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Abstract

In many control problems, periodic controllers are usually rep-
resented by nonproper rational transfer matrices. The study of the
model requires implementing the controllers as periodic linear sys-
tems. In this paper we study the problem of realizing a periodic
collection of nonproper rational matrices as a discrete-time forward/
backward periodic linear system.
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1 Introduction

The realization theory of discrete-time invariant linear systems has been
developed using two different approaches: the time domain approach and
the frequency domain or z domain approach. In the time domain ap-
proach, the existence of realizations has been characterized by means of
the Markov parameters that define the input-output invariant application.
This characterization has been oriented in different ways, mainly by means
of recurrence equations that are satisfied by the Markov parameters and us-
ing the Hankel matrix associated with the collection of Markov parameters
[17] [8]. In the frequency domain approach, the existence of an invariant
realization is equivalent to the proper rational character of the associated
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transfer function matrix [1] [16]. Moreover, it is well known that in general
a nonproper rational matrix always represents a transfer function matrix
associated with a singular invariant linear system [7] [3].

Discrete-time periodic linear systems are important and useful in sys-
tem modeling and seem to be of real interest for generalizing the above
results. The existence of periodic realizations in the time domain and fre-
quency domain approaches is studied in [6]. The first part of [6] presents
a characterization of the existence of a periodic realization associated with
an input-output periodic application based on a certain recurrence equa-
tion satisfied by the periodic Markov parameters. The second part of [6],
studies the problem in the frequency domain and gives a necessary and suf-
ficient condition for the existence of periodic realizations associated with a
periodic collection of proper rational matrices. In [11] realization and mini-
mality theory for discrete-time finite dimensional linear systems with time-
varying state spaces is developed in the case of the input-output model. In
[14], [5] the minimal periodic realization problem is studied and it is shown
that there exists a periodic system associated with a proper rational ma-
trix. In this work we solve the periodic realization problem in the general
case of nonproper rational matrices.

When generalized periodic models, i.e. discrete-time singular periodic
linear systems are considered, we know that this kind of system can be
approached in the frequency domain by a periodic collection of nonproper
rational matrices. The main goal of this paper is to solve the converse
problem. We characterize when a periodic collection of nonproper ratio-
nal matrices has a singular periodic realization and study the existence of
discrete time-varying forward/backward minimal periodic realizations.

The main tools we use are based on the Invariant Formulations of
discrete-time periodic linear systems and discrete-time singular forward/
backward periodic linear systems. In general the study of a discrete-time
singular invariant linear system is based on the decomposition of the sys-
tem into two subsystems: a discrete-time forward invariant linear system
and a discrete-time backward invariant linear system. The properties of the
initial singular system are given in terms of the properties of the forward
and the backward subsystems [7].

The structure of the paper is the following. First, we introduce the
concept of discrete time-varying forward /backward periodic linear systems
and their associated forward and backward invariant systems. In section 3
we define the forward /backward periodic realization associated with a pe-
riodic collection of nonproper rational matrices. In section 4 we construct
a forward/backward periodic linear system that realizes the periodic col-
lection of rational matrices, proving that a periodic collection of rational
matrices {H,(2), s € 2}, Hyy n(2) = Hy(2) € RPVX™N () is realizable if
and only if Hy41(2) = Ry(2)Hs(2)R;,'(2), s € Z, where R;(z), j = p,m,
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FORWARD/BACKWARD PERIODIC REALIZATIONS

are given below. In section 5 we present some definitions and results re-
lated with reachability and observability properties of forward/backward
periodic systems. Finally, in section 6 we prove that there exists a minimal
and c-minimal discrete time-varying forward/backward periodic linear re-
alization of a given periodic collection of nonproper rational matrices if and
only if the matrices of the collection satisfy the same recurrence equation
of section 4.

2 Discrete Time-Varying Forward /Backward Periodic
Linear Systems

Consider the discrete time-varying periodic linear system

E [ am o [ B.(#) |
L 0 An(k) J z(k+1) = [ 0 I J z(k) + L Bu(k) J u(k), (2.1)
y(k) = [Ci(k), Ca(k)]z(k), (2.2)

where, A;(k + N) = Ay(k) € Rm+xmb) Ay (k + N) = Ay(k) €
Rr2(k)xna(b+1) "By (k + N) = By (k) € RmktDxm By (k 4+ N) = By(k) €
Rr2k)xm Ok + N) = Ci(k) € R k€ Z m,p, N € Zt and
ni(k+ N) =mn;(k) € Z%,i =1,2. We refer to it as a forward/backward
periodic singular system. Note that in this system, the dimension of the
state space X (k) = X1 (k)®X2(k) is time-varying and given by dim X, (k) =
n1(k) and dimXo(k) = n2(k), k € Z. From the special structure of this
system we consider the periodic systems given by

pi(k+1) = Ai(k)zi(k) + By(k)u(k), (2.3)
vi(k) = Ci(k)zi(k), (24)
and
As(R)aza(k +1) = xo(k) + Bolk)u(k), (2.5)
y2(k) = Ca(k)z2(k), (2.6)
denoted by
= (I, A(), Bi(), Ci(); Xa())w
and

2P = (A2(), I, Ba(:), Co(-); Xa())w-

System (2.1)-(2.2) will be denoted by ©¥/F. Systems (2.3)-(2.4) and (2.5)-
(2.6) are called the Discrete-Time Forward and Backward Periodic Lin-
ear Subsystems of (2.1)-(2.2), respectively. Note that the three systems
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have the same inputs, and the states and outputs are such that z(k) =
collz1 (k), z2(k)], y(k) = y1(k) + y2(k).

