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Control Lyapunov Functions, Input-To-State
Stability and Applications to Global Feedback
Stabilization for Composite Systems*

J. Tsinias

Abstract

The concepts of control Lyapunov function and the feedback sta-
bilization are extended for the case of parameterized control systems.
These concepts are related with the input-to-state stability condition
introduced by Sontag and the corresponding results consist general-
izations of the Artstein’s theorem on stabilization. Versions of the
input-to-state stability properties are also discussed. We use these
results in order to face the partial-state feedback global stabilizabil-
ity problem for composite nonlinear systems specially those having
triangular structure.

Key words: nonlinear parameterized systems, smooth feedback, global stabiliz-
ability, control Lyapunov function, input-to-state stability

1 Introduction

Our goal is to derive sufficient conditions for partial-state global stabiliza-
tion by smooth (C'*) static feedback for composite systems, specially those
having triangular structure. The main tools we use in order to face this
problem are certain properties and results relative to the input-to-state-
stability condition (1.S.S.C.) introduced by Sontag in [14,15] and some ex-
tensions of the Artstein’s theorem on stabilization (see [2,13,21]) concerning
parameterized systems of the form

§="F(y,u,x)
(1.1)
(y,u,z) € R x R™ x R¥

*Received May 22, 1995; received in final form September 3, 1995. Summary ap-
peared in Volume 7, Number 2, 1997.
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where the map F is continuous on R**™+F (C0) vanishing at zero, i.e.
F(0,0,0) = 0, y is the state, u is the input and z is a continuous time
varying parameter.

In Section 2 we give the notion of the input—to—state—attractivity con-
dition (I.S.A.C.) which is a weak version of the I.5.S.C. and was originally
introduced in [24]. We also provide extensions of the concepts of the “con-
trol Lyapunov functions” and the “global feedback stabilization” for pa-
rameterized systems (1.1). For instance, it is reasonable to define a system
(1.1) to be globally feedback stabilizable, if there exists a static feedback
u = u(y) such that the corresponding closed-loop system

9 = F(y,u(y),z) with z as input (1.2)

satisfies the 1.S.S.C. In Section 3 we give extensions of the Artstein’s theo-
rem for parameterized systems (1.1). Special emphasis is given for single-
input systems which are affine in the control, namely systems of the form

y= A(y,x) + UB(y)a (13)

where the mappings A and B are C° and A vanishes at zero. Theorem 3.5
in Section 3 consists one of our main results offering sufficient conditions
for global feedback stabilization for the following affine in the control case.

7 Gi(z,y) ) ( 0 )
! = + 14
< U2 ) ( Ga(z,y) “\ ey) (4
Y= (yll,yz)’ (’ stands for transpose), y1 € R", y» € R,z € RF,

where G : R*TF+L 5 R G, : R*PF+HL 5 R and € : R*T! — R are C!
mappings with Gy and G vanishing at zero and £ being everywhere strictly
positive. We use this theorem to study the output feedback stabilizability
problem for composite systems (1.4) together with a given subsystem & =
Go(z,y), particularly for systems of the form

& GO('Ta y) 0
g1 | = Gilz,y) | +uf| O (1.5)
U2 Ga(z,y) £(y)
where G : R*TE+1 — RF is C° vanishing at zero, the subsystem
& = Go(z,y) with y as input (1.6)

satisfies the [.S.A.C. and we assume that only the y-component of the state
(z,y) is available (Corollary 3.9). The previous results are applied in Sec-
tion 4 to derive sufficient conditions for the output feedback stabilizability
problem for general triangular single-input systems of the form

T = f(mayl)
2
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Ui = gi(T,y1, - yi) Fhilyr, - Y1), 1<i0<m; (1.7a)
U= Yn+1
with
P (Y1, Yn,u) = u (1.7b)

where y := (y1,...,yn) is the output and (z,y) € R* x R" is the state of
the system and we assume that the subsystem

&= f(x,y1) with y; as input (1.8)

satisfies the I.S.A.C. The corresponding result (Theorem 4.1) consists a
considerable generalization of our recent work [25] also dealing with systems
(1.7) where some more strict assumptions than those of the present work
had imposed. It also consists an extension of earlier works, see for instance
[6,7,10-12,18-20,22], and most notably of [4,24] dealing with the particular
case (1.7) with

hi(yi, - Yit1) =¥ir1, Vi=1,...,nel.

