trajectory #; we have H+6H -G = H—EH+H -G =
H +6H + 6G. Thus by Lemma 4.1 we get that as long as 6; does not leave
Dy we have

0; —ys = /0 %y(t, 5,05)(H(s,0,,w) + 6H(s,w) + 6G(s))ds. (2.1)

Taking into account the stability condition (Condition 1.7) and the inequal-
ities |H| < 2K, |0H| < K, |6G| < K, we get

t
0 — ye| < / coefa(tfs) CAKds < ep - 4AKa t.
0

Thus if K is sufficiently small, then |6; — y;| will always be smaller than
the distance between D, and Dy, where D§ denotes the complement of the
set Dy; hence 0; will stay in Dy for all ¢. Thus Step 1 is complete and the
first proposition of the theorem is proved.

To prepare Step 2 we need to introduce some notations. Let us sub-
divide the positive real line into intervals of length 7. In the interval
(n,(n + 1)T) we consider the solution trajectory of (1.3) starting from
O(nT) at time nT, say ¥,; i.e., 7, is defined by

jt = G(tayt)a ﬂ(nT) = e(nT)
We shall give an estimate of |§; —7,| in nT <t < (n + 1)T, which is much
sharper than what we obtained at the beginning of Step 1.

Step 2 We shall prove that for T = a~! we have

sup |0, — 7| < c*(ny, +677),
nT<t<(n+1)T

where (7)) is defined in terms of the random field H = (H(s,y,w)) along
deterministic trajectories as follows:

t
mo= s [ @000+ )T, 5,(5,nT.0) Hls,y(s.nT,0),0)ds
nT<t<(n4+1)T J T
6cDg
(2.2)
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and 6n* is a constant given by
on* =2coat - SK. (2.3)
Furthermore,
¢t =expdcd(1+ La ") (1 + Ka™t). (2.4)

c is a system constant.

For the proof we first note that Condition 1.6 ensures that y,eDy for
all ¢ > 0. There is no loss of generality to assume that n = 0, and then we
get from (2.1)

b=l <l | t(a%y(t,s,m)) (FCs300) + 817(5,) + 065 s+

+7r1 + 12+ 173 (25)
where
t 8 . o
n=1f (a—fyu,s,ys)(H(s,es,w) — (s, Ty 0))ds]
|/ y(t, s,05) 0 (ts‘))ﬁ(sﬁ w)ds|
) ) aé‘y ) 7yS ) ERl
and

—| / (e0(t:5.00) = Seu(t.s.3,) ) (0H (s, + 56 (3)) s

Since ||(8/0€)y(t,s,€)|| < co, and H is Lipschitz-continuous in # with
Lipschitz-constant, L we get that

¢
T S/ coL|0s — 7, |ds.
0

On the other hand, it can be shown (cf. Lemma 4.2 the of Appendix) that
Conditions 1.4 - 1.7 imply

62 3 1
I gyt €l < cjLa™;

hence (0/0&)y(t,s, &) is Lipshitz-continuous in ¢ with Lipschitz-constant
c3La~! and we thus get

¢
To S/ coLa™'|6, — 7,|2K ds.
0

Similarly,
t
rg < / coLa™' |0, —7,|2K ds.
0

10
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Thus
T T
rL+re+ry < /(CUL+03LCM714K) -10s — 7Y, lds = cl/ |0s —7,lds (2.6)
0
0

with
1 =coL+ciLat 4K, (2.7)

Thus we can write (2.5) as

t
p-ml<| [ (%ya,s,ys)(ﬁ(s,ys,w) T H(s,w) + 6G(s>)ds|+

t
+/ c1|0s — 7, ds. (2.8)
0

To estimate the first term on the right hand side note that (9/9€)y(t, s, &)
is the solution of the variational equation (1.4). Write Y; = Y'(¢,0,¢). Thus
the first term on the right hand side of (2.8) can be written as

¢
Vv, / YrY, ! <F(s,ys,w) +6H(s,w) + 5G(s)> ds|. (2.9)
0

Here [|Y;|| < ¢o by Condition 1.7, and ||Y;'|| < expLT since Y;~' satisfies
the linear differential equation

S B N SR
Ay
and here the norm of the coefficient matrix is bounded by L. (We get the
estimate ||V, '|| < exp LT writing the above differential equation as an
integral equation, using the inequality [|(0/0y)G(t,y)|| < L and applying
the Bellman-Gronwall-lemma.) Thus

1Yy || < coexpLT. (2.10)

Write the integral term in (2.9) as the sum of three integral and take
supremum over 0 < ¢ < T and over the initial condition § = §(0) which en-

ters implicitly through 7,. For the first integral we get the random variable
defined in (2.2) with n = 0.
The contribution of the second and third integrals will be majorated by

T
/ coe T =)(26K) < 2cpa" - 6K = 6.
0

11
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Thus the first term in (2.8) is majorated by coexpLT - (n*(0) + én*) and
thus applying the Bellman-Gronwall lemma (cf.(2.6)), we get that

sup |0; — 7] < '(n*(0) + 6n*)
0<t<T

with ¢/ =expeyT - ¢oexp(LT). We will find a simple upper bound for ¢’ to
see its dependence on the system constants in a more transparent manner.
Using the definition of ¢; (cf. (2.7)) and the inequality ¢y < e, we get

¢ <exp(coLT +4La ' co? KT + ¢ + LT).