It is well known [15] that, for any s € Z, there exists a forward invariant
linear system associated with periodic system (2.3)-(2.4)

z1s(k+1) = A1 (k) + By sus(k), (2.7)
y1,s(k) = Cysz1,5(k) + Dy sus(k), ke Z (2.8)
with
z15(k) = z1(s+kN),
us(k) = collu(s+kN), u(s+ kN +1),...,u(s+ kN + N —1)],
y1,s(k) = collya(s+EkN), yi(s+ kN +1), ..., y1(s+ kN + N —1)],
and
A, = ¢a,(s+N,s) e Rmle)mls)
Bis = row[pa,(s+N,s+j+1)Bi(s+ j)];-\r:_o1 € Ru(s)xmN
Cis = collCi(s+j)pa, (s +j,9)])g € RPNV,
Dy, = [D;*]e ®RPV™N DLt e R G j=1,2,...,N,
RPN if i <7,

N Ci(s+i—1)pa,(s+i—1,s+j)Bi(s+j—1), ifi>j.
Note that D, s is a strictly lower block triangular matrix and A is
the forward monodromy matrix of (2.3)-(2.4) at time s, ¢a,(k, ko) =
Ay (k - I)Al(k - 2) .. .Al(ko), k> ko, ¢A1 (k(), k()) = [. Systems (27)—(28)
define the Invariant Formulation of forward periodic system (2.3)-(2.4).
We denote invariant system (2.7)-(2.8) by X' = (I, A1 5, B1 s, C1 5, D1.s)-
From the periodicity of system (2.3)-(2.4) we deduce that ©¥ \ = I,
s€Z.

Following the same approach we construct invariant linear systems as-
sociated with a backward periodic system (2.5)-(2.6). For each s € Z, we
consider the associated backward invariant linear system

Ay sas(k+1) = x24(k)+ Basus(k), (2.9)
y2,s(k) = Casxos(k+1) + Dysus(k), keZ, (2.10)
with
zas(k) = z2(s +kN),
us(k) = collu(s+kN), u(s+ kN +1), ..., u(s +kN + N —1)],
y2,s(k) = collya(s +kN), y2(s + kN + 1), ..., y2(s + kN + N — 1)],
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and

AQ’S = ¢A2(S,S+N) c %nz(s)xnz(s),

By = rtow[ay(s, s+ j)Ba(s + j)] L € RrImN,

Cas = col[Cals + j)tha, (s +j,s + N)NH € RpVxm2(0),

Dy, = [ijs] c %pNme,D?J;S eRP*™. i i=1,2,...,N,

DS — —Co(s+i—1)ha,(s+i—1,s+j—1)Ba(s+5—1), ifi <y,

N 0, if i > j.
Note that D, is an upper block triangular matrix and As 4, is the back-
ward monodromy matrix of (2.5)-(2.6) at time s, ¥4, (k, ko) = A2(k) Az (k+
1)... As(ko — 1), k < ko, ta,(ko,ko) = I. Systems (2.9)-(2.10) define the
Invariant Formulation of the backward periodic system (2.5)-(2.6). We
denote system (2.9)-(2.10) by ¥ = (A5 5, I, Ba 5, Ca 5, D ). From peri-
odicity, systems (2.9)-(2.10) satisfy that X7, =28 se z.

3 Transfer Matrices of Discrete-Time Forward/Back-
ward Periodic Linear Systems

Given forward periodic system (2.3)-(2.4), the transfer matrix of associated
invariant system (2.7)-(2.8) is given by Fi(2) = Cy s(21—A15) ' B1,s+D1 s,
s € Z. Note that Fs; n(2) = Fs(z) is a periodic collection of proper rational
matrices, with strictly lower block triangular polynomial parts given by
D; ;. In addition to [12] these matrices satisfy the relation F,yqi(z) =
R,(2)Fs(2)R,;!(2), where R,(z) and R,,(z) are given by

0 Iin_1y o
Bz =| (Nom e RNV, j=pm.  (31)
zdj

In the case of backward periodic system (2.5)-(2.6), if the monodromy
matrix Az s = Ya,(s,s + N), s =0,1,..., N — 1 is nilpotent, the transfer
matrix of associated invariant system (2.9)-(2.10) is given by the polynomial
matrix G4(z) = 205 5(2A2,s—1) 7' By s+ D> 5, s € Z. Note that G4 n(z) =
Gs(z) is a periodic collection of polynomial matrices, with upper block
triangular independent terms given by D, ;. These matrices also satisfy
the relation Gs41(2) = Rp(2)Gs(2)R,,1(2), where R,(z) and R,,(z) are
given in (3.1).