Our approach combines and simultaneously extends the methodology em-
ployed in [23-26].

2 Definitions

Throughout the paper we use the notation K for the class of all increasing
C° functions a : RY — RT with a(0) = 0. A function a is said to be
of class K, if @ € K and a(s) — +o0o0 as s — +oo. A C° function
a:RY xRt — R is of class K L if for every fixed t a(-,t) is of class K and
for each s the function a(s,-) is nonincreasing, tending to zero at infinity.
We say that the system

y=F(y,u), (y,u) €R® xR™ with u as input (2.1)

F being C' vanishing at zero, satisfies the 1.S.S.C., if it is complete and
there exists a pair of functions @« € KL and 8 € K such that for every
essentially bounded input u and for almost all ¢ > 0 it holds that

ly(t; yo, w)] < al(yol, t) + B([ul]) (2.2)

where y(¢,yo,u) denotes the trajectory of (2.1) starting from gy, at time
t = 0 with input u, u; equals u(t) for 0 < ¢t < T and is zero otherwise and
[l I, | | are the L*° and the usual Euclidean norms, respectively.
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Remark 2.1 It is known from [14,15,8] that, if there exists a positive
definite, uniformly unbounded (p.d.u.u.) C! function V : R* — RT and
C° functions a, b, where a is of class K, b is positive definite and such that

DV (y)F(y,u) < <b(ly[)

vy, a(lu]) <yl (2.3)

(DV means the derivative of V), then (2.1) satisfies the 1.S.S.C. Further-
more, in the recent contributions [9,16] of Lin, Sontag and Wang it has
been established that the 1.S.S.C. and its Lyapunov description (2.3) are
equivalent, provided that the map F is C'.

A weaker version of the I.S.S.C. is the following property which origi-
nally proposed and studied in [24].

Definition 2.2 We say that (2.1) satisfies the input-to-state-attractivity
condition (I.S.A.C.) if there exists a function v € K such that for any
initial yo, input u and time T < +o0o for which the corresponding trajectory
y(t,yo,u) of (1.1) exists on [0,T) and satisfies

lu(t)] < y(ly(t yo,u)]), Vtel0,T) (2.4)
it holds that L
thnjl_,|y(t)y07u)| < +OO, (250’)

particularly, for T = +o00

lim y(t,yo,u) =0. (2.5D)

t——+oo

It can be shown that I.5.S.C. implies I.S.A.C.; particularly, if (2.2) is
satisfied then I.S.A.C. holds with v be any function of class Ko, such that
v(B(s)) < s,V s> 0 (see [24]).

We now provide some extensions of the concepts of the control Lya-
punov function (clf) and the feedback stabilization for the case (1.1).

Definition 2.3 Let a,b : Rt — R be a pair of C° functions, a being of class
K and b being positive definite. We say that the function V : R* — Rt is
an (a,b)-clf (or simply clf) with respect to (1.1), if it is p.d.u.u. and C* on
R™ and there exists a set M C R* x R™ with (y,u) € M for every y € R"
and for some u depending on y such that the following holds.

DV (y)F(y,u,x) < <b(|y])
V(y,u) € M, y#0, a(lz]) <yl (2.6)
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Remark 2.4 It can be easily established that for the affine in the control
case (1.3) the existence of an (a,b)-clf V is equivalent to the following
condition

DV(y)B(y) =0, y#0=

DV (y)Aly, ) < <b(lyl), al|z]) <ly|- (2.7)

Remark 2.5 The definition of the control Lyapunov function given above
is a reasonable extension of the corresponding notion introduced in [13]
by Sontag for systems without parameters, which according to Artstein’s
theorem is equivalent to global stabilization by means of a relaxed feedback
controller. Specifically, for the affine in the control single-input systems

y=A(y) +uB(y) (2.8)
condition (2.7) is reduced to the following implication:
DV(y)B(y) =0, y# 0= DV(y)A(y) < <d(|y|),

which according to Artstein’s theorem is equivalent to the fact that (2.8)
is globally asymptotically stabilizable at the origin (G.A.S.) by means of an
ordinary static feedback being C*° on R™ \ {0}.

