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Approximation in LQR Problems for Infinite
Dimensional Systems With Unbounded Input

Operators”
H.T. Banks' K. Ttof
Abstract

We present a variational framework based on sesquilinear forms
for Galerkin approximation techniques for state feedback control in
problems governed by infinite dimensional dynamical systems. Both
parabolic and second order in time, hyperbolic partial differential
equations with unbounded input and unbounded observation opera-
tors are included as special cases of our treatment.

1 Introduction

In this paper we discuss the linear quadratic regulator (LQR) problem
for a class of (essentially parabolic) unbounded input or boundary control
problems. A variational framework using sesquilinear forms is developed
to treat Dirichlet and Neuman boundary control problems for parabolic
equations and strongly damped elastic systems. Using such a framework,
convergence of Galerkin approximations to solutions of Riccati equations is
also established. The boundary control problem for parabolic systems has
been studied extensively over the last two decades, inspired by the mono-
graph of J.L. Lions [21] (e.g., see [1, 8, 11, 27, 16] and the references cited
there). In a series of papers [19, 23, 24], Lasiecka and Triggiani obtain exis-
tence and regularity results for solutions to the operator Riccati equations
that appear in the linear quadratic regulator problem. The main tool in
their treatment is the theory of analytic semigroups. They have recently
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developed an approximation theory for Riccati solutions in a similar spirit
[25].

Our approach is very close in spirit to the studies by Lions [21] and
Sorrine [30] and extends the approximation theory developed by Banks
and Kunisch [6] to the case of unbounded input control operators. We
employ the Gelfand triple formulation (V € H = H* C V*) of elliptic
operators [21, 31, 29, 32] using coercive sesquilinear forms defined on V.
It follows from [31] that the V —coercive form defines a generator of an
analytic semigroup on H. The control forces through boundary or pointwise
actuators are represented by an input sesquilinear form defined on U x V
where U is the input space. Then the approximation methods are derived
by restricting these sesquilinear forms onto finite dimensional subspaces of
V.

The objective of this paper is to explore to what extent one can develop
the sesquilinear form formulation to study unbounded input control prob-
lems and to establish a computationally feasible approximation theory for
linear quadratic regulator problems. These investigations were motivated
by [6] where our treatment originated, by [3] in which a similar treatment
has been developed within the context of parameter estimation problems,
and by the fact that many boundary control problems can be treated using
the sesquilinear forms. Some of our results can be found in the existing lit-
erature, but the approach here is new and, in some cases, greatly simplifies
the technical details required to establish the results.

The results given here extend to the unbounded case the approximation
theory developed in [13, 6, 15] in which the input and output operators are
assumed to be bounded. The case of unbounded input operator has also
been discussed in [24] and [15].

The outline of the paper is as follows. In Section 2 we discuss the ba-
sic results for abstract parabolic control systems described by sesquilinear
forms and state the linear quadratic regulator problem we consider in this
paper. Also, several examples that can be readily treated by our formula-
tion are discussed. In Section 3 we summarize results for the optimal control
problem and Riccati equations. In Section 4 Galerkin approximations to
the LQR problem are formulated and a convergence theory is established
for the case where the output operator appearing in the quadratic cost is
bounded on H. In Section 5 we deal with the case when the output operator
is not bounded. Damped second order systems are treated in Section 6.

A few of the theorems and lemma are stated here without proofs. De-
tailed proofs can be found in the complete paper [4] (also, see a companion

paper [15]).



APPROXIMATION IN LQR PROBLEMS

2 Sesquilinear Forms and Parabolic Control Systems

Assume V and H are complex Hilbert spaces and V' C H with continuous
dense injection. Let V* denote the topological (conjugate) dual space of V.
We identify H with its dual, so that V — H = H* — V* in a Gelfand triple
[32]. The duality product (¢, )y« on V* x V is the unique extension by
continuity of the scalar product (¢, %)y of H defined on H x V. Consider
a sesquilinear form o on V' (i.e., 0: V x V — C) such that

lo(¢,9)| < Cligllvlvlly for ¢, €V (2.1)

Re o(¢,9) > wllgll}, — pllglliy for ¢ €V (2.2)

where w > 0. It then follows from [31, Lemma 3.6.1] that if 4 € £L(V,V*)
is defined by

J(¢)¢) = <_~A¢)1/J>V*,V for all ¢;1/1 € V) (23)
then for ReX > p, A # p,

11 =)ol < 1AV o e e (24
||(M—A>1¢||H_|AM —loll for 6 € H (2.5)
IO — A) |y~ < ﬁwn for € V* (2.6)

where My =1+ C/w. The dual or adjoint operator A* € L(V,V*) defined
by

o(¢, ) = (¢, —A"Y)v,y- foral ¢, €V (2.7)
also satisfies the estimates (2.4)~(2.6). Moreover, (2.6) for A* implies that
for Re A > p, A # p,

IAL = A) M glly < ¢y for ¢ € V. (2.8)

My
A =pl
In fact, for ¢ € V we have

(AT = )7 o, d)vve| = (g, (A = A") ')y |

< ||¢||V ||’I/J||V* for all ¢ € V™.

This implies (2.8). It thus follows from [26, Chap. 2, Theorem 5.2] (see
also [31]) that A generates an analytic semigroup S(¢) on H,V and V*
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where domp(A) = {p € V i |o(¢,9)| < kgl|¥|| & for all ¢ € V'}. Following
conventional notation (see [31]) we will not distinguish between the semi-
groups in V, H,V* since each involves either a restriction or extension of
one of the others. From (2.1) one can show that domy(A), the domain of
the infinitesimal generator A of the semigroup S(t) defined on V*, satisfies

domy:(A)={peV:ApecV*}=V. (2.9)

In addition, we have that A* generates the adjoint semigroup S*(t) on H
[31, 26] and moreover the dual of the semigroup S(¢) defined on V* equals
S*(t)|v, the restriction of S*(¢) on V; i.e.,

(S(t) on V*)* = §*(8)|y. (2.10)

It follows from [18, Theorem IX.1.19] that if ¢ — f(¢) € V* is contin-
uously differentiable and ¢ € V = domy+(.A), then for ¢ > 0 the function
t — z(t) defined by

t
=S(t)p + / S(t—s)f(s)ds (2.11)
0
satisfies z(t) € V, is continuously differentiable in V*, and satisfies
d .
dt() Az(t)+ f(t) in V™. (2.12)

Now, from [21], [31], [32], we have

Theorem 2.1 For ¢ € H and f € L*(0,T;V*), (2.12) has a unique
solution z € L*(0,T; V)NH*(0,T;V*) given by (2.11) and for some positive
constant My

13..ds), t €[0,T] (2.13)

=@ < M6l + / 1£(s)

T T
/0 2(s)|Bds < Mi (|6l + / 1f)2ds).  (214)

From Thm. III.1.2 in [21], we have that ¢ — z(t) € H is continuous.
Thus from (2.11) and (2.13), for all f € L?(0,T;V*), the function ¢t —

fot S(t — s)f(s)ds € H is continuous and

||/ St—s)f ds||H<M1/ £ ()|} ds (2.15)

I [ s - sy < [ 1156)

4
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Moreover, we have (again from standard results and arguments) eg. see [4]

Theorem 2.2 Let us define the sesquilinear forms og and oy on'V by

a($,¥) + (¥, 9)

UO(¢7’¢}) =
for ¢,9p € V.
(o, ) — o,
n(py) = 70D =T0D
Then o = oy + o1, with o9 symmetric and oy skew-symmetric, and

oo(¢,p) = Reo (¢, d) for ¢ € V. Define Ay € L(V,V*) by
(A1, V)vev = 01(p,¢0)  forall g, €V

and

domp (A1) ={¢ €V : |o1(¢, V)| < kgl |l for all € V'}.