In this way we introduce the concept of forward (backward) periodic
realization of a periodic collection of rational (polynomial) matrices.
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Definition 1 ([6])

a) Periodic system (I, E(-), F(-), G(-); X())~ is a forward periodic re-
alization of a periodic collection of rational matrices {Hq(z), s € Z},
Hy n(2) = Hy(z) € RPN>XMN () if Hy(2) = Gg(2] — Es)™'F, + Jg,
s € Z, where (I, Es, Fs, Gs, Js), is the associated invariant system
at time s.

b) Periodic system (E(-), I, F(-), G(-); X ("))~ is a backward periodic
realization of a periodic collection of polynomial matrices

{Hs(z), s€ Z} ,Hsyn(2) = Hs(2) € gRPNXmN[Z]
if
HS(Z) = ZGS(ZES - I)ilFs + Js; S € Z:

where (Eg, I, Fs, Gs, Js) is the associated invariant system at time
S.

Now we introduce the concept of discrete-time singular forward/back-
ward periodic realization of a periodic collection of nonproper rational ma-
trices.

Definition 2 The discrete time-varying singular forward/backward peri-
odic linear system XF/B | given by (2.1)-(2.2), realizes the periodic collec-
tion of rational matrices {Hy(2), s € Z}, Hyyn(2) = Hy(z) € RPNXMN(2),
NeZt, if
-1
(ZI — Al: ) 0 BL
Hs(z) = [0173:20273] ° ° +
0 (ZA27S —I) 3273

+D1,s + Dz’s, sEZ

where (I, A1 s, B1,s, C1,5, D1,5) and (Ass, I, B2 g, Cs 5, D2 5) are the for-
ward and backward invariant systems associated with the forward and back-
ward periodic sub systems L and X8, given by (2.3)-(2.4) and (2.5)-(2.6),
respectively.

In the above definition it is assumed that matrices Ay 5, s € Z are nilpotent.
4 Existence of Singular Forward/Backward Periodic
Realizations
Let
{Hy(2),s € 2}, Hyn(z)=Hy(z) e RPN N(2), Ne 2zt (4.1)

6



FORWARD/BACKWARD PERIODIC REALIZATIONS

be a periodic sequence of rational matrices satisfying
Hyy1(z) = Ry(2)Hy(2)R,,) (2), (4.2)

where matrices Rp(2), Ry, () are given in expression (3.1).

Consider the decomposition Hy(z) = Fo(z) + Py(z), where Fy(z) is a
proper rational matrix whose polynomial part is strictly lower block trian-
gular and Py(z) is a polynomial matrix whose independent term is upper
block triangular. Then, from (4.2), Hs(2) = Fs(z) + Ps(z), s € Z, where
F,(z) is a proper rational matrix whose polynomial part is also strictly
lower block triangular and P;(z) is a polynomial matrix with upper block
triangular independent term, and such that

Fe(2) = Rp(2)Fs(2)Ry} (2), (4.3)
Poy1(2) = Ry(2)Ps(2)R;(z2),s € 2. (4.4)

Consider the periodic collection of proper rational matrices {F;(z),
s € Z}. We know from [6] that there exists a forward periodic realization

(Iv Al('): Bl('): Cl('); Xl())N of {Fs(z)) s e Z} - -

On the other hand, for each s € Z, Ps(z) = Ps(z) + D2, Ps(z) =
I+1
Zszi, is a polynomial matrix with upper block triangular indepen-
i=1

~ 1 1
dent term D?. Thus —P,(=) =
z

) St
matrix, where Ny(z) is a polynomial matrix of degree least or equal to

N,(z) is a strictly proper rational

I. Rational matrix —P,(~) has a forward canonical invariant realization
z
(I, A2,37 BQ73, 0273, 0) given by [1]

Ay, = 0 | Iipn € RUFDPNX (1PN (4.5)
Opv | O
s1l+1
By, = col[-Lf],L,, Css = [Ipn, Opn, -+, Opn]. (4.6)
Thus,
-1
—Ps(;) = CQ’S(ZI — A2’5)71B2’s.

This implies that
ps(Z) = 202’5(2.14.2’5 - I)71B2’s.
As P,(z) = Py(2) + D2, the backward invariant linear system

Ay sx(k+1) = z(k)+ B2 su(k), (4.7)
y(k) = 02,31'(]‘: + 1) + D2,su(k)> (48)
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where As 5, C 5, Ba s are given in (4.5), (4.6) and D2 s = D?, is a back-
ward invariant realization of the matrix Ps(z). Note that matrix A, s given
by (4.5) is a nilpotent matrix with order of nilpotence [+1. So we only have
a finite number of nonzero Markov parameters associated with backward
invariant realization (As s, I, Ba,s, Ca.s, D3 s). Consider these Markov pa-

rameters, Vs s (k) € RPN XN

—Co A5 "By, if 1<k<I+1
Dy, if k=0.

VQ,s(k) = (4-9)

These parameters satisfy

+1
Py(2) = —2Cs5(2A2s — 1) 7' Baos+ Day = > Vau(k)2F + Doy
k=1

Applying to the backward case the same technique described in [6] we define
the following periodic collection of Markov parameters

(Vou(k,j), k>1, j=0,1,...k—1}CR™ seZzZ.  (4.10)
Given a partition of V5 (k) into blocks of size p x m
Vaus(h) = (Vo (B)lag)y  Vas(B)lag € R, 0,8 =1,2,...,,
and k = pN 4+, k > 1, we define V5 4(k, j) in the following way:

1.Ify=0(k=pN, p>0),j=7TN+6,0<7<p,0<Oh<N-1,
then
Vas(k,5) = [Va,s(T)]1,041-

2. Consider vy =1,2,...,N — 1.
(a) If j=0,1,...,7—1, then
V2,S(kaj) = [V2,S(0)]N*’Y+1,N*’Y+J‘+1'

b)Ifj=F-1)N+~v+6,0=0,1,.... N—-1(1<7<p,p=>1),
then
V2,s(k:j) = [VZ,s(T)]N—WH,eH-

As in [6], we obtain the following proposition.