Now since ¢y > 1 we can majorate the expression in the bracket by ¢j LT +
4Lc3a L KT +c§+ c3LT. Taking out ¢ and substituting 7' = a1 it is easy
to see that the last expression is majorated by 4cj(1 + La ™ 1)(1 + Ka™1)
which is exactly the exponent in ¢* as given in (2.4). Thus we get

sup |0, —g,| < c*(n"(0) + 6n*). (2.11)
0<t<T

The general case, i.e. n > 0 is handled the same way; thus Step 2 is
completed.

Step 3 We shall prove that the process (1)) is L—mixing with respect to
(Fnr, F) and for any 2 < g < oo, and 7 > p we get
M, (") < esee T2 (M, (H), i, (H))'/? (2.12)

and B
» (") < ezea, g (H) (2.13)

where ¢ depends only on ¢,p,r and the domains Dy and D and c3 is
defined by
c3 =cg(1+ La™t). (2.14)

First we show that the process us() = H(s,y(s,nT,8),w) for nT <
5 < (n+1)T is L-mixing with respect to (F, F;"), uniformly in 6 for feDy

and we have for any 1 < ¢ < oo My(u) < My(H), ,4(u) <, 4(H). To
see this we prove the following more general statement:

Lemma 2.1 Let (v(t,y)) yeD be a stochastic process which is an L-mizing
process uniformly in y with respect to a family of o-algebras (Fy, F;"),t > 0.
Here D C R? is an open domain. Assume that (y:),t > 0 is a measurable
deterministic function taking values in D. Then the process uy = v(t,y:)
is L-mizing with respect to (Fi, F;") and we have for any m > 1

My(u) < My(v)  and —, (u) <, (o).

12
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Proof: The first inequality is trivial. To prove the second inequality note
that for t > s > 0 we have

Ut — E(Utuj) = (ve(y) — E(Ut(y)|fs+))\y:y“
since y; is deterministic. Hence for any ¢ > 1

EYuy — B(ug FH)MT = EY o, (y) = Bou@)IFI () < Yalt = ,0)

and thus the second inequality follows.

The next lemma shows that L-mixing is preserved under the operations
by which () is generated from H.

Lemma 2.2 Let ui(0),t > 0,0eD be a separable vector-valued stochastic
process such that both u and Au/A8 = (uy (6 + h) —ui(0))/h are uniformly
L mizing in 6,0 + heD, with respect to (Fy, F;). Assume that Euy(f) =0
for allt > 0,0eD and let Dy C D be a compact domain. For fized T > 0
we define a discrete time process (ur*) by

t
wi= s n@u®)ds
nTS139<[()n+1)T nT
€Dy

where hs(0) is a deterministic measurable and bounded matriz-valued func-
tion of (s,0). Let us assume, e.g., that ||h(s,0)| < k. Moreover, h(s,8) is
Lipschitz-continuous in 8, say ||h(s,0 + d) — h(s,0)|| <!|d|. Then (u}*) is
L-mizing with respect to (]—'nT,]-':[T) and for any q > 2 and any r > p, we
have

My (™) < es(k+DTVA(My (w) -, @)'?, (™) < es(k+1), f (u)

q ) qr

where co depends only on q,p,r and the domains Dy and D.

Proof: We assume hs(6) = 1. The general case is dealt with similarly.
The inequalities given as Theorems 1.1 and 5.1 imply that

t
un(0) = sup / us(0)ds
nT<t<(n+1)T JnT
is M-bounded and for ¢ > 2
My(u(8)) < ¢ T My (u(8)), o/ (u(0)).
Let m < n and approximate u(6) by
t
u;‘fm(G) = sup / u;mT(ﬁ)ds
nT<t<(n+1)T JnT

13
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where u}, () = E(us()|F ). We have for any fixed eD

s,mT

(n+1)T
Jun(0) = urf (0)] < / s (8) — w3 (0)lds

nT

and taking the L,(Q, F, P) norm of both sides for some g > 1 we get

(n+1)T
BVt (6) —uth @) < / Yals — mT, u(6))ds

—Ugm
T

(r+1)T

- / (s, u(®))ds,

T

where u(f) denotes the stochastic process (u:(6)) for fixed 8. Fix 1 =n—m
and take supremum over n for n > 7 to get

(r+1)T

Vo(T,u™(0) < / e (s,u(0))ds.

T

Summation over 7 from 1 to oo gives , 4(u*(8)) < 2, 4(u(8)).

Now the same argument can be applied for the process (Au} /Af) de-
fined as follows: (Au’/A#),(68,0 +h) = (u:(6 + k) — uk(0))/|h|. The ap-
plication of the maximal inequality given in [8] as Theorem 3.4 completes
the proof.