Assume
domp (A1) D domp(A). (2.17)

Then if = 0 and f € L*(0,T;H) in (2.11), we have t — z(t) €
HY(0,T; H)NC(0,T;V) and there exists a constant My > 0 such that

| s + =01 <M [ NfG)ds, te DT @1
0 0

The condition (2.17) is satisfied if we assume that for all ¢,9 € V

lo1(¢,9) < Kllgllv[I¢lla (2.18a)

for some K > 0 since in this case domg (A1) = V (it is also satisfied under
the milder condition (5.9) given in Section 5).

Assume U and Y are Hilbert spaces (U* = U and Y* =Y). Con-
sider the finite horizon optimal control problem: Minimize the quadratic
functional

T
J(0,T5u, z9) = /0 (215 + lu)|f)dt + (=(T), G=(T))  (2.19)
over u € L?(0,T;U) subject to
d (t) = Az(t) + Bu(t)

—-—Z
dt (2.20)
z(0) =2 € H.



H.T. BANKS AND K. ITO

Here we assume u(t) is a U-valued control function, the input map B €
L(U,V*), the observation map C € L(V,Y"), and G € L(H) is self-adjoint,
nonnegative definite. By Theorem 2.1, the minimization problem for (2.19)
is well-posed; i.e., given initial datum zy € H and u € L?(0,T;U), the
cost J(u, zp) is finite. We will analyze the solution of (2.19)-(2.20) and its
infinite horizon analogue in terms of Riccati operators in Section 3 and show
convergence of Galerkin approximations of solutions to Riccati equations
in Section 4.

Let us conclude this section by discussing some motivating examples of
some importance in applications.

Example 1 (Parabolic systems with boundary control)

Let Q be either a polygonal domain in R™, n < 3 or a bounded domain
of R, n < 3 with C?-boundary ,. We consider the control problem for
(2.19) with Neuman boundary control system:

%sz(aVz)-{—sz-{—cz in Q,
2(0) = ¢ € L*(Q) (2.21)
a5z|, = u(t)

where z = z(t) € L*(),u = u(t) € L*(, ) and - is the normal derivative
on , . To write this in abstract form (2.20), without loss of generality we
use the real Hilbert spaces H = L?(Q), V = HY(Q),U = L?(, ) and define
a real valued sesquilinear form ¢ on V (the complexification of spaces and
forms is readily done in the usual way) by

o(6,9) = /Q (a(x) Vo T — b(@) Vo — c(z)pw)dz (2.22)

where a,b,c € L*(Q) and a(z) > w > 0 a.e. in . We consider the input
map B : U — H given by

(Bu,¥) = (u, 9|, )12(,) forall ¥ € H'(Q). (2.23)

As above we define A € L(V,V*) via (—A¢,v) = o(p,¥) and take
dompy(A) = {¢ € V|Ap € H}. In the general case, dompy(A) is diffi-
cult to characterize precisely. But if we define o7 as in Theorem 2.2 (i.e.,
as the skew-symmetric part of o), then one can readily argue that (2.18a)
and hence (2.17), holds in the case that b-2 = 0 on , . Moreover, in the spe-
cial case that b = 0 and a possesses sufficient smoothness (e.g., a € C%(Q)),
it can be shown that

domp(A) = domp(A*) = {¢ € H*(Q) | %| =0}. (2.24)
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APPROXIMATION IN LQR PROBLEMS

In any case, we have for ¢ € dompg(A) that Ap = A¢ where A is formally
given by
Ap=v(ay @) +b7 ¢+ co. (2.25)
We next consider the Dirichlet boundary control problem consisting of
minimizing (2.19) subject to

%z(t, ) = Az(t,-) in Q
(2.26)
z(t) = u(t) on ,

where A denotes the Laplacian and U = L?(, ). To cast this problem in
the context of (2.20), we take V = L?(Q),H = H-Y(Q) = H}(Q)* in
a Gelfand triple setting V — H — V* with H~1(Q) the pivot space.
We thus identify H and H* through the Riesz map and but of course do
not identify V' = L?(Q) and V*. As usual, the duality pairing (-, -}y« v is
the extension by continuity of the inner product (-,-)g = (-, ) g-1(q) from
HxV =H"Q) x L*(Q) to V* x V. We recall that R = (—A)~" defines
an isometric isomorphism from H~(2) onto H}(Q) (see [32], [14]) and
moreover for y € H~1(Q) and ¢ € L*(2) we have

(6, X)m-1(0) = (& (=L)"'X) 12(0)- (2.27)
We define o on V = L?(Q) by

o (6, 1) = /Q o dz = (6,0 2o

and B € L(U,V*) by

0 -
(Bu, v = (—u, = (=A) ", D) (228)

for any x € V = L?(Q2). Note that for x € L?(Q) we have ¢ = (—=A) !y
is in H2(Q) N HY(Q) so that 3% € H(,) (see [32, p. 127]). Thus we may
consider the abstract system

<8z(t)
ot

which is in the form (2.20). To see that this is an abstract formulation

of (2.26), we consider (2.26) in the case where z € C(0,T;H?*(Q)) N

C(0,T;L*(2)). Then by Green’s formula ([14, p. 53] [32]) for all ¥ €
H?(Q) N H}(Q) we have

X)) vy +o(z(t),x) = (Bult), x)v-v (2.29)

0
(B2, 8) 120 = (2 A0 ) — (2 9] D1,

7
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Using (2.26) in this relationship we find

0z o
(a,iﬁ)m(g) = (2, AY)2(0) — (u, 5" Yr2(, )

If we choose 1) = (—A)~1x for x arbitrary in L2(f), this last equation can
be written as

0z _ 0 _
(55 (=) X)) = (=2, X)) + (—u, 5, () X1, Yz s
or, in view of (2.27) and (2.28),

0z
(E:X)H—l(ﬂ) + (2, X) 12 () = (Bu, X)v+,v

which is just (2.29).

As a special case of the system in (2.21), for the one dimensional case,
one can also formulate the Dirichlet boundary control problem as a Neu-
mann problem. For simplicity of discussion, we consider the heat equation
82
—z(t,x) = @z(t,m) on 2 =(0,1) (2.30)
with boundary condition z(¢,0) = u(t), z(t,1) = 0. We define y(t,-) €
HY(Q)/R = {¢ € H(Q) : [, ¢dx = 0} satisfying Zy(t,x) = z(t,z). Then
(2.30) can be written as

0 o?
with
9 (t,0) = u(t) aundi (t,1) =0
8£Uy ) - 8£Uy ) - .
If we choose V = H'(0,1)/R, H = L*(0,1)/R,U = R',Y = L*(0,1),
and C = B%, then this example can be cast into an abstract Neuman

boundary control problem as above.