Proposition 3 The backward periodic linear system (As(-), I, Bo(-),
C>(+); Xo(-)) N, where

AQ(S) — ‘ I((l+1)N—1)p € éR(l+1)pN><(l+1)pN, (411)
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Ba(s) = col[~Vaupi(j,j — 10N, (4.12)
02(8) = [IP) Opa Tty OP] , S € Z (413)

is a periodic realization of the Markov sequences (4.10).

Moreover, the backward invariant system associated with (Ax(-), I, Ba(-),
C>(+); X2(+)) N at time s, is a backward invariant realization of the Markov
parameters Vs 4(k) given in (4.9). So from definition 1, periodic system
(A2(-), I, Ba(+), C2(-); X2(+))n is a backward periodic realization of the
periodic collection of polynomial matrices {Ps(z), s € Z}.

The next theorem resumes the above discussion.

Theorem 4 A periodic collection of, in general, nonproper rational ma-
trices

{Hs(z), s € Z}, H, o n(2) = Hy(z) € RPVXMN () N ¢ 2+,

is realized by a discrete time-varying singular forward/backward N -periodic
linear system such that its backward subsystem has a nilpotent monodromy
matriz at any time, if and only if the relation Hy11(z) = R,(2)Hs(2)R,;}(2)
is satisfied, where R,(z) and Ry, (2) are given in (3.1).

Next, we study the problem of the existence of minimal discrete time-
varying linear forward/backward periodic realizations of a periodic collec-
tion of rational matrices. If a forward/backward discrete-time linear pe-
riodic system is a realization of a periodic collection of rational matrices,
then the monodromy matrices ¥ 4,(s,s + N), s =0,1,2,..., N — 1 of the
backward subsystem are nilpotent. We assume nilpotence as an implicit
characteristic of the monodromy matrices of backward discrete-time linear
periodic systems.

5 Solutions, Reachability and Observability of For-
ward /Backward Discrete-Time Linear Periodic Sys-
tems

Consider the forward/backward discrete-time linear periodic system (2.1)-
(2.2), in a finite set of times ko, ko + 1,...,kr € Z. The forward system
(2.3)-(2.4) and the backward system (2.5)-(2.6) will be restricted to the
same discrete-time interval [ko, k] z. Equation (2.3) is a forward recurrence
equation whose state x1(k) is determined uniquely by initial state x (ko)
and the forward sequence of inputs w(j), j = ko, ko +1,...,k—1

k—1

21(k) = a, (k,ko)z1 (ko) + Y da,(k,j + 1)Bi(G)u(j).  (5.1)
Jj=ko

9
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On the other hand, equation (2.5) is a backward recurrence equation whose
state z2(k) is determined uniquely by the terminal state x2(ky) and the
backward sequence of inputs u(j), j =k — 1, kf —2,...,k

ky—1

wa(k) = a (k, kp)wa(ky) + Y ay (b, 5)Ba()u(s). (5.2)

=k

A pair formed by initial state z1(ko) and terminal state z2(ky) for sys-
tems (2.3)-(2.4) and (2.5)-(2.6), respectively, will be called a complete ini-
tial/terminal condition. The state x(k) of singular system (2.1)-(2.2), at
time k € [ko, kf] z, is determined by a complete initial /terminal condition,
x1(ko) / z2(ky), and by a sequence of inputs w(j), j = ko, ko+1,..., ks —1,

2(k) = I":)(’“) (64, (K, ko)1 (ko) + Z da(k,j + 1)B1(j)u(j)) +
j=ko
- ; . b
(a, (b, kp)za(ky) + > ¥a, (K, §)Ba(h)uli))- (5.3)
Ty | i=k

5.1 Reachability

Definition 5

e Given system (2.1)-(2.2), the state w € X (k) will be called reachable
at time k in the interval [ko, k] z if there exists a set of inputs u(j) €
R = ko, ko+1,..., ky—1, such that, if ©1(ko) = 0 and z2(ky) =
0, then z(k) = w.

o The state w € X (k) will be called reachable at time k € Z if there
exist ko, kr € Z, ko < k < ky such that w is reachable at time k in
the interval [ko, ky) z

o System (2.1)-(2.2) is completely reachable if w is reachable at time
k, for every state w € X (k), and for all k € Z.

The backward reachability definition can be introduced in a similar way
as the forward reachability condition. Thus the subspaces

Rl(k07k) = Im[Bl(k_l)v ¢A1(kﬂk_1)Bl(k_2)7 B ¢A1(kak0+1)B1(k0)]a

and Ri(k) = Uy, <1 R1(ko, k) are the subspace of reachability in the inter-
val [ko, k] z and the subspace of reachability at time & of system (2.3)-(2.4).
The subspaces

Ra(k,ky) = Im[pa,(k, ky)Ba(ky), Ya,(k, ky — 1)B2(ky — 1), ...
. 71/}142 (kv k+ 1)B2(k + 1)7 B2(k)];

10
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and Ra(k) = ka>k Ra(k, ky) will be called the subspace of reachability in
the interval [k, kf]z and the subspace of reachability at time k of system
(2.5)-(2.6).