Let us now apply Lemma 2.2 with hs(8) = (8/9&)y((n + V)T, s,y

(s,nT,0)) and us(0) = H(s,y(s,nT,0),w). We have ||h(s,0)]| < c¢o and

10n°(s,6) /98| 197 /0€%)y" ((n + 1)T, 5,y(s,nT, )).0y(s,nT,6)/ 06|

< chcf1 -
Thus the constant k + [ in Lemma 2.2 now becomes cg + Lega™" which is
majorated by c3 and the proposition of this step follows.

In the following step we shall estimate the distance between the piece-
wise continuous trajectory (g:) constructed above and the solution trajec-
tory of (1.3), which we denote by (y;). For this we consider the difference
(0y7 —Y,7_) and compute how it is propagated by the flow corresponding
to (1.3).

Step 4 We have

sup 0¢ — il < On (2.15)
nT<t<(n+1)T

where

0 = sup <3c0 Z e("”)c*n:> + 3¢ Ze*("”’)c*(ﬁn*. (2.16)
r=m

0<m<n r—0

14
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Note that here 4, is independent of the initial time s < ¢ and the initial
value 0, =y, = €eDe.
To prove the proposition note that we have for nT <t < (n+ 1)T,

n

1
0
Y — Yt = Z/O %y(t,rT, Z(T) )‘)) : (arT - er,)d)‘

=1

where F,. denotes the left hand-side limit of §, at ¢t = rT', and z(r,\) =
Ab.7 + (1 — ANy, . Using the stability condition imposed onto § = G(t,y)
and (2.6), we get with T =a~!

n n
Ge — vl <D coe " Nbr =G| <oy e T () + 8n%). (2.17)
r=1

r=1

Finally, using (2.6) and the inequality |6; — y¢| < |0: —7,| + |9, — w:] in
nT <t <(n+1)T, we get

n
sup [0 —yil <oy eI (o, + 60") + (m], + 60")

nT<t<(n+1)T r—1

< cere*("*r)c*(n: +6n"). 2.18
r=0

It is easy to see that the same argument applies if the initial time s is
not equal to 0 say mT < s < (m + 1)T. Then the upper bound on the
right hand side of (2.18) has to be modified so that the summation starts at
r = m. Also we majorate cge by 3¢p and thus the desired result is obtained.

Step 5 It will now be shown that the process (8,,) is L-mixing with respect
to (Far, F,ip) and we have

My (8) < ea(My (™) +617), 5 q(8) < ca(My(n*) +607) + ¢4, 4(77) (2.19)

where
cq = 24cpc”. (2.20)

Lemma 2.3 Let (uy,), n=0,1---be an L-mizing process with respect to
a pair of families of o-algebras (F,,F,"). Define the process (vy) by

n

Up = Sup Zp"_’"ur

o<m<n r—m

15
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with |p| < 1. Then (v,) is L-mizing with respect to (Fp,F,¥) and we have
forg>1

My(v) < (1= p)~ " My(u), , 4(v) <2(1=p)"*My(u) +2(1—p)~", 4(u).
(2.21)
Proof: We have

n
lon| < Z p" " |u|
r=0

from which the first part of (2.21) follows by the triangle inequality for the
L,(Q,F,P) norm. Let now 7 be a fixed positive integer and approximate
v by

n

* _ n—r, +
vn,n—'r - sup E : u’r,n—r
n—1<m<n rem
where u;} = E(u,|F;_,). Then obviously v} is 77__ measurable
rn—r Y n—1/" y n,n—T n—r :
Furthermore, it is easy to see that
n—r—1 n

L S N [ S P |
r=0 —

r=n—T1

where u = u, —u,,_ . Taking the L,(€, F, P) norm of the right hand

rm—r
side, we get
EY o, —vh |0 < p" T My (u) + (1% y)(7)
< (L=p) 7P FIM(w) + (7% 74)(7)

where x denotes discrete time convolution which now is applied to the series
r=(p"" 1), and (y4(7,u))%,. Applying Lemma 2.1 of [8] gives

Ya(1,0) S 2(1 = p) = p" M (u) + 2(r %) (7).

Let us perform summation over 7 form 1 to co. The contribution of the
first term on the right hand side is 2(1 — p) " 2pM,(u) < 2(1 — p) 2 M, (u).
For the second term we apply the inequality

o0 o0

Y rE)m) <D (T D ) = (1 =p)7h g(w).

T=1 T=1

Thus the proof of the lemma is complete.

Apply the lemma above with the process ui, = 3coc*n) and the de-
terministic process ug, = 3coc*dn) which appear on the definition of §,, in
(2.16) and with p = e~!. Then (1 — p)~! < (1 —1/2)"! = 2, hence the
largest constant multiplier in (2.21), which is 2(1 — p)~2 is majorated by

16



FIXED GAIN ESTIMATION

8. Since (ua,) is deterministic, we have , (uz) = 0. Thus we immediately
get the proposition of Step 5.

To complete the proof of Theorem 1.1 we have to put the estimates to-
gether. For the sake of convenience we summarize the relevant inequalities
(2.15), (2.19), (2.12), (2.13) and (2.3), which connect the various processes
that we considered and (2.20), (2.4), and (2.14), which define the various
constants:

sup |0 —yi < 6n

nT<t<(n+1)T
My(6) < ea(Mym™)+6n7), , ¢(6) < ca(My(n™) +60") + ca, o(07),
My(n*) < esexT2(M,, (H), W (E)Y?, 5 o) < esea o (H).

on* =2coa” ' - SK.
For the constants we have
¢y = 24coc”, ¢ =expdci(14+ La (1 +Ka™) e3=cj(1+La)

and c2 depends only on ¢, p,r and the domains Dy and D. Combining the
above inequalities we get for ¢ > 2,

(
0403C2T1/2(Mq (

+eq - (2c00 ! - 6K) + caescn, |, (H).