Example 2 (Second order systems with damping)
We consider second order equations for w in the Hilbert space Hy

@w(t) + 27A1/2%w(t) + Aw(t) = Bu(t) (2.31)
%w(t) + 27A%w(t) + Aw(t) = Bu(t) (2.32)

for w(t) € Ho with initial data w(0) = ¢ € Vo =dom(A4'/?) and Lw(0) =
1 € Hy. Here A is a positive definite self-adjoint operator on Hy, and

8
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~v > 0 is the damping coefficient. Equation (2.31) has often been studied,
for example, in [9], and leads to the so-called “structural damping” model.
Equation (2.32) has been studied in [28, 3] and numerous other places, and
is known as a model with Kelvin-Voigt damping. Special cases of these
equations include an Euler-Bernoulli beam equation in which A is defined

by
4

Ap = in L?(0,1) (2.33)

at?

with the appropriate boundary conditions. In general, A'/? is not neces-
sarily a differential operator. But if we consider the boundary condition
(corresponding to hinged ends)

$(0) = ¢(1) = ¢"(0) = ¢"(1) = 0, (2.34)
then dom(4) = {¢ € H4( , DI#(0) = (1) = ¢"(0) = ¢"(1) = 0} and,
moreover, Vo = H?(0,1) N H(0,1) with

d2
A?¢ = —55¢ for ¢ € Vj. (2.35)

First we consider the system defined by (2.32). Let H = Vy x Hp,
V =V, x Vp, and define a sesquilinear form ¢ on V' by

o((f1,02), (1,%2)) = (Ap1,a) — ((P2, 1)) + 27(Ada, 2), (2.36)

where ({ , )) is the inner product in Vp and A is the usual extension in
L(Vo, V') given by (A, ) = (A, Y)vy v, = (426, A2y, for ¢,¢ €
V(). Then

lo(g, )l <20+ lellviivlly  for ¢ = (¢1,¢2), ¥ = (¢1,92) € V.

and

Rea (¢, ) > 27[l9l1} — 2vll¢ll%
where for ¢ = (¢1,¢2) €V

1115 = llonll, + 162117,

and
1117 = 6113, + o2l -
Hence (2.1) and (2.2) are satisfied for the sesquilinear form o defined by

(2.36), and
0 I
A= (2.37)
—A —29A

9



H.T. BANKS AND K. ITO

generates an analytic semigroup on H, where
dompg(A) = {(¢,¥)€H : eV and Ap+2yApeHy}. (2.38)
Note that dompg(A) can be equivalently defined by

{(¢,9) € H:9p € Vy and ¢+ 2y € domp,(A)}.

We may also consider the differential operator A of (2.33) on Hy =
L-(0,1) with the boundary conditions (corresponding to fixed-free ends or
a cantilevered beam)

¢(0) = ¢'(0) = ¢"(1) = ¢""(1) = 0.
Then,

Vo = dom(A'Y/?) ={¢ € H?*(0,1): ¢(0) = ¢'(0) = 0},

(Ap, Ve, = [y ¢"9"da for ¢, € Vy
with

1
I domarrs = | 16" P

even though A'/? is not a simple differential operator as in (2.35).
With (2.32) we may consider, for example, the input operator B defined
by

m 1
(Bu,) = Zul/ xi(x)Y" (x)dz for u = col(uy,...,um) € R™ =U
i=1 0

(2.39)
where y; € L?(0,1) represents the support of an ith moment control (such
controllers are realized using piezoceramic patch actuators). For example,
if x(x) is the characteristic function of the interval [0, z¢], 2o € (0, 1), then
the control input will have the form

w' (t,zg) —w' (t, 2y ) = u(t) (2.40)
for an undamped system, or more generally,

M(t,f) - M(t ) = u(t)
when the moment is given by M (¢,z) = ;—;ﬂu(t,x) + QV%w(t,m) for a
Kelvin-Voigt damped beam.

Next we consider the system defined by (2.31). It is not difficult to show
that if w(0) € dom(A) and w(0) € dom(A/?) and u = 0, then (2.31) has

10
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the solution w € C?(0,T; Hy) N C*(0,T; dom(A'?)) n C(0,T; dom(A))

(e.g., see [9]). Let
21(t) = /1 =2 A (1)
and

2(t) (t) + A 2w(t).

=—w
dt
Then for w(0) € dom(A) and @ (0) € dom(A'/?)

{ %zl + A2z = /T =424 22,

oy +7AY 22y = —\/1 —42AY 22

Let H = Hy x Hy and V = dom(A'/*) x dom(A'/*), and define a sesquilin-
ear form ¢ on V by

o((pr1,92),11,¥2)) = Y(AY2h1,9b1) — /1 — y2(AY2 o, 1h1)
V1= 2 (A2 o) + (A2 o, 1bs).

Then, o satisfies (2.1) and (2.2) and yields an abstract system equivalent to
(2.41). If A is the differential operator given by (2.33) with the boundary
conditions (2.34), then

(2.41)

(2.42)

dom(A'/*) = {¢ € H'(0,1): ¢(0) = ¢(1) = 0}

1
(A2p,4) = / ¢''dx for ¢, € dom(A'/*),
0
and
1
6Fiomue) = [ 16 d.
For this system we may also consider the input operator defined by (2.39)
with x; € H'(0,1). If x(z) = —(x — x0) on [0, 2] and zero otherwise, then
the control input is of the form
w" (t,xy) —w"'(t,z ) = u(t),

which is shear control.

3 Riccati Equations

First we formulate the LQR problem for (2.19) using an operator theo-
retic framework as in [1], [13], [17]. Let £ be the bounded linear operator

11
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mapping from L2(0,T;U) into L2(0,T;Y") defined by
t
(Lu)(t) = C / S(t — $)Bu(s)ds, t € (0,T), (3.1)
0

and M be the bounded linear operator mapping from H into L.(0,7T;Y")
defined by
(Mo)(t) = CS(t)g, te(0,T). (3:2)

Boundedness of the operators £ and M follows from Theorem 2.1, the
boundedness assumptions B € L(U,V*) and C € L(V,Y’), and properties
of the semigroup S(¢). For a given T' > 0, define the bounded linear
operators L7 : L»(0,T;U) — H and My : H — H by

T
Lou=G'/? / S(T — s)Bu(s)ds (3.3)
0
and
Mrp = GH28(T)¢. (3.4)
Then the cost functional (2.19) can be written as
J(u, 20) = |Cu + M|l 0,70v) + ullTa0, 20y + 1£70 + Mz zo||7
and using standard arguments (e.g., see [27],[17]) we have

Theorem 3.1 Assume the sesquilinear form o satisfies (2.1) and (2.2).
Then for zo € H, the optimal control that minimizes (2.19) is given by

wp=—(I+L°L+ LypLr) (LM + LyMr)z (3-5)

and the self-adjoint operator Il on H, defined by

10 c M
My = (M*, M3) + [ 3 (3.6)
0 I Lt M
satisfies
(II7 2o, 20) = J(0,T;u", 29) = muin J(u, zp). (3.7)

Moreover, if we assume C € L(H,Y) and G € L(V*,V), and either (i) Y
is finite dimensional or (i) o satisfies (2.17), in addition to (2.1)-(2.2),
then IIp € L(V*,V) and the optimal control u* is given by

w*(t) = —B*Ip(t)2(t) (3.8)

where Il (t) = lr—; satisfies the differential Riccati equation
d
(EHT(t) + A*HT(t) + HT(t)A - HT(t)BB*HT(t) + C*C> ¢=0 (39)

12
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for all $ € V and z(t) is the corresponding optimal trajectory.

