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Robust Stability Analysis of Characteristic
Polynomials Whose Coefficients are
Polynomials of Interval Parameters*

Takeshi Kawamura Masasuke Shima

Abstract

In this paper, stability of the characteristic polynomial F(s) of
which parameters appear nonlinearly in coefficients is studied. If
real and imaginary part of F(jw) are monotone of parameters in
frequency domain, their maximum and minimum values can be cal-
culated from the endpoints of parameters. Using this monotonicity,
we will extend the mapping theorem, to the case of polynomial coef-
ficient of parameters. And sufficient conditions of the monotonicity
are derived for the case of one parameter and multi-parameters.
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1 Introduction

Since the appearance of the Kharitonov’s theorem [1], the simple stability
criterions of interval polynomials have been studied by many researchers
(121,13].14],[5],16],[7])- On the other hand, there is the mapping theorem for
the analysis of multilinear coefficient of polynomials ([8, p.476], [2, pp. 147-
152], [9], [10]). The mapping theorem is useful to analyze the stability of
open loop and closed loop system in the frequency domain. In these studies,
coefficients of interval polynomial are supposed to be linear or multilinear
in system parameters. And little attention has been given to the nonlinear
case which is more common in practice.

In this paper, the mapping theorem is extended to the general non-
linear case by means of the monotonicity of functions on the intervals of
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parameters. If our conditions on monotonicity of Re F(jw) and Im F(jw)
are satisfied, then all polynomials F'(jw) belong to a rectangle Fj(w) in
the frequency domain, whose vertices are calculated from the endpoints
of parameter intervals. Using this property, we can check the stability of
the interval polynomial. If the coefficient is a polynomial of the only one
parameter, its monotonicity can be studied by applying Sturm’s theorem
([11], [12, pp. 81-85]) to its derivatives with respect to parameter. In or-
der to obtain the monotonicity test for multiparameter case, it is sufficient
for us to apply the monotonicity test for one-parameter recursively. An
example is worked out to illustrate our result.

2 Description of the System

We study the characteristic polynomial

F(s) = s"+a(p)s" ' +e(p)s" 2+ -+ ca1(p)s + cu(p)
where ¢;(p)’s are in polynomials of p = (p1,...,Pm)
Pie[ﬂi, ﬁz]; pi€%>i21>27"'7m (21)

It is clear that for each c;(p) there exists an interval [ ¢j, €; | to which
the value of ¢;j(p) belongs under the restrictions p; € [ p;, Bi | (i =
L,...,m; j = 1,...,n). And the relations between the interval [ ¢;, ¢; ]
and the interval [ p;, P; | are complicated in general. For example, the
system with structural uncertainties:

z(t) = Ax(t) (2.2)
A=Ay +pAi +pAs + -+ prAn
where p; € [pi,Pi |, pi € R, A,A; € RV, i=1,2,...,m

has the characteristic polynomial in the form of equation (2.1). It is known
that if ¢;’s are multilinear in p;’s, the interval [ ¢;, ¢; ] is directly determined
by p;’s and p;’s. In this case, the mapping theorem can be used to check
the stability of the system. In the following, we will study a more general
case where coefficients c¢; ’s are polynomials.

3 Extension of the Mapping Theorem

First, we need the definition of monotone functions.

Definition 1 (Monotone function of p) If a function f(p) = f(p1, ---,
Dm) 1S a polynomial of p;, i =1, ..., m and satisfies the condition

9f(p)
Op;

<0 (3.1)
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or

9f(p)
Opi

for all p; € (pi, Pi ),pr € [Pr, Dr ], kK #4; i,k=1,2,---,m,

>0 (3.2)

it is called a monotone function of p. a
Using this definition, we have the following theorem.

Theorem 1 If Re F(jw) and Im F(jw) are monotone functions of p,
F(jw) belongs to the rectangle Fy(w) in the complex plane.

Fh(w) = {m+jy:amS$SaM> ﬁmSySﬁM} (33)
Oy = min_ Re F(jw), ayy = max  Re F(jw)
Pi=p;. P; P;=p;. P;
i=1,2,...,m i=1,2,...,m
Bm = min_ Im F(jw), B = max  Im F(jw).
P;i=pP;, Pi Pi=Pi, Pi
i=1,2,...,m i=1,2,...,m
O

Proof: Let us consider the monotonicity at an arbitrary frequency w. If
only a parameter p; is varied on [ p;, D; ] with the other parameters fixed,
it is shown that Re F'(jw) have the relative maximal value at p; or p; due
to the monotonicity with p;. The relative minimum value of Re F(jw) is
determined in the same way. Then, another parameter p; can be varied and
so on. Consequently, Re F(jw) has the maximum value and the minimum
value at the endpoints of p;; i = 1,2,...,m. The same argument is applied
to Im F(jw). Therefore, F(jw) belongs to the convex hull F},. |

Using this theorem, we can check the stability of F(s). F(jw) belongs
to the rectangle Fp(w).

