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Information Inequalities and Limiting
Possibilities of Adaptive Control Strategies in
ARX models with a General Quadratic
Criterion*

Alexander Poznyak Roberto Salas Ziniga

Abstract

This paper deals with the analysis of the convergence rate of
adaptive asymptotically optimal control strategies when applied to
linear, stationary, multidimensional objects belonging to some class
which might include a moving average control term. A general type
of performance index, which is the sum of a quadratic form in the
output signal plus a quadratic form in the input signal, is consid-
ered. Finally, it is shown that for any adaptive control scheme, the
corresponding state space trajectories do not differ less than some
lower bound, which is sharp, from those corresponding to an op-
timal control scheme (where full information on the parameters is
available). Single input - single output (SISO) and two dimensional
case (MIMO) examples are presented.

1 Introduction

Many different papers have been devoted to the synthesis and analysis of
adaptive control strategies for the class of stationary linear objects, per-
turbed with stationary (in the wide sense) stochastic noise [1], [2], [3], [4],
[7], [8]. It has been shown that different adaptive control algorithms have
different convergence rates in some functional sense. In other words, they
guarantee different adaptation rates. So two algorithms of adaptive control
have been studied in [6].

The convergence of the outputs of a system controlled using an adaptive
scheme to the outputs of the system whose parameters are the true ones, has
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been considered. However, the convergence rate analysis of these outputs
has not be included. Other publications [1]-[5] also did not touch this
problem.

It is clear that any characteristic of the adaptation process is depen-
dent on the particular adaptive strategy employed, on the external per-
turbations and on the class of objects (plants) considered. Hence, if we
desire to suggest any characteristic, which is a general one for some groups
of objects, we must consider a class of objects and formulate a problem
for this class. So, in [8] an approach for finding the lower bound for the
optimal convergence rate of adaptive strategies was suggested for the class
of linear multidimensional stationary plants without moving average terms
in the input, considering a simple performance functional which contains
only the losses of the output signal.

This paper is devoted to the generalization of the approach given in [8],
for the class of linear controllable systems with moving average terms in
the input and with a general criterion that includes losses of the output
and input signals. The paper is organized as follows:

after the notation, a description of the class of controllable objects as
well as the statement of the problem on the computation of the lower
bound of the converge rate are presented;

the second part contains the main results which consist on two state-
ments concerning some information inequality for determining the
limiting boundary value for the rate of adaptation of any adaptive
control strategy belonging to some class;

the next section is devoted to the consideration of two partial cases
which are important in practical applications: regulation and tracking
problems;

the last section deals with three examples for computing information
inequalities in some concrete SISO and MIMO ARX systems;

the conclusions contain some discussion concerning the use of nonlin-
ear identificators for achieving of this bound.
2 Description of a Class of Adaptive Control Strate-

gies and Statement of the Problem

Let us consider the following sequences of random variables:

{yn}, Aun}, {&}
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which are defined on the probability space (2, F, P) and are connected by
the following recurrent equation

N, Ny
i—1 =0

where

{yn} (n =1,2,---) is a sequence of outputs of the system (2.1), y,, € R™,
and the initial conditions yo,y_1,---,¥1—n, are fixed vectors;

{u,} is a sequence of inputs of the system (2.1), u,, € R¥, and the initial
conditions are given by: wy = u_1 = --- = u;_n, = 0 (for the
simplicity);

{&,} is a sequence of external disturbances of the system ( 2.1), &, € R™

A; € Rm*™m (i =1,---,N,), and B; € R™*X (i =0,---, Ny) are constant
matrices describing the system (2.1).

Here we assume that the sequences {y,} and {u,} are observable; i.e.
we can use these values for constructing control strategies.
If we denote
N :=N,+ Ny

§:=[A;-- Ay, By ---By,]
T
Zn = [Yno1 Ui Nad “Uno1 "~ Un_np]

then we can rewrite the given ARX (auto-regression with exogenous inputs)
model (2.1) in the standard form:
Yn = =02z, + Bouy, + & (2.2)

Consider the following performance index (objective function) J which
includes losses in the control and the output of the system (2.1):

J({un}) := limsup % Z E{y' Qu; + u] Ru;} (2.3)
t=1

n—oo
where the matrices ) and R are given.