Remark 3.2
(1) The condition (i) or (ii) appearing in Theorem 3.1 is used only to argue
(e-g., [4])

NICSt)bllL20,m5v) < cll@llv-  forall ¢ € H, (3.10)
which is (H2) of [27] if we identify W and V of [27] with the spaces H and
V*, respectively, of our notation here. The condition (H3) of [27] follows
from (2.4) and (2.9). We note that (3.10) implies the operator M of (3.2)

can readily be continuously extended to V* — Ly(0,T;Y).
From (2.15) we have

t
I / S(t — s)Bu(s)dsllar < bllull 0.0, (3.11)
0

which is (H1) of [27]. Thus under the assumptions in Theorem 3.1 the
problem can be treated using the Pritchard-Salamon framework [27] (e.g.,
see Thm 2.2 of [17]).

(2) (See [1]) In the general case (i.e., B € L(U,V*),C € L(V,Y) and
G € L(H)), the function ¢ — IIp(t) satisfies the implicit integral Riccati
equation

T
Mr(t)e = S*(T —t)GUr(T,t)x + / S*(s —t)C*CUr(s,t)xds for x € H,
t
(3.12)
where the evolution operator Uy (s, t) is defined by

t
Ur(t,s)x =St —s)x + / S(t — &)Buyp_ (£ — s;z)d€ for z € H, (3.13)

and the optimal control u* is given by
wp(t) = =B*Ip(t)Ur(t,0)zy for zo € H. (3.14)

Next we consider the problem of minimizing the quadratic cost func-
tional

J(uiz) = / CUICOIR + lul?)de (3.15)

subject to (2.20). The following lemma plays an important role in the
infinite time interval problem and hence we shall sketch a proof.

Lemma 3.3 A semigroup S(t) generated via a sesquilinear form o sat-
isfying (2.1), (2.2) is (uniformly) exponentially stable on H if and only if
S(t) and S*(t) are exponentially stable on H, V and V*.

13
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Proof: We first assume that S(t) is exponentially stable on H. Then we
have ||S(t)zo|lg < Me™%||2|| g for some o > 0, M > 1 and any 2y € H.
Using (2.2) and (2.12) for z(t) = S(t)z0, 20 € V, we obtain

1 K K 1
IO+ [ 1=l ds < p [ 1206) s + Gl

From this inequality and the exponential (in H) bound we find

o0 1 /M?*p 1
|l < 2 (L + 5 ) Nl

w
and an application of Datko’s lemma [10] yields exponential stability of S(t)
on V. Since |[S(t)|lzv,vy = [IS*(B)llz(ve,v+), we also obtain exponential
stability of S*(¢) on V*.

Since S*(t) is also exponentially stable on H, similar arguments begin-
ning with the bound for S*(¢) on H yield that S*(t) is exponentially stable
on V and S(t) is exponentially stable on V*.

To argue the converse statement in the lemma, suppose that S(t) is
exponentially stable on V' and recall that for ¢ € H and ¢t > 0, S(t)¢ €
dom g (A) where dom g (A) is dense and continuously embedded in V. For
¢ € H and t > 1 we have

1S5(@®)olla < EIS@ellv < EISE =Dl IS(Dellv

so that exponential stability of S(¢) on V implies exponential stability on
H.

For the case when C' is bounded (i.e., C € L(H,Y)), we have

Theorem 3.4 Assume C € L(H,Y') and either Y is finite dimensional, or
o satisfies (2.17), in addition to (2.1) and (2.2). If (A, B) is stabilizable,
i-e., there exists an operator K € L(H,U) such that A— BK generates an
exponentially stable semigroup on H and (A,C) is detectable, i.e., there
exists F € L(Y,V*) such that A — FC generates an exponentially stable
semigroup on V™, then the algebraic Riccati equation

(A'I+TA-TIBB* LI+ C*C)z =0 forallz €V

has a unique nonnegative solution II € L(V*V), A — BB*II generates
an exponentially stable semigroup U(t) on H, V and V*, and the optimal
solution that minimizes (3.15) is given by

u*(t) = — B*TIU (t) 2.

Proof: Note that for K € L(H,U)
ok (¢, ¥) = 0(d,v) + (K¢, B* )y forall ¢,9p €V
14
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defines a continuous sesquilinear form on V' where

ReJK (¢7 ¢)

v

1 1
§w||¢||%/ —(p+ %||B||2£(U,V*)||K||2£(H,U))||¢||%I

1
Swllglly = prcllglf-

Thus, by Lemma 3.3, the stabilizability of (A, B) implies that there exists
an K € L(V* U) such that A — BK generates an exponentially stable
semigroup on V*| and similarly, the detectability of (A,C) implies that
there exists an F' € L(Y,V*) such that A — F'C' generates an exponentially
stable semigroup on V*. The theorem now follows from [27, Theorems 3.3
and 3.4 and Remark 3.5]. Recall that the spaces W and V" of [27] are chosen
as H and V™, respectively, in our framework here. We note that the space
Z of (H3) in [27] is here taken to be Z = domy«(A) = V endowed with
the graph norm corresponding to 4; the condition (H3) follows then from
(2.4). Since B*II € L(H,U) it follows from the discussions in Section 2
that A — BB*II generates an analytic semigroup U(t) on H, V and V*.
Since domy«(A — BB*II) = V, the exponential stability of U(t) on V*
implies that on H and V.

The case where C' is unbounded (C' € L(V,Y)) will be discussed in
Section 5.

4 Galerkin Approximation

We turn now to the approximation results that are the main focus of this
paper. Let V'V be a sequence of finite dimensional subspaces of V C H.
Define AN : VN — VN by

(—ANp ) = o(p,0p) forall g,¢p € VIV, (4.1)

that is, AV is defined via restriction of o to V¥ x V¥, For given B €
L(U,V*), we define BN € L(U,VN) by

(BNu, ) = (u, B*) for all p € VV, (4.2)
and CV denotes the restriction of C' onto V. We assume the approxima-

tion condition:

For any ¢ € V, there exists a sequence ¢ in V" such that

o™ — dllv — 0 as N — oo. (H1)

15
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4.1 Convergence of Galerkin approximations

The following lemma is standard in the literature (e.g., see Chapter III in
Lions [21]).

Lemma 4.1 Suppose (H1) is satisfied and let f € L*(0,T;V*) and zo € H.
If 2(t) € V is defined by (2.11) with ¢ = 2o and 2V (t) € VNt > 0 satisfies

DN 0,9) + 0N (0, ) = (70, Whvey forallp VY (43)
2N(0) = PNz,
then the error function eN (t) = 2V (t) — z(t) satisfies

t
leN(t)||g — 0 and /0 lleN (s)||3ds — 0 as N — oo

uniformly in t € [0,T].

In this lemma P? denotes the usual orthogonal projection of H onto
VN:ie,forp e H

PNp e VN and (PN¢,9)) = (¢, 1) for all 9 € VY.