Theorem 2 If the plot of F,(w) satisfies the following two conditions, the
system is stable.

1) F(0) is on the positive part of real axis.

2) As w increases, the plot of Fy(w) encircles the origin in a counterclock-
wise direction and its vertex’s phase goes to ni for w— oo. O

Thus all rectangles Fj,(w) do not include the origin.

Proof: According to Mikhailov’s Theorem [2, p. 113], the above conditions
are derived. a

This stability analysis is similar to the mapping theorem [2, pp. 147-
150]. And the monotonicity of a function is very important in our analysis
method. Next, we study conditions of the monotonicity.
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4 Criterion of Monotonicity

In this section we will discuss how to check the monotonicity. First we
study one parameter case using both endpoints of interval parameters.

4.1 One-parameter function

We consider a polynomial f(p) with a parameter p € [ p, p]. It is clear

that if %pp) # 0 on the interval [ p, p |, f(p) is monotone. Therefore,
it is necessary to know how many roots of the equation %pp) = 0 are in
the interval [ p, p]. According to the Euclidean Algorithm, the following

procedure is derived.

df (p) 4> f(p)
= = 4-1
1 dp ) T2 dp2 ( )
T = @r2—7T3 (4.2)

T2 = (273 —T4

Tw—2 = Quw-2Tw—1—Tw, (4.4)

where 7, is the greatest common factor of r; and 7.
Next, we evaluate the values r1(p) r2(p), ..., Tw(p), and count how
many times 71 (p), r2(p), ..., rw(p) change its signs, which is denoted by

V(p). V(p) is calculated in the same way.

Theorem 3 In the above system, if the following condition 1) or 2) holds,
f(p) is a monotone function of p on the interval [p, P ].

) Vip)-V(E =0 (4.5)
2)  V(p)—V(p) = land sign (r1(p)r:(p)) > 0 (4.6)
O

Remark 1 [12, pp. 81-85]. If r; has a-tuple roots at p = p and/or 8-tuple
roots at p = P, then all functions (4.1), (4.2), (4.3) and (4.4) become 0. In
this case, V(p) can not be calculated in the neighborhood of p and/or p.
So we must eliminate (p — p)* or/and (p — P)% in r; and 5. For example,

d  f(p) . ?  f(p)

r R I

Ydp(p-pT P A (p-p)
We can calculate V' (p) — V(p) using the above algorithm. |

df (p
dp

=

Proof: According to the Sturm’s theorem, the number of roots of

0 on the interval ( p, p | is given by V(p) — V(p). If V(p) — V(p) = 0,

4
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4®) — ( has no roots on the interval (p, P, and if V(p) — V(p) = 1,

%pp) = 0 has one root on the interval ( p, p]. Since 71(p) and r(p) have

the same sign, f(p) is a monotone function with one point of inflection. O

4.2 Multi-parameter function
For multiparameter functions, we examine the monotonicity.

Definition 2 For parameters p1, p2, - .., Pm, we define the set of param-
eters p; (i = 1,2,...,m) as p(1;,2;,3;, ---mj,,) where each ji,j2, -, Jm
takes 0 or 1 respectively. In this form, we denote j; = 0 if p; = p; and also
ji = 1 if pi = pi. For example, p(ioj1) means p; = p; and p; = p;. O

Then we suppose a function f(p) = f(p1,-..,pm) to be a polynomial of
pi, i=1,...,m, where p; € [ p;, ;] and f(p) € [ f, f]. If%pf’) # 0 on
[pi, Di | fori =1,...,m, then the function f(p) is monotone by definition.
In the same way as one parameter case, we examine the existence of roots
of ZP) = on [ p;, p; ] for all i.

9f(p) 0*f(p)
ri1 = rig = 4.7
21 8]71 ) 72 8p% ( )
i1 = Qqi1Ti2 —Ti3 (4.8)
Ti2 = (i2Ti3 —Ti4 (4.9)
Tiwi—2 = Qiwi2Tiw—1—Tiw (4.10)
where 7; 1, i 2, ..., Tiw; are polynomials of p1, po2, ..., Pm. And 7., is

the greatest common factor of r; and r,.
As the one-parameter case, V(p(1020--- (i — 1)o(¢ + L)o - --mo))(ps) is
calculated by counting the sign changes of the sequence

i 1(P(Lo20 - -+ (1 — 1)o(i + L)o - - -mo))(pi), (4.11)
ri2(p(1020 -+ (i — L)o(i + L)o - - -mo)) (pi), (4.12)
Tiw; (P(1020 -+ (0 = 1)o(i + 1)o - - - mo))(ps)- (4.13)

And V(p(1020--- (i —1)o(i +1)o - - - mo))(P;) is calculated in the same way.
Using these expressions, we have the following theorem.