=
>
A

040302T1/2(M; Yoot (ENY? +ex - (2c0a™" - 6K);
!

) qr

H
H)-, ()"

r
r

Q

—
>

~
A

We give a simple upper bound for csczcs. Using the inequality ¢ < e
with ¢ = 24¢y and the definition of ¢*, we get

cs < exp24cy-expdcy(1+La™)(1+Ka™") = exp28cy(1+La™)(1+Ka™).

Taking into account the definition of c3, we find that ¢z < expcg(l +
La™')(1+ Ka™') and thus csc3 < exp30cg(1+ La™1)(1+ Ka~1), which if
multiplied by c» is exactly the constant appearing in the theorem. Finally,
to majorate the expression ¢4 - (2cpa™! - §K), we use the inequality

2¢p < exp2¢y < exp2c(l+ La™ M) (14 Ka™),

which if multiplied by the upper bound given for ¢4 above and assuming
co > 1 gives that ¢4-2¢9 < C, where C'is the constant given in the theorem.
Thus the proof of Theorem 1.1 is complete.

Proof of Theorem 1.2: Theorem 1.2 follows from Theorem 1.1. Con-
ditions 1.2°,1.5” and 1.7’ imply that the right hand sides of (1.5) and (1.6)

are majorated by CA'/2. Indeed, in the present case, H becomes )\FA, «@
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becomes Aa and §K becomes A\2§K. From the above scaling property it
follows that C is independent of the parameter A. Applying Theorem 1.1
with T = (Aa) !, we get that

A A A
sup 107 —y;'| <6,
nT<t<(n+1)T

Now if the piecewise constant extension of (§)) is denoted by (62,), i.e.
6 =6, forn <t <n+1, then (§) is L-mixing with respect to (F;, F;").
Obviously, we have M,(6)) = M,(6*) < ¢\'/2. Furthermore,

,q(62) S 2T, 4(8%) = 2(Xa) ™", 4(8%) (2.23)

by Lemma 2.2 in [8], and the right hand side is majorated by 2a~teA=/2;
thus Theorem 1.2 follows.

Proof of Corollary 1.3: First note that the process |F(6}) — F(y}))| is
L—mixing. Furthermore, since F' is continuously differentiable in D and
0}, y}eDg, we have |F(6)) — F(yM)|dt < c|6} — y| < eAl/? with some
¢ > 0, and hence E|F(6}) — F(y})| < A2, Applying a strong law of large
numbers given as Corollary 1.3 in [8], we get the proposition.

Proof of Theorem 1.4: Let 6} denote the piecewise linear extension of
6,,, defined for n <t < n+1by 6} = (1 —(t —n))f) + (t —n)fdp,, for
n <t<n+1. Then we can write

0} = NHMt, 0}, w)+6H (t,w))+AH (n+1,0),w)—H (t,6),w)). (2.24)

Introduce the notation
§Hy(t,w) = (HMn +1,0*(n),w) — H*(n + 1,6)(t),w)

and
SHMt,w) = §H t,w) + §H (t,w).

Then (2.24) can be written as
0} = N(Ht,6),w) + 6HM t,w)). (2.25)

By the conditions of Theorem 1.4, all conditions of Theorem 1.2 except
Condition 1.2" are satisfied for (2.25). To verify this condition, note that
by Condition 1.1, |6} — 6} < AK, and thus |§H{)(t,w)| < AKL, and the
validity of Condition 1.2' follows.

3 A Time Varying Estimation Scheme

In this section we consider the general estimation scheme proposed in [19]
and [4]. It has been shown in [20] that this general scheme is suitable for

18
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the description of a large class of recursive identification methods and also
some special adaptive control methods, such as the Astrom—Wittenmark
self-tuning regulator (cf. [1]). Because of its wide applicability and its
mathematical elegance, this scheme deserves some attention.

Here we consider only one of the possible variants of this general es-
timation scheme. For this we consider the following parameter-dependent
state space equation in which the parameters are a true system-parameter
#* and a probe parameter 6:

Tni1(0,0%) = A(6,0%)Tn(0,0%) + B(6,6%)en (3.1)

with 6,0%¢D C R?, Z,(0)eR™, where D is a bounded open domain. The
initial condition for this equation is 0, i.e., we set Zo(#) = 0.

Condition 3.1 It is assumed that A(6,6*) is uniformly stable for (8,60*)e
D x D, ie. ||[A"(0,0%)| < ca™, with some ¢ > 0 and 0 < a < 1, for all
(0,0*)eD. Moreover the matrix-valued functions (A(6,60*)) and (B(6,6*))
and their derivatives are bounded for (8,60*)eD x D.