This projection can readily be extended to PN € £(V*, V") by replacing
(¢,%) in the definition by (@, ¥)y+ v for all ¢ € V*. Then the solution
2N (t) of (4.3) can be written as

t
2N (t) = et PN 2 +/ =A% PN £(5)ds.
0

It follows from (H1) that PV¢ — ¢ in H for all ¢ € H. In addition, we
have

Lemma 4.2 For ReA>p and p € V*

IO =A%) PN gy < L2 (1.4
M,

IOF =A%) 2P0l < 2ol (1.5
M

IO = 4% PNolly < Pl (1.6

where My =1+ M/w and My = (1 4+ Mw)/w)?.
Moreover, for every ¢ € V*

(M — AN 1PN (M- A) " Lp in V.

16
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Proof: First we observe that the sesquilinear form o restricted to V'V
defines a continuous sesquilinear form on V¥ satisfying (2.2) for allu € V.
Hence for ¢ € V* and ReX > p, u’ = (AT — AN)"1PN¢ € V'V exists and
satisfies

Mu, p) + o (u™,9) = (¢, ¢y forally e VY.

Thus, the first three estimates follow from exactly the same arguments as
in Lemma 3.6.1 of [31]. Since for all ¢ € V*, u = (A — A)~'¢ € V satisfies

Mu, ¥) +o(u,¥) = (¢, ¢)v-y forallp €V,
we obtain
Mu—u™N, )+ o(u—uN,9)=0 forallp € VV.

By (H1), there exists a sequence 4" € V¥ such that ||a"¥ — uly — 0 as
N — o0, and

)‘<ﬁ’N - uN) 1)[]) +J(ﬁ’N - uNa 1/1)
= )‘<ﬁ’N - u)¢> + O-(ﬁ’N - u)¢)'

Choosing ¢ = 4" — u" € VN, we then find from (2.1) and (2.2) that for
Re) > p,

N c N
6% ¥y < S -l

for some positive constant c. From this the desired convergence follows
immediately.

Using the Trotter-Kato theorem [26] and the estimates (4.5) and (4.6)
one can readily establish the following results (see [3] for proofs).

Lemma 4.3 Forall p € H
€4 PN — S(H)plly — 0 as N — oo

(4)
||etAN PNp—S*(t)plg = 0 as N — oo

where the convergence is uniform on bounded t-intervals. Moreover, for all
peH

o c N* c ..
4" PVl < Sliolla, €4 Pl < Sllola ()

17
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and fort >0

e PNo — S(t)pllv — 0 as N — oo,
(iid)
||etAN PN —S*()plly =0 as N — oc.

Using Lemma 4.3 we have an approximation result in the bounded
output case corresponding to Theorem 2.2.

Lemma 4.4 IfC € L(H,Y) and the sesquilinear form o satisfies (2.17),
in addition to (2.1) and (2.2), then

MNp - M@ in Ly(0,T;Y) forallp € V*
and
MNy = M*y in V. for all y € Ly(0,T;Y)
where for ¢ € V*, Mao is given by the continuous extension to V* (see

(3.10)) of the operator in (3.2) and MY € L(V*,Ly(0,T;Y)) is defined by

(MN@)(t) = Ce A" PNg  for pe V™.

The arguments behind these results are tedious but straightforward
once one uses the estimates of theorems 2.1 and 2.2 (which requires (2.17))
to establish uniform bounds for MY and M~*. The details can be found
in [4].

4.2 Convergence of Riccati solutions

We first consider the finite horizon optimal control problem for (2.19)-
(2.20). Corresponding to a given approximation scheme as defined via
(4.1), (4.2), we formulate the Nth approximate problem in V¥: Minimize

INO,Tsu) = [LICN B + lu()|lZ)de -
G (T), 2N (1) '
subject to

izN(t) = ANN(t) + BNu(t), t>0
dt (4.9)

N0) = PNz
Then we may obtain the following convergence results using Theorem 3.1
and Lemmas 4.1-4.3 in the general case of unbounded output.

18
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Theorem 4.5 Suppose the sesquilinear form o satisfies (2.1) and (2.2)
and A is defined by (2.3), B € L(U,V*),C € L(V,Y) and G € L(H) is
nonnegative. Suppose the approrimation scheme satisfies (H1). Then the
optimal control u} to the Nth approzimate problem for (4.8)-(4.9) con-
verges strongly to uk., the optimal control for (2.19)-(2.20) in Ly(0,T;U)
for all z9 € H. Moreover, if II¥ (t),t < T is the solution to the Riccati
equation in VN :
%H¥ (#) + AN T (#) + IV () AN — T (1) BY BN T (1) + OV 0N = 0
(4.10)
and IIN (T) = PNGPY, then for all ¢ € H, Y (t)PN ¢ converges strongly
to 7 ()¢ in H, uniformly int € [0,T], where the optimal control uy (t),t <
T is given by
ud (1) = =BV T (t) 2N (¢). (4.11)

Proof: The arguments are quite straight forward and are similar to those
given in [17]. We define for the finite dimensional problem analogues
LN MN LN MY ul¥" TIN of the operators in (3.1)-(3.6). Use of lem-
mas 4.1 and 4.3 then yield at once that these operators converge in the
appropriate topologies to the corresponding operators in (3.1)-(3.6).

Under the stronger assumptions (including bounded output) in Theo-
rem 3.1, we obtain stronger convergence properties for IIY. The arguments
are quite similar to those just outlined, except we use the stronger results
for the extended operators in Lemma 4.4 in this case.

Theorem 4.6 Consider the case C € L(H,Y). Assume either (i) Y is
finite dimensional or (ii) the sesquilinear form o satisfies (2.17) in addition
to (2.1) and (2.2), is satisfied. Then 1Y (t) converges to Iy (t) in L(V*,V),
uniformly on [0,T].

We turn next to the infinite horizon problem involving (3.15). We
assume

(H2) the injection i : V' — H is compact.
Then we have the uniform stabilizability result which is the unbounded

input analogue of the fundamental results of [6].

Lemma 4.7 Suppose (A, B) is stabilizable and (H2) holds. Then there
exists a sequence of operators KN € L(VN,U) and positive constants M, >
1 and wy independent of N and a positive integer No such that for all
N > Ny

||et(AN_BNKN)PN¢||H < Mle_W1t||¢||H7 t>0.

19
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Proof: Since (A, B) is stabilizable, there exists an operator K € L(H,U)
such that A4 — BK generates a uniformly exponentially stable semigroup
on H. Let KV be the restriction of K onto V. Consider, as in the proof
of Theorem 3.4, the corresponding sesquilinear form ox on V

ok (9, ¢) = 0(¢,9) + (K¢, B*Y) for ¢,¢p € V. (4.12)

Then ok is continuous and for ¢ € V

Reok(p,¢) > Rea(¢,¢) — | K[[|B* [l ullellv
¥ (4.13)
> Sl — pxllolE

where px = p + || B||?||K||?/2w. Thus, Lemma 4.3 applies to AY = AN —
BN KN where (—AN¢,9) = ok (¢,v) for all ¢,9p € VN, so that

e %Py S T(t)p in H

AR PNy LT )6 in H

for every ¢ € H and t > 0 and
N M
let % PN gl < pliol, >0,

where T'(t), t > 0 is the semigroup generated by A — BK. Since the
embedding 7 is compact, for a fixed t > 0 the set § = UNZl(etA%PN —
T'(t))B is relatively compact in H, where B is the unit sphere of H. It
then follows from Proposition 3.7 in [7, p. 126] that

|45 PN — T(8)]| o) — 0 as N — oo.