Theorem 4 If the following conditions 1), and 2) or 3) hold, f(p) is a
monotone function of p on [p1, P ] @ [p2, P21 ® - @[ puw, Pu |-
1) Let ;1 be regarded as a polynomial of p;. All coefficients of p; in r;1
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are monotone of p (k#i,k=1,2,...,m ).
2) For all pairs py and py, (k # i),

V(p(1j1 2j2 T (Z - l)ji—l (’L + 1)ji+1 e m]m))(ﬂ
- V(125 (0 = D)5y (0 4+ 1)jiyy - -my, ))(Bi) = 0 (4.14)

where ji,J2,. .. Ji—1,Jit1s -, Jm =0,1; e =1,2,...;m
8) For all pairs py and Py, (k # i),

V(p(1j1 2j2 e (Z - l)ji—l(i + 1)ji+1 e 'mjm))( t)
- V(p(1j1 2j2 T (Z - l)ji—l(i + 1)ji+1 e 'mjm))( t) =1 (415)
and
sign(ri 1 (p(L, 24, -+ (0 = 1)jiy (04 D)jeyy - my, ) (pi)
T 1(p(1j12j2 e (’L - l)ji—l(i + 1)ji+1 o m]m)(ﬁl))) >0
(4.16)

where jl:j2>'"7ji717ji+1)"'7jm = 0>]-) i = 1>27"')m'
O

Remark 2 As the same as Remark 1, if r;; has a-tuple roots at p; = p;
and/or -tuple roots at p; = p;, we must eliminate (p; — p;)* and/or
(pi —Pi)? in 71 and 7;5. We can calculate V(p(1;,2), -+ (i — 1), , (i +
1)ji+1 e m]m))(ﬂl) - V(p(ljl 21'2 e (i_l)ji—l (i+1)ji+1 e m]m))(ﬁl) using
the above algorithm as the one-parameter function case. |

Remark 3 In this theorem, we have to check whether r; 1 is monotone of py,
(k#i,k=1,2,...,m ) or not. If r;1 can be expressed by the polynomial
of p;, the coefficients of the powers of p; are expressed by polynomials of py,
(k # 1). Applying this procedure repeatedly to the coefficients, we finally
obtain coefficient functions with only one parameter. Then we can check
its monotonicity by means of Theorem 3 and calculate the maximum value
and minimum value of these coefficient functions. Using these maximum
and minimum values, we obtain interval polynomials whose monotonicity
can be checked, and we calculate its maximum and minimum values, which
yields another interval polynomials and so on. This backward procedure
terminates with finite steps and we can check the monotonicity of r; 1(p).

O

Proof: In this theorem, V(p(1;,25, --- (i —1)j,_, (i 4+ 1)j,,, ---mj,. ) (pi) is
equal to the number of sign changes of the sequence r; ;, j = 1,2, ..., w;.
r; j is a polynomial of p; and coefficients of powers of p; are polynomials of
pe (k#i,k=1,2,...,m ). If condition 1) is satisfied, r; 1 is a monotone
function of py and r; 1 belongs to the convex hull spanned by functions
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whose coefficients are derived from all combinations of coefficients of r; |
where p, takes py or Pi. According to Sturm’s theorem, if the equation
(4.14) holds, 7;; = 0 has no roots on the interval ( p;, p; ]. This means
directly f(p;) is a monotone function with respect to p;. And also if the
equation (4.15) holds, 7; 1 = 0 has one root on the interval ( p;, P; |. As the
one parameter case, if (4.15) and (4.16) hold, f(p;) is a monotone function
with respect to p;. Thus, if condition 1), and 2) or 3) hold for all p;, f(p)
is monotone. |

Remark 4 In the applications of our test to ReF (jw) and ImF (jw), we
have to examine the monotonicity in parameters for all w belonging to the
infinite interval [0, 00). In the coefficients of higher powers of w, parameters
appear in lower powers. Hence, if we differentiate the polynomial with
respect to parameters, the terms with higher powers of w often disappear.
ReF(jw) consists of only the even powers of w and ImF(jw) odd powers.
Thus, if we put & = w?, it is clear that we can check the monotonicity of
examining the lower order polynomial in €. a

5 Example

Let us consider the characteristic polynomial with interval parameters.