Definition 1 Let us say that any sequence of F-measurable Borel func-
tions

Up = un(u1,y1, s 7un—1:yn—1)
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is an Ly-realizable strategy (p > 1) if for any random trajectory {&,}
such that

) 1 &
lim sup > E{fj&]P} < oo (2.4)

the following inequality holds

: 1 ¢
lim sup - ZE{HutH” + Jye]|P} < o0. (2.5)

The next lemma gives a lower bound estimation for the performance index

J = J({un}) (2.3).
Lemma 2.1 . Let us assume that:

1. the sequence {&,} of independent random vectors &, is a stationary
random process (in wide sense), i.e.

E{&}=0; E{:¢(}=D>0 Vn eN;
2. the operators A(z~1) of the feedback
A=) = [R+ By QB B QIA(=™") 1]

and A.(271) of the closed loop system defined by

1

Ac(z7h) = [A(z™Y) = B(z"HA(TY)]

are stable; here:

N, Ny
A(Zil) = ZAizii) Ay = I: B(zil) = ZBizii) Ziiyn = Yn—is
=0 i=0

3. given matrices Q € R™ ™ and R € RK*X such that
Q=Q" >0, R=R" >0.

Then for any ARX model (2.1) and for any L,-realizable strategy
(p > 2) {un}, the following inequality holds

J({un}) = liminf Ty ({un}) = J* (2.6)
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where

_ 1 ¢

Jn({un}) := -~ Z( yi Q yi +uf R w)

t=1
and
J* :=Tr(QDy.) + Tr(RDyx)
Dy =5 jA (e")D AL (e”™)d
Yk — 27r [ € [ € W
1 : i iy T
Duv = o | Ale™)Ac(e™)D [A(e™™)Ac(e™™)] " dw

—T

correspond to the locally optimal strategy {u}} defined in the following way:

wy = argmin Jp(uy,)

un€Lp

Jn(un) = E{ngyn + ugRun/J:n—l} (27)

where
Fno1 = U(Ul,fl, ce ;unflyfnfl)

is the o-algebra generated by (u1,&1, ... Un—1,&n—1)-

Proof: From the equation

we obtain:
[R+ By QB(z )] uj = By QIA(z™") = I yn

uh = A(z71) yn. (2.8)

n

Substituting this relation in equation (2.1), we derive that:

vh= v = [A) —BEHAE Y] G +00M), <1 (29)

wh =AY [A(z) = B(z"HAGH] € + 0 (A7), (2.10)
The result of this lemma follows from these identities and Parseval’s theo-
rem [12]. The lemma is proved. ad
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Comment 1: The loss of function, which has been investigated in [6] for
two types of concrete adaptive strategies, has the following form:

n
timsup S E{llye — ;I /70 1}
n—oo T P
and hence, use the operation of conditional mathematical expectation. It
has been shown that this criterion reaches a minimal possible value v2, but
the convergence rate has not been studied. Criterion (2.6), considered here,
does not use any averaging on the sample space (2, in comparison with the
corresponding functional in other publications [1]-[6], [8].

Comment 2: Condition 2) of the stability of the operator A (zfl) practi-
cally presents some generalization of “the minimal phase property” for the
considered class of systems as for R = 0; this condition is equivalent to the
stability of the operator B (z7') .

Definition 2 A sequence {u,} is called an almost surely asymptoti-
cally optimal L,-realizable strategy if it is an L,-realizable strategy

and _ _
limsup J, ({un}) = limsup J, ({us}) = J*

n— 00 n— 00
Hereafter we will denote by U}, (©) the set of all almost surely asymptoti-
cally optimal Ly-realizable strategies {un}.

Comment 3:
Notice that the Ly-realizable optimal strategy {u}, defined in (2.8), is
an almost surely asymptotically optimal L,-realizable strategy, i.e.

{up} € U, (0©).
Lemma 1 gives the possibility to formulate the following problem.

Statement of the problem:

For any realizable strategy {un} €U, (®), estimate the sharp (reach-
able) lower bound of the value of a possible convergence rate of the trajec-
tories {Yn, un} to the optimal trajectories {y},u}} which use information
on parameters of the controlled system.