Since T'(t),t > 0 is uniformly exponentially stable, there exists a to > 0
such that ||T'(ty)|| < . Hence for N sufficiently large ||efoAx PNy <1
from which the desired results follows using standard semigroup arguments
(e.g., see the proof of Theorem 3.1.1 in [31]).

Combining Lemma 4.7 with arguments in [6] and [17], one obtains the
main result of this section concerning convergence for the bounded output
C € L(H,Y), unbounded input, B € L(U,V*), case.

Theorem 4.8 Assume the conditions of Theorem 4.6 hold and (H1) and
(H2) are satisfied. Suppose (A, B) is stabilizable and (A, C) is detectable.
Then for N sufficiently large, there exists a unique nonnegative self-adjoint
solution TIV € L(V*,V) to the algebraic Riccati equation in VN

ANTIIN 4 IVAN —TIVBYBN'TIN + N N =0, (4.14)
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there exists constants My > 1 and ws > 0 such that
e AT EN BT I PN gy < Mye |, (4.15)
and INPN¢ 2 1¢ in V for every ¢ € V*. Moreover, we have
BN TN PN — BT £ (ar,0r) — O

as N — co. The feedback system operator A— BBN 1IN (i.e., the approx-
imate feedback controls in the original infinite dimensional system) gener-
ates an exponentially stable analytic semigroup on H and for every ¢ € H

J(—=BN TN 2(-); 29) — J(u*; 20) < e(N)||o||%
where e(N) — 0 as N — oo.

Proof: The arguments are essentially a repeat of those for theorems 2.2
and 3.1 of [6] and Theorem 2.6 of [17] where we use the appropriate norms
and topologies at each step. For the sake of completeness we give a brief
outline, referring the reader to [4] for details. We first consider ox and KV
as in Lemma 4.7. Using the inverse Laplace transform (see [31] or [29]) to
obtain a representation for analytic semigroups in terms of resolvents and
standard contour arguments (again see [29]) along with the bounds (4.6),
one readily obtains bounds

¥ M .,

le 4= PYolly < e [iglln (4.16)
N M

lex PYollu < e 1 @llv- (4.17)

for ¢ € V*. These can then be used to argue
TN (@5 0) < |-

for N > Ny and « > 0 independent of N. This is the result of Step 1 in the
proof of Theorem 2.6 in the Appendix of [17] and guarantees (Theorem 3.3
of [27]) existence of the desired solutions to (4.14) for N sufficiently large.

Detectability and arguments similar to those in Lemma 4.7 yield bounds
similar to those in (4.16), (4.17) for AN =GYCM) PN and hence uniform
detectability. Following arguments similar to those in Step 2 of the proof
of Theorem 2.6 in [17] (relying on Young’s inequality and Datko’s lemma),
one can obtain the bound (4.15). In fact, one also obtains a bound in which
the right side of (4.15) is replaced by

M _wst
me 2|9l

V.
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Then with standard estimates (see the Appendix in [6] and (A.6), (A.7) of

17) 2

M
JIN PN — T O PN ey, < e

M2
ITT — 7 (0) || v+ vy < Vo€ wal

the convergence of Lemma 4.6 and the triangle inequality, we are able to
conclude that [TV PN — || z(v+,vy — 0. Moreover, since the injection
i*: H — V* is compact, we find

|BN N pN — Bl z(a,v) I1B*(IN PN — )| £ (1,0

<
< BTN PY =1 vy — 0
as N — oo.

5 Case of Unbounded C

In this section we consider the case C € L(V,Y) and B € L(U,V*). Let
Ap be a self-adjoint operator on H defined by

dom(A4y) ={u €V :|oo(u,v)| < ky||lv||g for all v € V}, and
(5.1)
(Agu,v) = oo(u,v) + p{u,v)g for all u,v €V,

where oy is the symmetric part of o (see Theorem 2.2) and
ao(u,u) + plu, uhpr > wllully, for u € V.

Let A = A(I]/2 with dom(A) = V and for 0 < 6 < 1, Vp denote (see
[22]) the intermediate space : Vy = [V, H]p =dom(A'~%). Then we have
[V,V*]1/2 = H and the interpolation inequality

lollve < cliglllolli? < clloliZ- llolZ o]
(5.2)

1-8

L
< cllglly-llolly * = cligl

where oy = g We assume throughout this section

W ey,

(H3) ||B*¢|lv < bl|$]|v, with 6 < 1 for some b > 0 and let g = £.

Since p € € is not in sp(A), there exist & > 0, M > 0 and Uy, a neighbor-
hood of p such that

p(A)DE+:{)\:0§|arg(/\—p)|<g+J}UUg
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and

[(AT — A)~ for A € ©F

Higee < M
T 14+ A-pl
(e.g., see [31]). It then follows from [26, p. 69-75] that

(pI — A) P = ! / 9718, (t)dt for3>0

7(ﬂ) 0

where , () denotes the gamma function and S,(t) = e=”*S(¢),¢ > 0. Since
p € p(A), there exist constants § > 0 and M; > 1 such that

1S, cevey < Mye™?
(5.3)
1S, eveyvy < Mredt,

Then for x € V = domy«(A*)

1T = A%)2allv, < g [y t0 S5 (t)alv, dt

=y Jo NS, O lTNIS; @)zl

R

IA

y«dt.
Hence if 0 < a < ag, then there exists M, > 0 such that
(oI — A*)* 2|y, < Ma||z||v- for all z € V.

Since V is dense in V* and Vj is closed in V*, this implies dom((pl —
A*)L17%) C Vp and, therefore,

B*(pI — A*)'=* € L(V*,U). (5.4)

Under the assumption (H3), using the same arguments as in Theorem
1 [121], we have the following results on the solution Iz (-) to the Riccati
equation (3.12).

Theorem 5.1 Assume (H3) holds. Let II7(-) be the solution to the integral
Riccati equation (3.12) with G = 0 and Ur(t,s) be the evolution operator
defined by (3.13). Then for each T > 0, there exists a constant M > 0
such that

U (t, $)ll vy < Mert! =)
and for v < 1, there exists a constant M., such that

(I = A) "I (8)x]

ve <Mfally for0<t<T.  (55)
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Moreover, if we assume

for any z € H there exists a control u € L2(0,00;U)

such that J(u; z) < oo, (H4)
then the constants M, M, in the above are uniform in T'.
By Theorem 5.1 and (5.4),
B*Ur(t) € L(V,H) and (B*Ip(t))" = Ur(t)B. (5.6)

Now it is not difficult to argue (e.g., see [11]) that for z € V,IIp(t)z,t < T
is given by

T
Ir(t)e = / S(s —t)(C*C —IIp(s)BB*Ip(s))S(s — t)xzds.  (5.7a)

Since for z € domp(A), t — S(t)r € V is strongly differentiable in
L»(0,T; V) with derivative S(t)Az (see Theorem 2.1), Il (t)x,t < T satis-
fies the differential Riccati equation

(Fr(t)z,y)  +(Az, Tz (t)y) + (L7 (t)z, Ay)
—(B Iz (t)z, B-IIr(t)y) + (Cz,Cy) =0

for all z,y € dompy(A) and II7(T) = 0. The following theorem follows
from (5.5).

Theorem 5.2 If (H3), (H4) hold and let TI*® = s — lim II7(0) as T — oo
in L(H), then for p € V and v < 1

(pI — A*)'TI7(0)¢p % (pI — A*)T® ¢ in V*.