In many important applications the true system parameter and the
probe value may have different values, different dimensions and different
interpretations. For instance, in system identification the model class we
choose may be simpler; i.e., we may misspecify our model. Then the true
system parameter is different from the true parameter of the model. Or the
probe values may be directly related to a controller, so again, the value for
the first parameter is related to the true system parameter in an indirect
manner. However, such extensions pose no technical difficulties to modify
the derivations below.

The driving noise process may consist of components of the system
noise, the observation noise and in the case of adaptive control of a dither,
which we inject into the system. There are various standard assumptions
of the noise process. Here we adopt one, which has been found particularly
convenient for deriving strong results.

Condition 3.2 The driving noise process (e,),n > 0 is a second order
stationary process which is L-mixing with respect to a pair of families of
o-algebras (F,,F,7). Moreover, assume that the input noise process is
bounded, say |e,| < k.

To determine 6* we consider certain cross-covariances of the compo-
nents of T,(#,0*). For this purpose let Q be a p-dimensional, vector-valued
quadratic function of the state vector T,, and define

G(8,6") = lim EQ(F,(6,9")).

The function G(6,60*) is a well-defined function of (8, 6*), and it is bounded
together with all its derivatives. The covariances are selected so that the
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nonlinear algebraic equation
G(6,0") =0 (3.2)

is solved by 6*.

Also it is assumed that each component of Q(%,(6,6*)) is empirically
computable. Thus in principle each component of G(6,8*) can be computed
for any fixed @, although for the exact value to obtain an infinite number
of observations is needed. A major problem of the theory of stochastic
systems is the determination of #* from empirical data. This is achieved
in the time invariant case by the general recursive estimation scheme given
in [19] and [4]. The time-varying estimation problem is the subject of this
section and the general scheme will be given below in (3.7) and (3.8).

A simple method of describing a time-varying problem is to replace the
system parameter 6* in (3.1) by a time-varying parameter 8};. Thus we get
the following state space equation:

Fos1(6) = A(B, 63)74(6,05) + B(8,6} e (3.3)

with initial condition T (6) = 0. An important restriction is, though, that
the system is slowly changing, which will be expressed by the following
condition.

Condition 3.3 We assume that 6;eDj, where Dj is a compact subset of
D and A
S =supl; | — 6] < oo.
n>0

The quantity S is called the rate of change.

The above description of slowly time-varying systems is a special case
of a more general definition in [25]. Time varying systems with rapid
changes and structural constraints are considered in [24]. The purpose of
this section is to present the design and analysis of a time-varying estima-
tion scheme and establish a relationship between the tracking error and the
rate of change.

First we consider a time-invariant ordinary differential equation associ-
ated with our estimation problem. We assume the validity of the following
condition:

Condition 3.4 We assume that (3.2) has a unique solution § = 6* with
respect to 6 in the domain D, and the Jacobian matrix G¢(6*,6*) is non-
singular and stable. The solution of the ordinary differential equation

g =Gy, 07)  y(0) =0 (3.4)

belongs to a compact domain Dy whenever feDy where Dy is a compact
domain such that Dy C D. Moreover, the differential equation (3.4) is
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globally asymptotically stable in 8* whenever 8*¢Dj and yoeDy, where Dj
is the compact domain introduced in Condition 3.3.

It is easy to see using standard compactness arguments that Condition
3.4 implies the validity of Condition 1.7 uniformly in 6* for 8*eDj;. More
exactly let the general solution of (3.4) be denoted by y(t, s,6,6*). Then

H%(t,s,ﬂ,ﬂ*)“ < e %)

and here ¢y and a do not depend on 6*.
Obviously, if we multiply the right hand side of (3.4) by a fixed positive
gain, say A, i.e., and if we consider the differential equation

yt = AG(ytae*) y(O) = 9)

then the solution trajectories get scaled but remain unchanged otherwise.
Denoting the solutions by y*(t, s, 8,8*), we get

)\a(t—s).

A
% .07

‘ < cgpe™

A conceptual algorithm for estimating 67 is given by the recursion
O i1 = 00+ AQ(Tn 41 (67))- (3.5).

The practical problem with this conceptual algorithm is that the correc-
tion term Q(T,+1(#))) is not given by an explicit expression and is not
computable recursively. In the final step of the construction this deficiency
is removed as follows: let an initial value #}eD;¢ be given, where D is a
compact domain such that D C D. Furthermore let an initial auxiliary
state vector x( be given,which is assumed to be an Fy-measurable, bounded
random variable. Generate a sequence of state vectors x,, for 1 < n < nyg
by the equation (cf. (3.3))

Tny1 = A(65,0,)2n(65,03) + B85, 607, )en. (3.6)

The purpose of this initial phase is to get a good approximation of T, (63)
for the initial time n = ny. Then for n > n( generate the auxiliary state
vector x,, and the estimator ) of % recursively by the following equations:

o1 = A(6,05)zn + B0y, 65)en (3.7)

Or i1 = On + AQ(Tnp1)- (3.8)

In the theorem and below we will say that ¢ is a system constant, if it
depends only on the apriori constants and the domains given above, but it
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is independent of the sequence (6};). Thus particular system constants are
independent of S or A.