Finally, we give a direct extension of the notion of stabilization for
parameterized systems (1.1).

Definition 2.6 We say that (1.1) is input-to-state stabilizable at the origin
(1.5.S.), if there exists an ordinary static feedback u = u(y) such that the
closed-loop parameterized system (1.2) satisfies the 1.5.5.C.

As in the case of systems without parameters and taking into account
the recent results [9,16] it can be established that the existence of an (a, b)-
clf with respect to (1.3) where a is of class K, implies that (1.3) is I.S.S.
by means of an ordinary static feedback v = u(y) being C* on R" \ {0}
(see Proposition 3.1 in Section 3); the converse claim is also true provided
that the mappings A and B as well as the feedback stabilizer are at least
Cct.

3 Global Feedback Stabilization

The following result consists a direct extension of the Artstein’s theorem
for the affine in the control case. Version of this result is also obtained in
the recent work [5] of Freeman-Kokotovic.

Proposition 3.1 Consider the parameterized single-input system (1.3) and
suppose that there exists an (a,b)-clf V with a € Ko,. Then there exists a
function u : R — R which is C*° on R™ \ {0} such that

DV (y)(A(y, =) +u(y)B(y)) < <b(lyl)
5
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Vy#0, |l <a™'(lyD), (3.1)

hence (1.3) is 1.S.S. If furthermore we assume that there exists a C* (0 <
k < 00) function us vanishing at zero such that (3.1) holds for y near zero
with ws instead of u, then the corresponding stabilizer u can be constructed
in such a way that (3.1) is satisfied and further u(y) = us(y) for y near
zero.

Proof: (Outline). Condition (3.1) follows by taking into account Remark
2.4 and applying standard partition of unity based arguments. From (3.1)
and Remark 2.1 it follows that (1.3) is I.S.S. by means of the ordinary static
feedback © = u(y). The rest part of the proof follows easily by applylng
the same discussion with that given in [25] or [26].

Next we derive sufficient conditions for the existence of a feedback sta-
bilizer being linear near zero and C'* on the whole state space. First, we
need the following elementary result.

Lemma 3.2 Consider a general parameterized system (1.1). Assume that
the mapping F : R* x R™ x R¥ — R is C' and there exist C° functions
a, b : Rt — R" a being linear (without any loss of generality we may
assume that a # 0) and b quadratic near zero and a C? positive definite
function V : R® — Rt such that the matriz D>V (0) is positive definite,
i.e.,

D?*V(0) >0 (3.2)

and the following implication holds:
IF
y'DQV(O)%(O,O, 0)=0, y#0 near zero

= y'D*V(0)F(y,0,2) < <b(lyl); ¥ |z <a™ (|y). (3.3)

Then there exists a constant cy such that for any ¢ > ¢y it holds that
y'D*V(y)F(y, de(y), ) < <b(lyl), Y|z < a™(|y]), y # 0 near zero (3.4a)

with IF
be(y) == cy’DZV(O)W(O, 0,0). (3.4b)
Proof: (Outline). We take into account conditions (3.2) and (3.3), the
fact that locally around zero the functions a and b'/? are linear and apply
similar procedure with that in [1] for the linearization of (1.1) at the origin

in order to determine a constant ¢y such that

y v F

9y (0,0,0)y +

o 0,0,0000(y) + 50,000} < b1y

6
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Y |z| < a"(|y]), vy # 0 near zero,c > co

with ¢, as defined in (3.4b). The desired conclusion is a direct implication
of the previous inequality. O

An immediate consequence of Proposition 3.1 and Lemma 3.2 is the
following result. Its proof is omitted, since it is analogous with that given
in [25, Lemma 2.1].

Corollary 3.3 Consider the system (1.8) and in addition to the hypothesis
of Proposition 3.1 assume A and B are C', a and b'/? are linear near zero,
V is C? and satisfies (3.2) and the following holds

y'D*V(0)B(0) =0, y # 0 near zero

= D*V(y)A(z,y) < <b(ly)), Y]] < a™ (Jy). (3.5)

Then (1.8) is 1.S.S. by means of a C* static feedback. In particular, there
exist a constant ¢y and a C™ function u. := u(y, c), (y,u) € R x [¢g, +00)
which for ¢ > co and for y near zero coincides with ¢. (as the latter defined
in (3.4b)) and further condition (3.1) is satisfied with u. instead of u.