Moreover, if (H2) is satisfied, the convergence of above becomes strong and
I1*° satisfies the algebraic Riccati equation

(IT*z, Ay)  +(Az,11%°y)
(5.8)
—(B*II*®z, B*II®y) + (Cz,Cy) = 0

for all z,y € domy(A).

Under the stronger assumption (below (5.11)) the sesquilinear form o
satisfies (2.16) and II*°* € L(V); i.e.,

Theorem 5.3 Assume that the sesquilinear form o satisfies

lo1(¢,9) < M| gllv, 19 [lv (5.9)
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for some M > 0 and 0 < 8 < 1 for all $,% € V, in addition to (2.1) and
(2.2) and that (H2) and (H3) hold. Let Uy (t),t < T be the solution to
the integral Riccati equation (3.12) with G = 0. Then, for each x € V,
Or(t)z € C([0,T); V)N C([0,T); V*) and satisfies the Riccati equation

(LT1y(t)z,y) = o(z,Or(t)y) + oy, Dr(t)z)
+(B*Ir(t)x, B*Ilr(t)y) — (Cz, Cy) (5.10)

forallz,y € V.

Moreover, if (H4) holds, then I*°(= s — limII7(0)) € L(V) and satisfies
the algebraic Riccati equation

o(z,II%y)  +o(y,1I%z) + (B 11>z, B*1I*°y)
(5.11)
—(Cz,Cyy =0 forallz,yeV.

Then we have the optimal feedback solution:

Theorem 5.4 Assume the sesquilinear form o satisfies (5.9) in addition
to (2.1) and (2.2), and (H2) and (H{) hold. Then, if (A, B) is stabilizable
and (A, C) is detectable, then the algebraic Riccati equation (5.11) has a
unique non-negative solution Il = II* € L(V) and A — BB*II generates
a stable analytic semigroup T(t),t > 0 on H. The optimal control u* for
(3.15) is given by

uw*(t) = —B*UT(t)z, t>0 forz € H.

Next we consider the Galerkin approximation of II* € L(V). Let
VN AN BN OV and the projection PV be defined as in Section 4. We
will assume the following (stronger) approximation condition:

there exists a constant é > 0 such that||PY ¢y < &|¢|ly for all ¢ € V.
(H5)
While the results below can be shown by some elaborate arguments with-
out assuming (H5), the condition (H5) is a standard assumption in finite
element approximations (e.g., see [1]). Then, if (H1) and (H5) are satisfied,

PN¢ — ¢in V for ¢ € V and

(5.12)
PNp — ¢in V* for ¢ € V*,
and moreover for ReA > p
_ ¢M,
I = AN T PYllvs < 5=l (5.13)
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In fact, if for ¢ € V*, uN = (AT — AN)~' PN, then
Mu®, x) + o™, x) = (¢,x) forall x € V.

Thus,
LN 00 < lllv-lixllv + ella™ v llxlv

< Mol[gllv+IIxIlv
and choosing x = PN for all ¢ € V, this inequality yields (5.13).

Theorem 5.5 Suppose the assumptions in Theorem 5.4 hold and the ap-
prozimation conditions (H1) and (H5) are satisfied. Then, for N suffi-
ciently large, there exists a unique mon-negative solution IV = IV €
L(V)N L(H) to the algebraic Riccati equation in V¥

o(z,1Vy) +o(y,IVz) + (B*INz, B*IIVy)
(5.14)
—(Cz,Cy) =0 for all z,y € VN,

and there exist constants M > 1 and & > 0 such that
N_pNpN*N ~ -
[ AT BB T PN Gl < Mem¥ @l t > 0.

Moreover,
OVPN¢ 5 T*¢ in H for each ¢ € H

OVPNy S5 T%¢ in V. for each g €V

and B*TIN PN 2 B*II® in L(V,U) where II® is the unique non-negative
solution to (5.11). Finally, for N sufficiently large, A—BBY TIV generates
a stable analytic semigroup on H.

6 Second Order Systems

Let Vo — Hy — Vg be a Gelfand triple as discussed in Section 2. We
consider general second order systems in the context of sesquilinear forms
using the approach in Section 3 of [3]. Consider then the second order
system:

j—;w(t) + Do%w(t) + Agw(t) = Bou(t) in Vy, (6.1)

where By € L(U, V") and Ag, Dy € L(Vp,Vy") are defined by
a($,¥) =< Ao, ¥ >vr vy, (6.2)
b(¢,v¥) =< Do,V >vy vp, (6.3)
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for ¢,9 € Vy and a and b are continuous symmetric sesquilinear forms on
Vo x Vp. We assume that a is Vp-coercive (i.e., satisfies an equality of the
form (2.2) wherein without loss of generality we take w = 1 and p = 0)
and b is nonnegative. Thus V4 can be equipped with the equivalent norm
lollv, = val(d, ¢). Let V.= Vo xVy, H = Vo x Hp and define the sesquilinear
form o0 on V x V by

o((¢1,82), (Y1,2)) = —al(d2,91) + al¢r,P2) + b(p2, ¥2). (6.4)

We again have a solution semigroup on H for the systems (6.1) written in
first order form (e.g., see [3]). The generator A in this case is given by

[ ]

—Ay, -Dy (6.5)

with dom(A) = {(¢1,¢2) € H : ¢3 € Vy and Agp1 + Do2 € Hy}. The
system described by (6.1)-(6.5) requires some separate analysis since some
of the conditions assumed in section 3 through 5 above are not satisfied.
However as will be outlined below, the results in sections 3-5 are still valid
for control problems governed by (6.1) under appropriate conditions on A4
and B = col [0, By].

6.1 Case of bounded C

It has been shown in [3] that A generates a Cy-semigroup on H and that
if b is Vp-coercive, then A generates an analytic semigroup S(¢),¢ > 0. In
fact, the latter can be shown readily by observing that the sesquilinear
form o defined by (6.4) satisfies the conditions (2.1)-(2.2). Moreover, we
actually have from standard estimates (e.g., see [5]):

Lemma 6.1 Assume that b is Vy-coercive. Then there exists a positive
constant M (which depends only on T ) such that

¢
I / S(t —s)f(s)dsllco,r;vy < M| fllz20,75m)-
0

It follows directly from Lemma 6.1 that for any C € L(H,Y), the
following condition holds: there exists ¢ > 0 such that

t
|| / 5*(t — )C*y(s)dsllv < ellyllzaony) (6.6)
0

for all t € [0,7] and y € L2(0,7;Y). From duality (see [27]) it follows
then that (3.10) holds and indeed the conditions of [27] are satisfied (see
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Remark 3.2(1)). Thus if b is Vj-coercive, we have that the conclusions of
Theorems 3.1 and 3.4 hold for the second order system problem governed
by (6.1)-(6.5). Moreover, it is not difficult to show that the conclusions
of Lemma 4.4 for the Galerkin approximation holds for this case. Thus
the conclusions of Theorem 4.6 applies to this case for approximations of
solutions to the differential Riccati equation analogues of (4.10).

In the case of the infinite horizon problem and associated algebraic
Riccati equation, to obtain Theorem 4.8 and Lemma 4.7 we assumed (H2):
V is compactly embedded into H. This condition (H2) is not true for
the second order system problem formulated here. But we have a result
corresponding to Lemma, 4.7 for these problems.