This bound presents some generalization of the well-known Cramer-Rao
inequality in statistics [13]:

B {leu— ) > @) o L

where ¢, is any “regular” estimation of the vector ¢*, which uses only
available information , i.e.

Cp = Cn(yl,...yynfl)-

6
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The random variables (y1,..,y,) are suggested to be distributed with a
regular density p(y1,..., yn;c*):

0<I(q)=F {Vlnp(yn;c*)VT lnp(yn;c*)} < 00.

Here I(q) is the Fisher information matrix of a single independent measure-
ment. For the nonstationary case (when unknown parameters ¢; change in
time) such inequality can be rewritten in ”a more general form” :

.. 1 < w2 1 T
gn;ugm;rf{nct—ctup}Ztr{m (@)}, 0<P=PT.

The next section states such type of inequalities for adaptive asymptotically
optimal control strategies {u;,} € U} (©) for the class of ARX models.
3 General Information Inequality

This section presents two main theorems concerning the estimation of lower
bounds for the performance index (2.3). The second theorem is a particular
case of the first one for the special choice of the free vector-parameter h.

Theorem 1 Let us assume that

1. & (n=1,2...) are independent, identically distributed random vari-
ables with

E{En}zoa E{fngr{}:D>0 Vn €N

and with a piecewise continuous differentiable density q(x) and finite
non singular and bounded Fisher information matriz 1(q), i.e.

T 2
0<I(q) = /7Vq(xq)(z) a(z) dr < oo,/ 7“7;555)“ z2dz < oo.

2. A dynamic system described by equation (2.1) is controllable by any
almost surely asymptotically optimal Ly-realizable strategy

{un} € UL (O)
where © is an open and convex set, @ C RM™*(Nem+NoK) ypnd g e .
Then for any vector

hy

he R™E h#0,h= [
ha

],hl e R™ h, € RX

7
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such that
0<G:=hlT" qQ)hyNom + 71 (hy) I (g)7 (ha) Ny min(m, K)

the following inequality holds:

n

lim inf sup L Y E{<P'? Yn =Yn |y 52 > (3.1)
n — o0 gep In(n) = Up —uy, |’ e '

where

is some given matriz, and

H:=h", I"'(q) (thaTr {D1/2D;3/2} + 7 (he) NyT'r {D1/2UD;3/2<1>})

B ~1
, =P [ Tems } [BIQBo +R] ' BjQ

U:={6;;} i=1,....m, j=1,...,K, d;,; - Kronecker symbol

1 -
b= o § MA@ - B 0% g
llall=1
7rT(a ak )= (ar, ... ak, 0, ... ,0 )T K<m
1, --- H»OK - (aly e am )T KZm

Proof: We separate (for more clarity) this proof into several intermediate

steps (statements).
Without lost of generality, we can consider @ = V (6, r) defined by the

following way:
V(Bo,r) = {0 € R™NemtNok) |1 g — gy)| < 7}

for some positive constant r > 0. Define also

g {2 ] )

where 7, . denote the projection operator on the real interval [a, b]

a:=(, 0o zn, h) =7 [, Al lznll, b= (; 60 2, ) + 7], Bl |20

and R
En =Y, —(, 0 zn,h).
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Then we derive

KP”Z {yTuT] ,h> (0 zn,h>‘ -

(o] )

1§n—(, 0 zn,h)‘ =ep.

+ inf
z€[a,b]

~ ‘

U —(, 0 2n, h)

>

E{<Pl/2 { zzizz ] ,h>2} > E{}.

Statement 1 Consider the function A,

Hence

A, Rmx(Nam+NbK) - Rmx(Nam+NbK)

which is defined for any § € R™*(NVam+NoK) a5 follows:
Ay (0) = E{e,W,}
Wy o= WP, WRT, W =S G

where matrices Z; € R™*(m+K) ¢ e R™*™i are defined as

- I”'(Q)[Imxmf 0] i=1,...,N,
=2; = 1_1.(q)|:0 U] i1=Ny,+1,...,N, + Ny

o DD i1 N,
"7 pY2up M i=Na+ 1, No+ Ny

Czn =Yn—i t+ 0 Zn—i — Botn_;
(which coincide with &,—; if n > 7).