System (2.3)-(2.4) is completely reachable if and only if dimR (k) =
dimX; (k), for all k € Z, and system (2.5)-(2.6) is completely reachable if
and only if dimRy(k) = dimX,(k), for all k € Z.

Proposition 6 ([10]) System (2.1)-(2.2) is completely reachable if and
only if systems (2.3)-(2.4) and (2.5)-(2.6) are both completely reachable.

5.2 Observability

There are different concepts of observability for generalized state space
models ([18] [4] [2] [7]). Several authors coincide in introducing observabil-
ity of a singular system, at the interval [ko, ks]z, as the ability to recon-
struct a complete initial/terminal condition col[zi(ko), z2(kys)] from the
inputs u(k) and the outputs y(k) of the system. We extend the observabil-
ity definition for singular invariant systems proposed in [4] and [7] to the
case of forward/backward periodic systems.

Definition 7 System (2.1)-(2.2) is observable in the interval [ko,k¢]z if
any state x(k), k € [ko,kylz is uniquely determined by the inputs u(j),
J € ko, kylz and the outputs y(j), j € [ko,k¢]z, of the system.

We denote by Nj(ko, k) the set of unobservable states, in the interval
[ko,k]z, for system (2.3)-(2.4), i.e. the unobservability subspace in the
interval, [ko, k]z. Note that

Cy (ko)
Ci(ko +1)pa, (ko + 1, ko)

Ker

Ni(ko, k)

C1(k)pa, (k, ko)
= 2" KerCh (ko + j)da, (ko + , ko)-

The set Ni(ko) = ﬂ Ni(ko, k) is called the unobservability subspace at
k>ko

time ko, of system (2.3)-(2.4). Analogously, we denote by N>(k, ky) the set

of unobservable states in the interval [k, k¢] z, of the system (2.5)-(2.6), i.e.

11
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the unobservability subspace in the interval [k, ks]z. In this case

Co(k)ipa, (k, ky)

Colk + 1)poa, (k + 1,k
No(k,kr) = Ker 2 )1/&.&( 2 =

Co(ky — 1)pa,(ky — 1, k)
ky—k . .
= ;L KerCo(ky — j)va, (ks — j, ky).
The subspace Ny (k) = ﬂ Na(k,ky) will be called the unobservability
k<kg

subspace at time ky of system (2.5)-(2.6). Note that if (2.1)-(2.2) is ob-
servable in the interval [ko, k] z, then

N(kﬂakf) =

C1(ko) Ca2(ko)ta, (Ko, ky)

Ci(ko +1)pa, (ko + 1, ko) | Co(ko + 1)tha, (ko + 1, k)

Ker = {0}.

Ci(ky =)o, (kr — 1, ko) | Calky — 1)pa, (ks — 1,ky)

N (ko, k) will be called the unobservability subspace in the interval [ko, k]

of system (2.1)-(2.2) and N'(ko) = ﬂ N (ko, k) the unobservability sub-
k>ko
space at time ko of system (2.1)-(2.2).

Definition 8

o System (2.1)-(2.2) is observable at time ko € Z if there exists ky € Z,
kg > ko such that N'(ko,k) = {0}, for all k € Z, k > ky.

o System (2.1)-(2.2) is completely observable if it is observable at time
ko, for all ky € Z.

Proposition 9 System (2.1)-(2.2) is completely observable if and only if
systems (2.3)-(2.4) and (2.5)-(2.6) are completely observable.

6 Minimal Forward/Backward Periodic Realizations

In this section we study the problem of the existence of minimal discrete
time-varying forward/ backward periodic realizations of a periodic collec-
tion of rational matrices. First we introduce the definition and an im-
portant result about similarity of forward and backward periodic linear
systems.

12
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Definition 10 Two discrete time-varying forward (backward) periodic lin-
ear systems (I, Ai(-), Bi(-), Ci(-); Xi(-))n, ((Ai(), I, Bi(-), Ci(-); Xi())n ),
1 = 1,2, are similar if there exists a periodic succession of invertible matri-
ces {U(k)}, U(k+N) = U(k), U(k) : Xo(k) — X1(k) {V(k)}, V(E+N) =
V(k), V(k) : Xa(k) — X1(k)), k € Z, such that

Ar(k) = (Uk+1) A(k)U (k) (A(k ) (V(E)" Ar(k)V (k + 1)),
By(k) = (U(k+1) 'Bi(k) (Bz(k) = (V(k))"'Bi(k)),
Co(k) = Ci(k)U(k) (Ca(k) :Cl(k)v( ) -

Definition 11 Two discrete time-varying forward/backward periodic lin-
ear systems Ef/B, i = 1,2 are similar if the two forward subsystems LF,
i = 1,2, are similar and the two backward subsystems £8, i = 1,2 are also
similar.