Lemma 6.2 Assume that Vo 1s compactly embedded into Ho and b = ya+Db,
for some v > 0 where the continuous sesquilinear form b on Vo x V4 satisfies
for some p € R

Re 5(6,9) 2 = l19]1%, = alloll3,

for all ¢ € Vo, and Aang is a_compact operator on Vy with Dy € L(Vo, Vy)
defined by < Dog, v >v. vo=b(¢,v). Then if for some v € R and M > 1

ISl eeay < Me™,  t>0
then for any € > 0 there exists an integer N, such that for N > N,
1SN ) PN || ooy < M+t £ >0

for some constant M > 0 independent of N, where SN (t) = eAVt with AN
defined as in (4.1).

Proof: From (6.4) we have for z = (¢1,¢2) € V
Y _
Re 0(z,2) > §||¢2||%/0 — ol -

Thus o satisfies (2.1)-(2.2) with w =  and the semigroup e on VIV ig
represented by

N
etA PN —

/ M — AN PN

)

27i

where , is the integration path (shifted by p) as described in [29, Theorem
6.A]. Hence it suffices to argue that ||(A\[—AY)~1 P¥|| is uniformly bounded
on {Re A > v+ ¢} and in N. Consider the resolvent equation

A2y — 29 = f eV (67)
A2g + Doza + Aoz = g c H. (68)
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From (6.7), 22 = Az — f. It thus follows from (6.8) that
()\2 + )\D() + A())Zl =g+ )\f + D()f in VE]*,
where by the assumption Dy = yAy + Dy. Equivalently,

A2 A _
A—l A—l

+ My +1770 + Ay +1770

vf At

DTS I v

(I

(9 +Af + Dof).

Thus, if ReA > v, then (I + %Ao_l + ﬁAang)*l exists and is
bounded. Similarly we have

(AL = AN)(=1", 23) = (Py, £, Pi,g)

is equivalent to

A2 A _
I AN -1 AN —lDN N
(6.9)
v AT

_ N L \fN L DN ¢N

/\7+1+ /\7+1(g AT+ DS
and z¥ = X2V — fV where fV = P‘J,\;f,gN = PII}’Og and P{,\g and P}]}’0 are
the orthogonal projections onto VY of V; and Hy, respectively. Here for
NevhN

A2 AAN)
I AN —1 0 DN N
A2 NS
= (I A—l 0 D N
( +/\7+1 0 Av+1 0)71
>‘2 1 Ny—1 N _N
et - (AP
A = =
ppvon 7 (4o "Dy — (Ag)) ™" Do)z

Since (AY)~1DY = P‘%Aall_)() and V} is compactly embedded into Hy
1(AS) ™" Py = Ag Ml 2oy and [[(AG) ™' Dy = Ay ' Doll e (o) — 0
as N — oo. Hence for N sufficiently large

A2 A
AN -1
)\’y+1( o) +)ry+1

(I+ (49)'Dg) ' Py
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exists and is uniformly bounded in any compact set in {Re A > v}. It
thus follows from (6.9) that there exists an integer N, such that for N >
N, (M — AN)~1P¥ is uniformly bounded on {Re A > v + ¢}, which com-
pletes the proof.

It thus follows from Lemma 6.2 that under the assumptions in Lemma
6.2, the assumptions (H1) and stabilizability and detectability of Theorem
4.8, the conclusions of Theorem 4.8 hold for the case when A is defined by
(6.5), B =col [0,By], and C € L(H,Y).

6.2 Cases of unbounded C

For the case when C € L(V,Y) we assume that there exists 0 < 6 < 1 such
that
1Bo¢llo < bll¢llye for ¢ €V, (6.9)

where V{ is the intermediate space = [Vj, Holy,0 < @ < 1 defined as in
Section 5. Since V? = [V, H]y = Vo x V{,0 < 0 < 1 the assumption (H3) is
satisfied. Assuming the finite cost condition (H4), it follows from Theorem
5.2 that there exists an operator Il € L(H) N L(V,V?) (for all 0 < 8 < 1)
such that II7(0)¢ — II¢ weakly in VP for all ¢ € V. In the case of the
second order system (6.1)-(6.3), the assumption (H2) is not valid. However,
P,V =V, is compactly embedded into P,H = Hy and B*P, = B* where
P, is the projection of H onto the subspace {0} x Hy. This fact can be
used to show that B*Ily(0)¢ — B*II¢ strongly in U for each ¢ € V' and
that II satisfies the algebraic Riccati equation

AT+ ITA — IBB*II + C*C = 0 (6.10)

in the sense of Theorem 5.2 (i.e., see (5.8)).
The condition (5.9) is not satisfied for the second order system defined
by (6.4)-(6.5) since

o1(p,¥) = —alga2, V1) + al¢p1,42)

for ¢ = (¢1,¢2), ¥ = (¢1,1¥2) € V. Hence, theorems 5.3-5.5 cannot be

applied directly to the second order system (6.1)-(6.3). In what follows we

employ the structure of solutions to the Riccati equation to establish the

results that correspond to theorems 5.3-5.5 for the second order system.
Since the adjoint operator A* of A is given by

\ 0 —I

w=| a0 o]
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the Riccati equation (6.10) can be written in terms of the operator matrix

_ | i IIpe
H_[H21 Hm}onVongaS

—1IIy; — 1A — 12 BoBgllay + Q11 =0

AOH11 — DSHQI — H22A0 — HQQBOBE;HQI + Q21 =0 (611)
Apllio +1Iyy — DgIlys — IIyo Dy — Ipa By BgIlas + Q22 = 0

Q21 Q22

H =V, x Hy and H is equipped with the norm \/(A0¢1, G1) + b3y, ¢ =
(¢1,¢2) € H, it follows that IIy; € E(%,H{)), H;l = Agll;» € E(H@,Vg)
and II¥, = Ay, € L(Vp,Vy). Note that the third equation of (6.11)
is the Lyapunov equation for the self adjoint operator IIs, on Hy, given
H21 € ﬁ(V(),H()); and that QQQ + A()ng + H21 — HQQBB*HQQ € E(VE),VE)*)
is bounded and symmetric.

As in Lemma 6.2, we have assumed that V is compactly embedded
into Hy and that the sesquilinear form b in (6.3) is given by b = va + b
(equivalently, Dy = yAg + Dy) where b now satisfies

where () = C*C = { Qu - Qu } on Vp x Hy. Since II is self-adjoint on

b(6, ) < M dllysllvllve, 0<8<1 (6.12)

for all ¢,v € V4. It then follows from Theorem 5.3 that IIss € L(Vh, Vh).
1

Moreover, premultiplying the second equation of (6.11) by A, ? (recall that
Ay is self-adjoint) we obtain

_1 11
(=1 = Ay *(Dg — 2By By) A * ) Ag I
1 _1
=AjILi + Ay >Qxu
_1 _1
where A, > (D§ — 22 ByBj)A, > € L(Hy) is compact and
1 1
Ag I, + A[) 2 Qzl S E(VE],H[))
1
Thus A¢Ily € L(Vy, Hp) and therefore IT € L(H) N L(V). Furthermore, a
similar argument using the partitioning of Riccati solutions can be applied
to establish the corresponding result to Theorem 5.5.

The case of the structural damping (2.31) can be treated directly using
the results in sections 3-5.
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