Next we deal with the stabilization problem for parameterized single—
input systems of the form (1.4). We assume that the mappings G; and G,
are C'!' vanishing at zero and ¢ is a C° being everywhere strictly positive.
Furthermore the following assumption is imposed.

Assumption 3.4. Suppose that there exist a closed subset M € R*t!,
a pair of disjoint open subsets U, U~ € R"™!, a p.d.u.u. C™ function
V :R" — R" satisfying (3.2), functions a, a1, az € K., being linear near
zero, a positive definite C® function b : Rt — RT being quadratic near
zero and a linear map ¢ : R® — R with ¢(0) = 0 such that

(i) Rvtt = Ut JU-UM, n(M) = R* (x(M) means the projection
of M on R" along the y» axis); for each compact set ) € R the set
{y := (y],92)" € M, y1 € Q} is bounded, the graph of the mapping
y2 = ¢(y1) coincides with the restriction of the set M near zero, i.e.,

{y e R 1o = o), | <6} = Mﬂ{y eR™ ¢ |y <6}

(3.6)
for some positive constant §;
(ii) R
ai(ly]) < V(y) == V() + Cly: ©6(y1))* < a3(|y])
VO<|yl <6 (3.7)
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for some positive constant C;

max{a;(2s), a1 (k(s))} < %@(s), Vs>0 (3.8a)

for some k € K, for which
max{lizl, y € M} < Sh(l), Vi 20 (38)
(i)
DV(y1)Gi(w,y) < (ly), Vlel <™ (yl), y € M\{0}, (3.9

which in turns implies that V is an (a,b) - clf with respect to ¢ =
G1(z,y1,y2) with y» as input.

Theorem 3.5 Consider the system (1.4) and suppose that Assumption 3.4
is fulfilled. Then there ezists a C* p.d.u.u. function W(y), a constant co
and a C® map u. = u(yi;y2;c), (y1,y2;¢) € R* x [co, +00) such that

W coincides with V for y near zero (3.10)
u, coincides with ¢ = €2¢C(y> <¢(y1))€(0,0) near zero (3.11)

a(yl) < W) < a3(yl), ¥y € R\ {0} (3.12)
and furthermore, if we call G := (G, G>)" then

DW (5)G(x,y) + (uca(y)i’%(y) < &b(ly)

Vel <a”'(Jyl), y#0, ¢>co, (3.13)

which in turns implies that W is an (a, b)-clf with respect to (1.4) and (1.4)
is 1.S.S. by means of the static feedback uw = u..

Remark 3.6.

e It should be noted that weaker versions of the previous theorem have
been obtained in [3, 17, 21, 23, 26] for systems without parameters (“back-
stepping design”). However, because of the additional requirements of the
present work we need to apply a different and more technical procedure
than these proposed in the previously mentioned works. To be more pre-
cise, repeating step—by—step the approach in [23] or [26] we can construct a
pair of C* functions W and u, satisfying (3.10), (3.11) and (3.13) provided
only that conditions (i) and (iii) of Assumption 3.4 hold. For the purposes
of our present work the function W should be constructed in such a way

8
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that the additional condition (3.12) is satisfied for given a1, as € Koo-
This is feasible by following a different approach from that in [23, 26] and
assuming that the functions aq, a» satisfy condition (ii) of Assumption 3.4.

e Conditions (i) and (iii) of Assumption 3.4 are fulfilled, if for instance we
assume that the subsystem §; = G1(z,y1,y2) with y» as input is I1.S.S. by
means of static C* feedback y» = ¢(y1) being linear near zero. Indeed, in
that case M := {y € R*™! : y» = ¢(y1)} and (3.9) follows by applying the
converse stability theorem in [16].