Proposition 12 ([11], [10]) If two discrete time-varying forward (back-
ward) linear periodic systems (I, A;(-), Bi(), Ci(-); Xi(-)n ((Ai(+), I
Bi(-), Ci(*); Xi(-))n), which are completely reachable and completely ob-
servable, realize the same periodic collection of rational (polynomial) ma-
trices, then they are similar.

Definition 13

a) The discrete time-varying forward (backward) periodic system (I, A(+),
B(-), C(); X())v ((AC), I, B(-), C(); X(-))w), is a minimal for-
ward (backward) periodic realization of a periodic collection of ra-
tional (polynomial) matrices {Fs(z), s € 2}, Foyn(z) = Fs(z) €
RPN (2) ({Po(2), s € 2}, Poyn(2) = Pu(2) € RIVMN[]), of,
for any other forward (backward) periodic realization, (I, A(-), B(-),
C(); X())n ((A(), I, B(-), C(-); X(-))n), of the same periodic col-
lection of rational (polynomial) matrices, it is true that dimX (k) <
dimX (k), for all k € Z.

b) The discrete-time linear forward (backward) periodic system (I, A(-),
B(4), C(\)n ((A(), I, B(+), C(-))n, with constant dimension n is a
c-minimal forward (backward) periodic realization of a periodic col-
lection of rational (polynomial) matrices

{Fu(2), s € 2}, Foun(2) = Fi(2) e RV (2)({Py(2), s € 2},

Poyn(z) = Py(z) e RRVXMN) N e 27,

if, the dimension of any other constant dimension forward (backward)
periodic realization of the same periodic collection of rational (poly-
nomial) matrices is greater than or equal to n.

13
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a’) The discrete time-varying forward/backward periodic linear system
SF/B with state space X (k), k € Z, of variable dimension, is a min-
imal forward/backward periodic realization of a periodic collection of
rational matrices {H;(2), s € Z}, Hsrn(2) = Hs(2) € RPNV (2),
N € Z*, if, for any other forward/backward periodic realization,
YF/B, of the same periodic collection, with variable state space X(k),
ke Z, it is true that dimX (k) <dimX (k), for all k € Z.

b’) The discrete-time forward/backward periodic linear system SF/B with
constant dimension n is a a c-minimal forward/backward periodic re-
alization of a periodic collection of rational matrices, if the dimension
of any other constant dimension forward/backward periodic realiza-
tion, SE/B | of the same collection, is greater than or equal to n.

Remark 1 For discrete time-varying periodic systems a minimal periodic
realization is a periodic system which has state spaces of minimal dimension
at each time. In the context of periodic systems with state space of constant
dimension a c-minimal periodic realization is a periodic system with state
space of minimal constant dimension.

Let {Hy(z),s € Z}, Hsyn(2) = Hy(z) € RPV>*mN(2) N € ZF be
a periodic collection of rational matrices. We consider the decomposition
Hy(z) = Fs(2)+Ps(z), s € Z where F(z) is a proper rational matrix whose
polynomial part is a strictly lower block triangular matrix and Ps(z) is a
polynomial matrix whose independent term is an upper block triangular
matrix. It is easy to deduce the next proposition.

Proposition 14 ([10]) The forward/backward periodic linear system /B
is a minimal forward/backward periodic realization of the periodic collection
of rational matrices {Hy(z), s € Z}, if and only if its forward and backward
periodic subsystems, ©F and X, are minimal forward and minimal back-
ward periodic realizations of the periodic collections of rational matrices
{Fs(z), s € Z} and polynomial matrices {Ps(z), s € Z}, respectively.

The next result gives a solution to the problem of reducing realizations

to reachable and observable realizations with smaller dimension.

Theorem 15 If XF/F s a discrete time-varying forward/backward peri-
odic linear system, with variable state space X (k), that realizes a periodic
collection of rational matrices

{Hi(2),s€ 2},  Hen(z) = Hy(z) e RV (2), N e 27,

then there exists a completely reachable and completely observable discrete

time-varying forward/ backward periodic linear system 25/3, with vari-
able state space Xo(k), that realizes the same periodic collection of rational
matrices, such that dimX,(k) < dimX(k), for all k € Z.

14



FORWARD/BACKWARD PERIODIC REALIZATIONS

Proof: Suppose that ©F/F realizes the periodic collection of rational ma-
trices

{Hs(z), s € Z}, H,yn(2) = Hy(z) € RPV>*mN () N € 27T,

For any s € Z, let Hs(z) = Fs(z)+ Ps(z) be a decomposition where Fy(z)
is a proper rational matrix with strictly lower block triangular polynomial
part and Ps(z) is a polynomial matrix whose independent term is an upper
block triangular matrix.

Consider the direct sum X (k) = X;(k) @ X2(k), k € Z, where X, (k),
Xo(k), are the state spaces of the forward subsystem, X" = (I, A;(-), By(+),
C1(+); X1(+))n and the backward subsystem, X7 = (A5(-), I, Bs(+), Co(+);
Xo(+))n. From [9] we know that X% realizes the periodic collection of ra-
tional matrices {Fs(2), s € Z}, Fsrn(2) = Fy(2) € RPV*mN(2), N € Z7,
and TP realizes the periodic collection of polynomial matrices

{Py(2), s € Z}, Py n(2) = Ps(2) € RPNV 2], N € ZT.