Theorem 3.1 Assume that Conditions 3.1-3.4 are satisfied and let the
compact domains D¢ C D, C Dy C Dy C D be such that they satisfy
Condition 1.6 with respect to (8.4) for all 8*eDy.. Let 8)eDe. If S/X is
sufficiently small, d is sufficiently large, and ng is sufficiently large, then
6> will not leave Dy and we have

0% = ynl < &)
where (67\) is an L-mizing process such that for any q¢ > 1 we have
M, (6Y) < eV and , ,(68Y) <edTH?,
where ¢ is a system constant.

This theorem combined with the first part of Theorem A below gives a
decomposition of an upper bound of the tracking error into a random and
a deterministic component plus a negligible term.

Corollary 3.2 Under the conditions of Theorem 3.1 we have
02 — 0% < 62 +cS/A + e rom

where the process (6)) is identical with the one given in the quoted theorem
and c¢,c' are system constants.

The right hand side will be temporally denoted by 6. Obviously, the
process (6%) is L-mixing and , 4(6*) =, 4(6) for every ¢ > 1. On the other
hand, we have M,(6*) < ¢(A\'/? + §/)) with some system constant c. Now
it is easy to see that this upper bound will be minimized for A = (25)2/3.
Substituting this optimizing value into the formulas of Theorem 3.1, we
arrive at the following corollary:

Corollary 3.3 Under the conditions of Theorem 3.1 choose A so that we
have ¢, 5%/3 < X < ¢28%/3 where ¢1, ¢y are positive system constants. Then

|0} — 07| < 6% + e Pn
where (6) is an L-mizing process such that for any ¢ > 1 we have
M, (6*) < eS'/3 and , g (6%) <S5,
where c is a system constant.

Finally we get an analogy with Corollary 1.3 the following proposition:
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Corollary 3.4 Let (F(0)) be a continuously differentiable function of 6
defined in D. Then under the conditions of Corollary 3.3 we have

N
lim sup %Z|F(9$) — F(8;)| < c§'/°
0

N —o0

with probability 1, where ¢ is a system constant.

Proof of Theorem 3.1: Let us introduce the notations:
H(n,0,w) = Q(T,(0))

SH(n+1,0) = Q(ns1) — QFns1 (62): (3.9)

Then we can write (3.8) as

Ori1 =0 + AQ(Fns1(6))) + A6H (n + 1).

We shall verify that H and 6§ H satisfy the conditions of Section 1.

Lemma 3.3 If S is sufficiently small, then the random fields H =
(H(n,0,w)) and AH/AO = ((H(n,0 + h,w) — H(n,0,w))/|h|) are bounded
and

H(n,0)] < ci?,  |AH/A0(n, 0+ h,0)] < ci?,

where ¢ is a system constant. Thus the random field H satisfies Condition
1.1 uniformly in (6%).

Proof: It is well-known that if S is sufficiently small, say S < Sy, then
the time-varying linear system (3.3) is exponentially stable in the following
sense: we have for 0 <n < m and

n

W(n,m) = H A(6,67)

=m

the inequality .
1% (n,m)|| < cal=™ (3.10)

with some 0 < a <1 and ¢ > 0.

Since the input process (e, ) is bounded in absolute value by &, it follows
that |Z,,(0)| < ck, where ¢ is a system’s constant. Since @) is quadratic, we
get the first claim of the lemma.

On the other hand, the process 0Z/08 = Ty satisfies the difference
equation

Ton+1(0) = A(0,07)Tp.n(0) + Ag(8,0,,)T,(0) + By(6,0;,)en (3.11)
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in which the second and third terms on the right-hand side are to be con-
sidered as input processes. Since they are bounded in absolute value by
Ck, it follows that |Tgn(0)| < ck where ¢ is a system’s constant. Now

AH/AB(n, 8 + 1, 6) = / Qu (T (1)) dp - T(6(1))

where 8(u) = 6 + p - h. Since Ty, (0) is bounded in absolute value by Cx
uniformly in 6 and Q. (z) grows linearly in z, the second estimation of the
lemma follows.

The verification of Condition 1.2’, which is the least obvious task, is left
to the end of the section.

Lemma 3.4 If S is sufficiently small, then the random fields H =
(H(n,0,w)) and AH/AO = (H(n,0+h,w)—H(n,0,w))/|h|) are L-mizing
with respect to (Fpn, F,7), uniformly in 0Dy and 0,60 + heDy, respectively.
Thus the random field H satisfies Condition 1.3.

Proof: We have seen in the proof of the previous lemma that the time vary-
ing system (3.3) is exponentially stable, if $ is sufficiently small. Therefore
Lemma 2.4 in [8] implies that the random field (Z,(f)) is L-mixing and
it is easy to see that (%,(#)) is L-mixing uniformly in 6 for feDy. The
argument for the random field AZ/A# is analogous.