o The result of Theorem 3.5 can be used to obtain a general sufficient
conditions for global exponential stabilizability for systems (1.4) without
parameters, namely systems of the form ;1 = G1(y1,92), 92 = Ga2(y1,¥2) +
ué(y), where Gy, Gs, £ are C, G, G5 vanishing at zero and £ is everywhere
strictly positive. Assume that condition (i) and (ii) of Assumption 3.4 are
satisfied for some appropriate sets M, U+, U~ and functions V, ¢ and b, (i.e.
it holds that DV (y1)G1(y) < <b(Jy|), Vy € M\ {0}). Furthermore assume
that the function b is quadratic and (3.8a) holds with k being globally
Lipschitzian, i.e. |k(y1)| < K|y1|, V y1 for certain positive constant K.
Then the overall system is globally exponentially smoothly stabilizable.
Indeed, since V satisfies (3.2) and k is globally Lipschitzian a pair of linear
functions a;,as : Rt — R* can be determined satisfying (3.7) and (3.8a).
The desired conclusion is then a direct consequence of (3.12) and (3.13) of
the statement of Theorem 3.5 together with the fact that a}, a3 and b are
quadratic.

Proof of Theorem 3.5: First we determine a locally finite partition of
R™\ {0} consisting of open bounded subsets D; associated with nonnegative
C* functions v; with D; := supp ¥;, X¢;(y1) = 1 and in such a way that
if we define

ki :=sup {a?(2|y1]) ©V(y1), y1 € D;} (3.14a)
. 1
{; := inf {§a§(|y1|) <Vy), y1 € Di} (3.14b)
then from (3.8a) the following property is fulfilled.
Property a.
ki + sup ai(k(|ly1]) < f1. (3.15)
y1€D;

In addition to the previous requirement we can determine for each ¢ an open
subset A; € R such that if we define M := U D; x A; then the following
property holds.

Property b. The set M is contained in the closure of M, specifically,
M is a neighborhood of M\{0} with M N{y € R**! : y; =0} = ¢ and
properties (i) - (iii) of Assumption 3.4 are satisfied with (M instead of M.
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Particularly, instead of (3.9) and (3.8b) we may assume that

Dv(yl)Gl(x)y) < <:>8(|y|)7

(3.16a)
Viz| <a (yl), y € clM\{0}
for some b: Rt — RT being C° and positive definite with
b(s) > b(s), Vs> 0 (3.16b)
and 1
2l < Sk(sl), ¥y € el {0}, (3.17)

Moreover, by (3.7) our partition can be constructed in such a way that
the following additional local property is satisfied.
Property c. There is a positive constant §* < ¢ such that for every y;

belonging to the sphere S(0,6*) of radius é* centered at zero there exists
an index ¢ such that

sup {a3(Jy]) ©V (1), y € Di x A;} <0, (3.180)

0 <inf {a3(ly]) &V (1), y € Di x Ai}; (3.18)

furthermore we can assume that for every ¢ for which D; () S°(0,6) # o(S°
means the complement of S) we have D; [ S(0,6*) = ¢. (Note that (3.18a)
is a consequence of (3.6) and (3.7); indeed the latter imply a1 (||y1,y2|]) <
V(y1), for y1 # 0 near zero and y» near ¢ (y1)).

Consider finally a C° function € : R — R* vanishing at zero (whose
existence is guaranteed by condition (i) of Assumption 3.4 and (3.16b))
such that for every g; # 0 it holds that

b(ly|) <b(ly)
1+ (Z[Di(y1)DIG1(z, )]

0<e(yr) < maX{ , alz]) < |y|,y6c€J\Zf}.

(3.19)

We now proceed to the construction of the desired clf as follows. First,

by taking into account Properties a and b of the previous partition and

recalling condition (i) of Assumption 3.4 we can construct for each i a C*°

real function ¢;(y2) with D¢;(y2) = 0 for yo € clA;, Doi(y2) > 0 for

(yi,y2)" € UT\D; x A;, Dgi(y2) < 0 for (y,y2)" € U \D; x A; and such
that for every ¢ and j for which D; N D; # ¢ the following hold:

|6i(y2) ©0;(y2)| < €(y1), ¥ (41,92) € (Ds N D) x R. (3.20)
In particular, by (3.15) for every i for which
D;[5°00,6%) # 0, (3.21)

10
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the corresponding ¢; can be constructed such that the following inequality
is satisfied

ki + a3 (k(ly1])) < ¢i(y2) < ls, Yy € Ay, y1 € Dy,
which by (3.17) implies
ki + ai(2lyal) < dily2) < li, Yy € Ay (3.22)

Moreover, by (3.8a) for every index ¢ for which (3.21) is satisfied, the func-
tion ¢; can be constructed such that in addition to (3.22) the following
holds.