(3.2)

(3.3)

Then for some positive constant &k, the following inequality holds:

N
divA, () + Y T, ZhE{(TC; 2}

i=1
N

N
b Y B2} {Z I z?—i||2} .
=1

i=1

+ ZEI/Q (2} B\ {(TT (wp TG?))2} .

9
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Proof of statement 1: Consider the joint density of &1, ...., &,

n

Qn = Qn (6,:1/1, 7yn) = Hq (C(t)) '

~~
—_

Define

i=1 j=1 k=1 o t=1
N m m;
= ZZ E{_(hT7 )J (Zzn)k (Wzn)]k +
i=1 j=1 k=1

where

G} = ZVln(mt) 2T (3.5)
t=1

Tt =yt + 0 2zt — Bouy
Vin(z:) :== Vin(z) |p=z, -

So, we obtain

N
divA,(©) + > W', ERE{¢I_,CF 27} =
i=1

N N
> E {gn <Z RWTE,Clr~ + Tr (W) TG;‘)) } :
i=1 i=1

Then (3.4) follows from this relation if we apply the Cauchy-Bounia-
kowsky inequality to the last term. a

Let {c,} be any sequence of functions such that
an : V(by,7) — R.
Define now the averaging operator Ey ,, as follows:
Brafon) =2 Y b [ Bla)a
Vo ifng = £ pol(V (6y,r)) “ v
t=m V (Bo,r)

10
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n>ny; ngi=1+2N.

Dividing (3.4) by n and then applying the operator Ey ,, to both sides
of this inequality, we obtain

/ Z dszt Ydv+

V(90,r) " t=n,

= Z ZhT, ShRE{CTC; ) <

tn1

vol 00,

1 2 e [1 &
Ve }(klE/ {n22|| zy||2} +
i=1
—1/2 R 2
Evn{ﬁZTr (wrTar) }) (3.6)
i=1

We will try now to investigate the behavior of the term
—=i/2 | 1 al n T 2
Ev., {; ;TT‘ (wrTaGr) } :
Statement 2: Let v > 0 and
U(j,s,i,t) == h"E] VIng(z,)V" Ing(zy)Zh € R'.

Then there exists a positive constant k3 such that

N

Eyi {% ZTT (WinTG?)z} <
i=1

1

N-—
> E{¥(i, ki, k)} By {zf TCT ¢l Cizt )

t—

11 al
Sg;—rz (T+7))

i=1 k=1
(1497 1)ky sup supBy { |z 112 (37)
1eN
where
Ev{X):= X(0
vi{X} vol 00, /

V(6o,r)

Proof of statement 2: From the definition of G} it follows that

n
Gr=GrN-14 Z Vin(z) |o=e, 2"
t=n—N+1

11
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Applying now the inequality
(a+b)?<(1+7y)a*+(1+y 1, Vy>0, (3.8)

we obtain

N 2 N 2
(Z Trwvy TG?) <(1+7) (Z Triv; TG?_N‘1> +

i=1 i=1

N n 2
+ (1497 (Z > TrwTVin(z) 2 T> . (3.9)

i=1 t=n—N

Taking into account that

N 2 N n—N-1 2
(Z Trwy TG?_N_1> = (Z Z Trw TVin(z,) 2t T> =
=1 t=1

i=1

n—N-1 1

N n—-N—1 N n—N-—
Z Z Z Z {z TCTC] hT"TVInq(mS)V In q(z)Zh( T it}

i=1 t=1 j=1 s=1

and using the definition of U(i,t,4,¢) :

n—

we obtain

N
{Z WnTGn N— 1) } —
E'

{O(i,t,i,t)} E{ 2L TCT (T Cizt }

I
Mz
Mz

1 t=1

(2

and hence the following inequality is fulfilled:

N n 2 N n
E { (Z Z TTWi"TVln(wt) P T> } < k2z Z E{” 2 ”2}

i=1t=n—N
for some positive constant ky. Then (3.7) immediately follows from these
relations.
Statement 3. For each t define the variable v; as follows

N t—N-1
(

Z > E{¥(i, ki, k)} By {zf TCT (I Cizf} . (3.10)

i=1 k=1

12
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Then
a) there exist two positive constants k4 and ks such that