Let us now consider the random field H(n,0) = Q(Z,(0)). The prop-
erties of T, (6) that were derived above are inherited by H(n,6) since @
is quadratic (cf. the remark after Definition 1.3); i.e., H and AH/A#f are
L-mixing, and thus the lemma has been proved.

Let us define

G(n+1,0) =G(6,0;).

Then the piecewise constant extension of G(n + 1,6) can be written as
G.(t,0) =G(n+1,0) =G(6,0) forn <t <mn+ 1

It is easy to see that Condition 1.4 is satisfied with K = ¢k and
L = ck2, where c is a system’s constant. We proceed to verify Condition
1.5’. We note that

2

8G(n) = EH(n,0,w) — G(n,0) = EH(n,0,w) — G(6,0;,_,).

Lemma 3.5 If S is sufficiently small, then we have for sufficiently large
No .
|6G(n)| = |EH(n,0,w) — G(6,0" )| < cSk?

»¥n—1

where ¢ is a system constant. Thus, if S/)\ is bounded, then Condition 1.5’
is satisfied.
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Proof: Note that the process T,11(6,6}) satisfies the following difference
equation :

Tni1(0,05,) = A(6,67,)Tn(6,6;, 1)+

»Yn—1

+B(6,6%)en + A(6,0%) - (Fu(6,07) — Fn(6,0%_))). 3.12

»Yn—1
Let us denote the second term on the right hand side of (3.12) by 7,; i.e.
set 7, = A(6,0%) - (Tn(0,0%) —Tn(0,0% ). Then we have |r,| < ¢Sk where
c is a system constant.
Subtract (3.12) from (3.3). Then the term B(0,8})e, falls out and

introduces the process 6T, = Tn(0) —Tp(0,0%_,). We see that this process
satisfies the simple difference equation

§Fns1 = A(0,07)5Tn + 1. (3.13)

Now if § < S then the time-varying linear system (3.13) is exponentially
stable, hence a trivial input-output estimate gives |6Z,+1| < ¢Sk for suffi-
ciently large ng. Now

Q0 - Q0.0 = | [ Qulel) STl (319
where z(p) = Tp(0) + w(Tn(0,0)_1) — Tp(6)). Since @ is quadratic and
|Z,,(#)| and |§n(9,9;§_1)| are bounded by Ck, we get

/ Qu(x(p)) - 6Tpdp < CSk>.

Using the trivial inequality |E{ — En| < E|¢ — | for the random variables
inside the absolute value sign of the left hand side of (3.14) and noting that
EQ(T,(0,0%_,)) = G(0,0_,) + ca™k, where ¢, a are system constants, the
proposition of the lemma follows.

The associated ordinary differential equation is defined as follows:
9 = AG(y;,67) (3.15)

where 0 =0} forn <t <n+1and ) is a fixed, small positive gain. Define
the initial conditions for (3.15) as y} = #eDj, and let the general solution
of (3.15) be denoted by y(t, s, 8).

The following theorem has been proved in [9):

Theorem A Assume that the differential equation (3.4) satisfies Condi-
tions 3.4. For any parameter process (67) satisfying Condition 3.3 choose
X so that S/ X is sufficiently small. Then the solution of (3.15) is defined
forallt > s, and

|y>\(t)5)9) - y)\(tvsaeae;fk” < CS/)‘
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Moreover, (3.15) is exponentially stable: for any 0 < o < « there exist
system constants c,c', such that if S/\ < ¢ then we have

|I%y*(t,s,6)ll < e (3.16)

uniformly in 6 for eDy.

Since |y*(t,s,0,0;) — 07| < ce **(t=%) where c is independent of \,
it follows that y(t,s,0) tracks 0 with an error not exceeding in absolute
value S\ + ce=A*(t=9),

The above theorem also implies the validity of Condition 1.7’. Fur-
thermore, using this theorem it is easy to see that if we are given a set
of domains D C D, C Dg C Dy C D which satisfy Condition 1.6 in re-
lation of the differential equation (3.4) for all §*eDy-, then Condition 1.6
is satisfied with the same domains in relation to (3.15) whenever S/\ is
sufficiently small.

Finally, we turn to the verification of Condition 1.2’. Note that we had
by (3.9) §H(n +1) = Q(znt1) — Q(Tnr1(6))). We have to prove

6H(n)| < \-K (3.17)

where K is independent of (6% ) and \. For this purpose we prove a stronger
statement in the proof of which the interaction of the dynamics of x,, and
6 is more explicitly analyzed.

Let the largest system constant above be ¢. Choose a system constant
¢t and ng so that

1 1
c(l—a) 'k < 503& and ca¥ x| < 503&

hold. Define c¢3 = ¢(c§)?. Furthermore, choose a system constant ¢4 and
ng so that

1 1
c(1—a)"ler - e3r®A < 5045)\ and ca™|zo| < 5045)\

hold.