In [11] it is proved that an appropriate decomposition of X; (k) allows
us to obtain a completely reachable and completely observable realization,
YF | of the periodic collection of rational matrices {Fs(z), s € Z}. In the
backward case, an analogous decomposition of X,(k) gives rise to a com-
pletely reachable and completely observable realization, Y, of the periodic
collection of polynomial matrices {P;(z), s € Z}.

The discrete time-varying forward/backward periodic linear system
EOF/B, defined by ©f and ©¥, is a completely reachable and completely
observable forward /backward periodic realization of the periodic collection
of rational matrices {H;(z), s € Z}. O

As a consequence, from a discrete time-varying forward/backward pe-
riodic linear system Y¥/F with variable state space X (k), that realizes
a periodic collection of rational matrices, we always can obtain a discrete
time-varying linear forward/backward periodic system whose state space
has smaller or equal dimension.

Next we characterize minimal forward/backward periodic realizations
in terms of reachability and observability properties.

Theorem 16 The discrete time-varying forward/backward periodic linear
system SF/B | is o minimal periodic realization of the periodic collection of
rational matrices

{Hy(2),s€ 2},  Hyn(z) = Hy(z) € RRV*™N(2), N e ZT,
if and only if it is completely reachable and completely observable.

Proof: From theorem 15, we deduce that a minimal forward/backward
periodic realization is completely reachable and completely observable.

15
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To prove the converse result, we apply proposition 14. From [11] we
know that the converse result is true in the case of the forward subsystem
Y. So it is sufficient to prove it for the backward case. Suppose that
Y8 = (Ay(1), I, Ba(+), Ca(-); X2(+))n is a nonminimal completely reachable
and completely observable backward periodic realization of the periodic
collection of polynomial matrices { Ps(z), s € 2} C RPN*MN 2] Py n(2) =
P,(z). Then there exists a realization £ = (4,(-), I, Ba(-), Ca(-); Xa(-))n
of the same periodic collection of rational matrices, such that dimX,(k) <
dim X5 (k) and dimX, (ko) < dim X, (ko) for some ko € Z. By theorem 15,
from £8 we construct a completely reachable and completely observable
realization X5 = (A9(-), I, BY(-), CY(-); X9(-))n of the periodic collection
of polynomial matrices with dimX(k) < dimX,(k) for all k € Z. By
proposition 12, ©F and X7 are similar. So, dimX5(k) = dimX3(k), k € Z.
This contradicts that dimXy (ko) < dimX(ko) and the theorem is proved
0.

Corollary 17 Given a periodic collection of nonproper rational matrices
{Hs(2), s € Z} C RPN*"MN(2), Heyn(2) = Hy(2), there exists a minimal
forward/backward periodic realization EOF/B of this periodic collection if and
only if

Hy1(2) = Rp(2)Hs(2) Ry, (2), (6.1)

where Rp(z) and Ry, (z) are given in (3.1).

Proof: From theorem 4 we know that, given a periodic collection of rational
matrices {Hy(z), s € Z} C RPN*™N () Hy\,(2) = Hy(z), there exists a
discrete time-varying forward/backward periodic realization S/F of this
periodic collection if and only if the recurrence equation (6.1) is true. By
means of the method described in theorem 15, from %¥/F we obtain a
completely reachable and completely observable system 25/ B that realizes
the same periodic collection of rational matrices. By theorem 16, realization
EOF/B is minimal OI.

Now we consider the c-minimal realization problem. To absorb this
problem, we are going to present some consequences of theorem 16 that
relate the minimality of forward and backward periodic systems with the
minimality of its associated invariant forward and backward systems.

Proposition 18

a) Discrete time-varying forward (backward) periodic system ©F = (I,
A1(), Bi(), C1(0); Xi())w (8P = (A2(), I, Ba(), C2(1); Xa2())w)
is completely reachable and completely observable at time s € Z if and
only if its associated invariant forward (backward) system LI = (I,
Al,s; Bl,s; Cl,s; Dl,s) (ESB = (AZ,S; I> B2,s; CZ,s; DZ,S)); iS mlnlma'l
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b) Discrete time-varying forward (backward) periodic system %F (£8)
is minimal if and only if its associated invariant forward (backward)
system, L (£8) s=0,1,...,N — 1 are minimal.

¢) Discrete time-varying forward/backward periodic system YF/B s min-
imal if and only if the forward and backward invariant systems L,

©B  are both minimal, for each s =0,1,...,N — 1.

The following result can be proved by direct computation and is funda-
mental to characterize the existence of c-minimal realizations.

Proposition 19 Let (I, A(:), B(*), C(:); X(+))~ be a discrete time-varying
forward periodic realization of a periodic collection of rational matrices and
{1j, 7€ 2}, wjrn = pj, a periodic succession of non-negative integers.
Consider vy = max {dimX (j) + p;}, so € Z such that dimX (sg)+fts, = Vo
and 7o = dimX (sp+a), a € Z. Consider the discrete time-varying periodic
system (I, A(-), B(-), C(-); X(-))n To defined by

~ 0 0
A(so+a) = € §R("o—ua+1)><(t'o—ua)’
0 Also+a)
; o]
B(sp +a) = c §R(V0*ua+1)><m’
[ B(sp + ) J
Clso+a) = [0 Clso+a) | € Roxomi),

where A(so +a) € R7e+1*7= B(sg+a) € R7+1X™ and C(sp+a) € RP*7.
Then, (I, A(-), B(-), C(-); X(-))n realizes the same periodic collection of
rational matrices.