1 - 1 a T = tT t
~ Y T2 WL ERE{(TC £} <
i=1

t=n1

1/2 L 1/2
< S E,{e — +
[t P) (%)

1/2
sup Evyn {5%})

<96V(0,r)

%*‘(Q‘F’Y k5EVn{ QZ” z|| }) (3.11)

+

where
Bufan} = Y Bla®)).

b) The following presentation holds:

hm tvy = (147) (h{ I (Q)hiNom + 7 (he) I *(g)7 (h2) Ny min(m, K))

(3.12)
Proof of statement 3.
a) Using the definitions (3.3), (3.5), (3.10) and applying the inequalities
(3.8) and (3.9), we derive

F1/2{ 2ZT (WrrGm) }

i=1

< (% 3wt (1 kgEVn{ Zn 2 }>/

t=n1

and hence

1 nlN T tT
EZ¥Zh , ShE{GTC; 2t}

t=n1 i=1
1/2 12 ] 1 2N
- 2
S A ESE
i=1

13
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1/2
+Eyi ( th+ 1+47! k3EVn{ Z“ 2| }) :

t=n1

Applying the Gauss-Ostrogradskii theorem, which states that

1 1 &1
v | dzv(atimzw)dv:

V(90,’I‘)

-6 1
- [ <=h Z LND) >dv>—/ Z—nAt ) dv,

8V (8o,r) oV (6o,r)

and taking into account the inequalities
1A < E{e2} E{Il WilP} < kiE {e?)
which are true for some positive constant k4, we obtain the estimation
11 11 12
— | Ac(B)|| < = —kyE'?{? <kn1/2< sup E, 52)
n; — 1l Al < n; poB (e} Sk onp B {el)

From these inequalities, taking into account Jensen’s inequality, we fi-

nally derive (3.11).
b) Using the inequality from a) we can conclude that

Lo 1/2
=3 sup E;/z {e2} +
L g€V (0,r)

k4 —1/2
>
+ (n1/2 + (2 +’Y k5EVn{ p) Z || Zp— z“ }) eesvu(g)yr) En {&fn} >

RN JEL /
IS Iy = 1/2)-1/2
>~ X 2 , ST (E {D D, })+

~~
\ |

WL Z Z WY, ZhTr(DVPUD P E {u_iyn, ¢ ;).
t ni i=Ng+1

Also we have

=

( o t—N-—-1
tvg = > I (@hEy {zf TCIDCiz} +
1 k=1

i

14
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t—N—1
e J; v > E{®(i,k,i,k)} Ev {2} "CY (" Cizf }
i=1 k=1

Calculating the limit in the last expression, we obtain (3.12).
Now we return to the proof of the main theorem. If we take into account
the following facts:
1) if
lim a, = a,

n—oo

then (T6eplitz’s lemma)

2) If
i=Ng+1,...,Ny+ Ny,
then
E{¢TC; 2t} = E {D*l/Z’UD;,}/%D}
where

3= f A(q) [A(g) — B@)A@)] " ¢V~ dg.

21
I all=1

Taking into account (3.2), (3.4), (3.11), (3.12), we finally obtain (for any
r > 0) _

lim inf sup E, {si} >

)

2
[hT, I'(q) (thaTrE {D1/2Dy_f/2} + 7 (ho) N,TrE {Dl/QUD;}/?cI)})]
>
- (1 +7) (R I=(@)ha Nam + 7T (h2) I~ (q)7 (h2) Ny min(m, K))

The main result follows from this inequality, if we consider that v is any
positive number. O

Theorem 2 Under the assumptions of theorem 1 the following inequality
holds:

2
*

yn_yn
Uy — U

n

1 n
lim inf — E
fwiafoup 1D {\ -

t=1

} > 5 + 5 (3.13)

where

=

a

(] ) 5

m
1

[1]

~.
Il

15
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N Ng+min(m,K) 2
- b -1 : 2 1/2 —1/2
Hy = ————— 1 0:U T D/°UD, .""®
2= hin(m, K) i:;H ({ (q)[ ”) ! { u }
m+min(m,K)
P =PTP? T= Y el
i=1

m+K

and {e;};-\" represents the canonical base of R™T K.