Lemma 3.6 Under the conditions of Theorem 3.1 we have for sufficiently
small SA and S\ and the system constants above c3 and c4:

i. The sequence of estimators 0\ defined by (3.8) will be in Dy for n >
g -

ii. We have |8} —0) || < 362\ < Sy for all n > ny.
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ii. |Tn —Tn(0) )| < car) for n > ny.
Obviously . implies the validity of Condition 1.2 since by (3.9)

SH(n)| < cklxy —Tn(0) )| < ' Kear.
n—1

Proof: We use induction on n. For n = ny, i. and ii. are obviously satisfied.
To verify iii. note that in the first phase of the algorithm, z,, and T, (6})
are generated by the same linear system except that the initial condition at
n = 0 is different. Therefore, taking into account (3.10) (with 8 = ;) we
get that |z, — T,(63)| < ca™|zo|. Thus since ca™|zg| < cgk) large, then
iii. is satisfied.

Assume that the propositions are true for n < N. To prove the validity
of iii. for n = N + 1 we first note that if both #; and 6} belong to Dy and
they are slowly time varying, then the time varying linear system (3.7) is
exponentially stable. To quantify this we assume that Sp is chosen so that
if 0% —6x_,| < Sy and |9} — 8 _,| < Sp, then we have for 0 < n < m and

¥(n,m) = ﬁ A(ei\ue;)

the inequality
1% (n, m)|| < ca”™™ (3.18)
with some system constants 0 < a < 1 and ¢ > 0. Under the inductive
hypothesis (3.18) is valid for ngp <n < N.
Consider the state vectors z,41 generated by (3.7) and the state vectors
T, (0) with 6 = 0, generated by the “frozen parameter” system (3.3).
Subtracting (3.3) from (3.7) we get

Tn+1 — fn+1(92) = A(H%,@;)(xn - fn(ag—l))_

This is a difference equation for the variable (z, — %, (0} ,)) with initial
condition g at n = 0. Let us interpret (3.19) as a linear system the input
process of which is A(6),0%)(Z,(0)) — T,(}_,)). Since by the proof of
Lemma 3.3 |Typn(0)| < ck, uniformly in 6 for feDy, we have for n < N

70 (07) = T (On )| < crlfy — 05| < ek car®A

where ¢ is a system constant. Solving (3.19) by a discrete time Cauchy-
formula for (z,11 — Tn41(0}))) and using part i. and ii. of the inductive
hypothesis we get forn = N + 1

len1 — Tns1(ON)] < e(l —a) tek - esk? X + ca¥ Thag| < eqm.
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Thus the validity of iii. for n = N 4 1 has been established.

To prove the validity of ii. for n = N + 1 note that the the validity of
(i) and (ii) for n < N implies the exponential stability of the time varying
system (3.7) and hence |zn 11| < ca¥ Y zo| + ¢(1 — a) 'k < chk. Thus we
have for N > ng

0811 — O] < AQ(zn 1)l < Aelzn i |* < e(chr)®A = ear®A. (3.20)

Hence ii. is satisfied for n = N + 1.

Finally, to provei. for n = N + 1 note that |H(n,,w)| < cx? by Lemma
3.3 and the established validity of iii. for n < N + 1 implies |[6H(n)| <
ck?X < ck® for n < N + 1. Now the first part of Theorem 1.4 applied for
a finite horizontal implies that |8} — y)| < coa™'4-ck? forn < N +1 and
therefore if d is sufficiently large then 63, €Dy, and thus the proof of the
lemma, is complete.

4 Appendix: Two Analytical Lemmas

Lemma 4.1 (cf. [5]) Let (G(t,y)) be a function satisfying Condition
1.6 and let y; the solution of (1.2). Further, let (x) be a continuously
differentiable curve such that xs = ys =&. Then fort > s

t
Ty — Y = /S %y(t,r, )z — G(t, x, )dr. (4.1)

Proof: Consider the function
Zr = y(t, T, .7;71)-

Obviously the left hand side of (4.1) can be written as z; — z;. Write

t , t 8
2 — 2 = /szrdr:/s (Ey(t,r,a:r)+
+2 (t,r,z,. )&, )dr
8§y ) ) T s .

Taking into account the equality

t,r, mr) = _gy(tvrv mr) . G(tamr)

0

(which simply follows from the identity y(¢,r,¥.) = y+ = const. with
respect to r after differentiation) we get the lemma.
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Let

Y@&OZ%MW&)

We have the following lemma:

Lemma 4.2 Under Conditions 1.4 - 1.7 we have
||£Y(t 5,6)|| < Ledatea(t=9)

86 79 = 0 -
Proof: We have

V(45,6 = Gyt s O (15,8, Y(s8O=1  (42)

Since Gup(t, ) = (02/02%)G(t,x) and (9/0€)y(t, s, &) exist and are contin-
uwous in (t,x) and (t,&) respectively, we conclude that Yi(t,s,§) =
(0/06)Y (t, s, ) exists and is a continuous function of (¢, ). To get Ye(¢, s, §)
we can differentiate (4.2) formally and obtain

0

+G.(t,y(t, s, §))Ye(t, s,&) Ye(s,5,8) =0.
Since the operator norm of the first term is majorated by che_%‘(t_s)
and since the time varying linear differential equation with transition ma-
trix G, (t,y) is exponentially stable as indicated by Condition 1.7, we get
from the identity

t t
/ e—a(t—r)e—QardT — e—at/ e~ dr < o le—ot
0 0
the desired upper bound.
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