F(s) = s+ (2—pi—p2)s”
+ (Pl +p1+2p1ip2 — 2p5 + 2+ 3)s
+ 3p +4pipr +p3 + 1, (5.1)
where p1 €10,0.5], p2 € [0,0.25]

In order to study the stability of (5.1), we have to check the monotonicity
of Re F(jw) and Im F(jw).

F(jw) = (p1+ps—2)w’ +3p} +4pips + p3 + 1
+ {0+ (0} +pu+2pipe — 205 + po + 3w} (5.2)
= a+jp (5.3)

where p; € [0,0.5], p2 € [0,0.25]

1) Check the monotonicity of a.
i) Regard « as a polynomial of p;.

a = (p1+p2—2)w +3p] +4dpipr +p5 + 1
Oa

2 2
— = 9 4ps. 5.4
o1 w” + 9p] + 4po (5.4)

It is obvious the equation (5.4) takes positive value on intervals of p; and

po and g—;j‘l is monotone with respect to ps. In this case, we will check the

7
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monotonicity according to theorem 3.

O« 0%a
r = a—pl = w? + Qp% +4ps, 12 = a—p% = 18py, r13 = 4ps + w? (55)
case 1: pp =p2 =0
11 = ’U}2 + gp%, T12 = 18p1, riz = ’LU2 (56)

V(p2)(p1) =0, V(p2)(p1) = 0. Thus, V(p2)(p1) — V(p2)(®1) = 0.

case 2: pa = P2 = 0.25
ri1 = ’LU2 + 9])? + ]., 12 = 18p1, ri3 = ’LU2 +1 (57)

V(P2)(p1) =0, V(p2)(P1) =0, V(P2)(p1) — V(P2)(P1) = 0.

Then « is a monotone function of p;.

ii) Regard « as a polynomial of ps.

« is a monotone function of ps, because 88—;‘2 = w? + 3p3 +4p; > 0 holds on
interval p; and po.

2) Check the monotonicity of 3.
i) Regard f as a polynomial of p;.

B = —w®+ (p} +pi+2pips — 203+ pa + 3w
0
_aﬂ = (2p1+ (14 2p))w (5.8)
D1

All coefficients of (5.8) are monotone on the interval. Thus we can check
the monotonicity at the endpoints of po.

case 1: p» =0
0
98 =(2p1 + 1)w > 0; p; €0,0.5] (5.9)
om
case 2: po = 0.25
B
1

Then (3 is monotone function of p;.
ii) Regard 3 as a polynomial of p. We also check the monotonicity.

0
a_ﬂ = (—4ps + (1 +2p))w (5.11)
P2
All coefficients of (5.11) are monotone with respect to p; on the interval
[p1, D1 ]
case 1: p1 =0

op>

8
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case 2: p1 = 0.5

9 = (—4p1 +2)w > 0; p2 € [0,0.25] (5.13)
Op2

(3 is a monotone function of p;. Thus, B is a monotone function of pq, ps.
Consequently, Re F(jw) and Im F(jw) are monotone with respect to
parameters p;, p. Thus maximum and minimum values of Re F'(jw) and
Im F(jw) are expressed by endpoints of p; and p». Drawing the rectangles
Fj,(w) for this example (Fig. 1), we know that F(s) is stable. |

In some cases as shown in our example, it is possible to check the
monotonicity even if w varies from 0 to oco. But in more complicated
cases, we have to divide the interval [0,00) into subintervals where the
monotonicity holds.

6 Concluding Remarks

In this paper, we present a new criterion of stability of interval polynomials.
Defining the monotonicity of multivariable function, the mapping theorem
is extended to the general case, where parameters appear nonlinearly. Using
our extended mapping theory, stability of characteristic polynomials with
polynomial coefficients is checked by means of endpoints of parameters.

We introduce the rectangle Fj(w) in the complex plane and show the
condition that the characteristic polynomial with interval polynomials lies
in the rectangle Fj(w) for an arbitrary frequency w. The sufficient condi-
tion for stability of F(s) are derived by means of Fj,(w) by our extended
mapping theorem.

For one parameter functions and multi-parameter functions, we show
how to check the monotonicity. For one parameter coefficients, we apply
Sturm’s theorem and for multi-parameter coefficients, we can check the
monotonicity by our multiparameter test.

Our result may be applied to the stability problem for the characteristic
polynomial, of which coefficients are polynomials of parameters, multilinear
and linear (affine) with respect to the parameters. And there is room for
argument on the conservativeness of our sufficient conditions. It needs
further investigation for nonlinear functions with interval parameters.
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