Proof: Applying sequentially the result of theorem 1 to the vector

h=([I7"(q)] ii)1/2 e, i=1,...m+min(m,K)

1/2
b= (@], s ) e =t minen, K)

and adding these inequalities, we obtain (3.13). o

Comment 4:

Note that the relation (3.13) depends on the a priori constraint on
0 € V(6y,r) and hence, depends on the radius r > 0 of “a priori knowledge
.” Results, given in [6], are not dependent on a priori information on the
parameters of the system. They are stated for any concrete value 6y (which
is fixed, but is not known). Making r — 0 in the inequality (3.13), we have:

V(ag, 7") — 00,

i.e., we could be able to estimate the convergence rate of the procedure,
suggested in [6], as a partial case of the main inequality.

Using the inequality (3.13) we can suggest the following definition of
“the convergence rate” notion.

Definition 3 For the class of adaptive control problems (under assump-
tions of the theorem 1) we can call the value
5y 1 -1

the convergence rate of the corresponding adaptive asymptotically opti-
mal Ly -realizable control strategy {u,} € U} (O).

*
Yn — Yn
Up — U,

t=1

1 n
Cy = |liminf — E
i w3 |

Definition 4 The quantity
Cr=Cr(Q,R,P):=[E"

is called to be the maximal possible convergence rate in the class
of the problems under consideration. If there exists some adaptive strategy
{uy} € U} (®) such that C; = C,, then the information inequality, written
in the form

Cr>C,

is said to be sharp.

16
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4 Two Partial Cases

Using the previous theorem we can derive the corresponding information
inequalities for two very important (from the practical point of view) prob-
lems of the adaptive control: regulation and tracking problems.

4.1 Regulation problem for ARX models in Ly, with-
out delay in control action (N, = 0)

Consider the system (2.1), then try to find the strategy {u’} € U} (O©)
such that

T({un}) = timsup 5" B { g}

reaches its minimum value.

It can be shown that the optimal trajectory {y}} is precisely equal to
{&n}. Then the main theorem applied to this problem gives the lower bound
for the convergence rate of the adaptive optimal control strategies without
complete information on true values of parameters. Under assumptions of
the main theorem we obtain [8]:

Corollary 1

n

lim inf sup ﬁ Z (E {||yn||2} - Tr(D)) > NmTr(I7Y(q).  (4.1)

n = Ogco I

Proof: This inequality follows directly from (3.1), if we accept

P: |:Im><m 0

; 0},@:1, By =1I, N, =0 (i.e. N, = N).

4.2 Tracking problem for ARX models in L,

Consider again the system (2.1). Find the strategy {u’} € U} (©), which
minimizes the criterion:

. IS
T(un}) = timsup — > B {lyallly + llual -

The optimal trajectories {y;} and {u} satisfy (2.9) and (2.10) respec-
tively. Considering the “tracking problem” for the optimal trajectories {y}
and {u}} and applying the basic information inequality (3.1), we obtain:

17
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Corollary 2

lim inf sup ZE{Hyn yn||Q + [y, — u;‘LH%} >E1+5,  (4.2)

n — cogep lnn
g = %T?"2 {Dl/sz_*l/Q} ; [Ql/zB [B; QBo + R] BOTQIA(Q)]Z
NyT'r? {DI/QD;}N(I)}

min(m, K)

o =

[R2By (BY @By + R] " BY QI (¢)]

i1

-

i=1

Proof: This inequality follows directly from (3.1) if we accept

_ _| Q@ 0
m—K,P—[O R}

and apply the formula 3.13. a

5 Examples

The next examples illustrate the approach suggested above for the estima-
tion of the maximum possible adaptation rate for the different models.

1. Regulation problem for an ARX model in Ly (SISO-case).

Consider the system described by the following difference equation:
Yn = L.Typ—1 — 0.Tyn—2 + up + 0.5up—1 + &,

where {¢,,} is a centered random sequence with independent and nor-
mal distributed values with variance

D= B{&} = ot.