The next theorem characterizes c-minimal realizations.

Theorem 20 A forward/backward periodic realization, SFIB | of a peri-
odic collection of rational matrices is c-minimal if and only if there exists
some s € {0, 1, ..., N — 1} such that the associated invariant forward and
backward systems Ef; and Efo are both completely reachable and completely
observable.

Proof: Consider the c-minimal forward/backward periodic realization
YF/B with constant dimension 7, of the periodic collection of rational
matrices {H(z), s € Z} C RPVX™N (), Hyy(2) = Hg(2). Let
ZF
ZB

(Iv Al(')aBl(')ﬂ Cl('); Xl('))Nv
(AQ(')vlv B2(')7 02('); XQ('))Nv
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be the forward and backward periodic subsystems of /7 where dim X (k)+
dimX>(k) = 7, k € Z. Consider the associated invariant forward and back-
ward systems ¥£, ©5 s € Z. Suppose that there is not any s € Z, such
that £ ©F are both completely reachable and completely observable. By
theorem 15, there exists a discrete time-varying forward /backward periodic
system SF/B guch that the corresponding forward and backward periodic

subsystems
SF = (IaAl(')rgl('):él(');Xl(-))N’
i)B = (142(')’[732(')702(');)22('))1\7’

are both completely reachable and completely observable. We have that
dimX; (k) <dimX; (k) and dimX,(k) <dimX,(k), k € Z. Let

To = max {dile(k) + dimXQ(k)} ,

70 < 7 and sy € Z such that 7y = {dimf(l(s()) + ding(so)}. We define

7 = dimX;(so + @), i = 1,2. The associated invariant forward and
backward systems f]f;, f)g are both completely reachable and completely
observable. Consider the forward/backward periodic system with constant
dimension 7, £F/B  with backward periodic subsystem given by £8 = £8
and forward periodic subsystem ©F = (I, A;(-), Bi(-), C1(-); X1())n
defined by

N 0 0

Ai(so+a) = ) € R0 x(ro-r )
0 A1(80 + Oé)

. 0 e

Bi(so ta) = . € RO xm
Bl(S(] + Cl)

OI(SO + Oé) = 0 611(50 + a) c §RP><(T0—T§L2)).

By proposition 19, ©¥/F and SF/B are forward /backward periodic realiza-
tions, with constant dimension 7 and 79, respectively, of the periodic collec-
tion of rational matrices {H,(z), s € Z}. Note that 7o < 7. As ©F/P is a
c-minimal realization; we have that 7 = 79. Then dimX (s¢) =dimX (so)
and dimX,(so) =dimX(so). As xf and f]fo, realize the same rational
matrix, we deduce that Ef; is completely reachable and completely ob-
servable. In the same way we prove that Efo is also completely reachable
and completely observable. This contradiction completes the proof of the
necessary condition.

Conversely, consider the completely reachable and completely observ-

able associated invariant forward and backward systems Ef;, Eg. Note
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that ©F | is a minimal realization of a rational matrix Fy,(z) and ©2 is
a minimal realization of a polynomial matrix Ps,(z), Hs,(2) = Fs(2) +

F ZB

P,,(z). Denote by 7'(51), Té2) the dimension of systems ¥y , ¥,

respec-
tively. We have that 7'(51) + 762) = 7, where 7 is the constant dimension of
YF/B_ Suppose that ©F/F is not a c-minimal periodic realization of the
periodic collection of rational matrices {H,(z), s € Z}. Then there exists
a forward /backward periodic realization, $¥/7 with constant dimension
less than 7. The associated invariant forward and backward systems flf;,

i)g}, realize the rational matrix Fs (z) and the polynomial matrix Ps,(z),

respectively. If we denote by 'y[(]l), 732) the dimension of these systems,

then 731) + 782) <T. 50 Zﬁz and Zﬁ cannot be minimal realizations. This

contradiction completes the proof.O]

Corollary 21 Consider a c-minimal forward/backward periodic realiza-
tion, F/B | of a periodic collection of rational matrices, such that its pe-
riodic forward subsystem EF and periodic backward subsystem LP have
constant dimension. Then, periodic subsystems ©F and P are c-minimal.

In general, the converse implication of the above corollary is not true.
The following theorem is a consequence of the previous results and charac-
terizes the existence of minimal and c-minimal realizations.

Theorem 22 Let
{H,(2), s € 2}, Hen(z)=Hy(z) e RRV*"N(2), Ne2t,(6.2)

be a periodic collection of rational matrices. Then, the following statements
are equivalent:

(i) There exists a discrete time-varying minimal forward/backward peri-
odic system ST/ B | with variable state space X(k), k € Z, that realizes
the periodic collection (6.2).

(ii) There exists a c-minimal forward /backward periodic realization X¥/5
that realizes the periodic collection (6.2).

(iii) The matrices of the periodic collection (6.2) satisfy the recurrence
equation
Hyi1(2) = Rp(2) Hy(2) Ry (2)

where Rp(z) and Ry (z) are given by

0 Iin_1ys ) .
Ry(z) = (V=07 | e RiNxiN = pom,
ZI]' 0
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