The optimal control strategy {u*} € Uj (®) which minimizes the
criterion

: 1 ¢
J({un}) = limsup ~ " E {||yn||2}
can be calculated in accordance to expression (2.10) and is equal to:
wy = —0.5u)_1 — L7yn—1 + 0.7y, _o;

furthermore, y = &,. Thus, applying the formula (4.1) for the Gaus-

sian case, when
D, =D=1"q) = (T?
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Ny=2,K=m=1, Ny=1,By=1,Q =1, R=0,
we obtain the following inequality and
n

1 2
lim inf (B{lynl*} - o2) > 202
fm nf oup 1oy 2 (B (ol = 0€) 2 20%

t=1

which is true for any adaptive strategy {u,} € U} (©).
. Tracking problem for ARX models in Ly (SISO-case).

Consider the system given by

Yn = _Qynfl + Yn—2 + Un — 2.9uUp_1 + fn

For
1 0
Q._I,R._I,P._{O 1},D_l

from lemma 1 it follows that:

2272 — 4271

AN ==

_ 5271 —4
T 2724 2714
2,72 — 4,71

22724+ 271-4

Az

A(z"YA(z71) =

uy = 1.25up—1 + Yn—1 — 0.5yp—2
D, =233.. D, =1.33.. d = —-0.25..

B {lyn =il + lun = il } = B {lyn — il + fun — w3},
J*=3.66...

and applying inequality (4.2), we obtain the final result for R = @ =
1:

PR 1 - * |2 * |2 —1
- E - + |u,, — > 0. _
le inf Z,lelg In(n) 2 E{ 1Y — Yl [t — up| } 0.91 " (q)

. Tracking problem for ARX models in Ly (MIMO-case):

Consider the system

A(Zil)yn = B(Zil)un +&n
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with ) )
“1v | 01 +270 0.0627
Al )= [ —0.2271 03427

—1y . 1+2271 1+0.6z"
B"):= [ 0540421 1403271

Let {5} be some i.i.d. random process. Let us calculate the control
strategy {ur} € U} (®), which minimizes

. 1<
J({wn}) i=timsup — 3= B {llyall” + llual’}
n—oo N

t=1

Applying now the result of corollary (4.2) for R = @ = I, we derive
the following information inequality:

n — XgcE In

. . 1 “ * *
lim inf sup W Z E {“yn - ynH2 + [Jun — Un||2} 2
t=1

> 0.414903, + 0.3926011 15 + 0.096802, + 0.0034a1 5095 + 0.000803,

where

~1 _ | 11 (a2
) = [ Q12 Q22 }

is the Fisher Information matrix of each random variable &,,. Notice
that for the Gaussian processes I !(p) = D.

6 Concluding Remarks

e This paper suggests an information bound on the convergence rate for
the class of adaptive strategies in the ARX model Control Problem.

e This bound gives an objective estimation of the quality of any
available adaptive algorithm with respect to the optimal control strat-
egy which uses full information about the parameters of a controlled
system. If some considered algorithm reaches this bound it can be
considered as “an effective adaptive strategy.”

e If not, we can call such procedure “not good,” because there exist
some other algorithms, [7] and [8], which are better (“more close” to
the optimal strategy ) than the considered one. In [7] an algorithm
has been described. It contains the nonlinear transformation ¢ in
the identification part of the adaptive control strategy, in order to
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reach the optimal converge rate. This identification algorithm for the
system under consideration given by the equation

Na
Yn = — Z iYn—i + Un +&n
i=1
has the following structure:

0, = Teo {en—l +, néngp (En)} (6.1)
where
9T = [aly -~-aaNa.] ) ZZ; = [_yn—l, () _yn*Na] y €n i = Yn — 571;—12" — Un

and g is the projection operator to a given convex set © of a priori
values of the unknown parameters.

e From the proof of the Information Inequality derived above (see (3.2),
we can conclude that for any concrete adaptive strategy the adapta-
tion rate depends on the applied identification algorithm:

if the estimates, generated by this algorithm, are “asymptotically
effective,” then the corresponding adaptation process is “effective”
too.

Such asymptotically effective identification procedure can be given in
the form (6.1) with the nonlinear transformation of a residual [10]:

o(z)=~-I"1 (ge) Vinge (2).

So, only for Gaussian noise distribution can we use a linear identification
algorithm with ¢ (2) = z.
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