1
ki + ai(2lyal) < dily2) < li + §a§(|y2|): Vys € A (3.23)
From (3.22), (3.23) and the definition (3.14) of the pair k;, ¢; we get

ai(|(y1,92)]) < ai(2ly1]) + a7 (2ly2]) < V(y1) + ¢i(y2)

< %(ag(lyll) +a3(lyel) < a3(I(yr,92))), V (y1,92) € Di xR (3.24)

and for every i for which (3.21) holds. Finally by using Property ¢ (condi-
tions (3.18a) and (3.18b)) for every 4 for which

D; C 5(0,6%) (3.25)

the corresponding ¢; can be constructed in such a way that (3.24) is satis-
fied for y # 0 and D¢;(y2) # 0 for y» € A¢, particularly D¢;(y2) > 0 for
(yi,y2) € UT\D; x A;, D;(y2) < 0 for (yi,y2) € U \D; x A;, and in
addition

¢i(y2) =0, Vya € clA;. (3.26)

Next we define
L(y) = { E¢i(y13¢i(y2): fgi g@ﬁ ig (3.27a)
®(y) := V(y1) + L(y)- (3.27b)

We can easily verify that ® is p.d.u.u. on R®! and smooth on the region
R\ {(y1,y2) € R*! : y; # 0}. Furthermore, by taking into account the
definition (3.27) and the properties of ¢; it follows that

DL(y) = 0(y1 # 0) = y € clM \ {0}, (3.28)
g—yl;(y) >0 fory € U/ clM \ {0}, (3.29)

11
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9L
’19y2
Since (3.24) holds for all 4, we also get

ai(ly) < () (V (1) + dily2))

= V(y1) + Zi(y1)di(y2) = ®(y) < a3(ly)), Vy #0.

Furthermore, from the additional property (3.26)(which holds for every ¢
satisfying (3.25)) and taking into account the fact that D; [ S(0,6*) = ¢ for
all ¢ for which D; (1 5¢(0,6) # ¢, it follows that for y such that 0 < y; < 6*
it holds

—(y) <0 fory e U~/ ctM \ {0}. (3.30)

(3.31)

L(y) =0 <=y € clM, (0 < y; < 6%). (3.32)

This property is quite necessary for the construction of the desired clf; this

explains the reason that we have considered separately the cases (3.21) and
(3.25).
Next we show that the following implication holds.

Indeed, consider any vector § := (71, ,¥2)’ with g1 # 0 and 9@ /Py»(y) = 0.

Then, since the summation in the right hand side in (3.27a) is finite, there
exist integers ¢1,...,%, depending on ¥ such that

Sipichi = Zzplk )i, (72)-

It follows that
Zw/ak )Dépy, (§2) = 0.

The latter in conjunction with the facts that each D¢;, (g2) is strictly pos-
itive (negative) for y belonging to U™\ ¢fM (U~ \ ¢fM, resp.) and v;, are

nonnegative with Zq/;ik (1) = 1, imply that
k=1

y € ctM\ {0}. (3.34)
From (3.16a), (3.27) and (3.34) we get

g—q)Gl(m ) < <b(|y]) + (Z Dy, (y1) ¢ y2)> Gi(z,y)

12
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v [e] < o (Jy). (3.35)

Since ZDT/% = 0 and assuming without any loss at generality that

Dvp;, (yl) # 0 it follows by (3.16b), (3.19), (3.20) and (3.35) that

rGi(x,5) < <b(|7)

7991

+ (I§|¢in (42) b3, (92)|[ DV, (271)|) |Gy (z,7)|

i) + (@) (XD, (31)]) 16 (2. 5)

k=1
< €b(|g)), Vx| <a'(|g))

hence the implication (3.33) is established. We are now in a position to
build a pair of appropriate smooth functions W and w satisfying (3.10),
(3.11) and (3.12). We proceed as in the proof of Theorem 1.1 in [26]. Let
© : R" — R be a C*™ map taking values on the interval [0,1] and such that
O(y1) = 0 for |y1| < 1/2 and O(yy) = 1 for |y1| > 1. Then using (3.28) -
(3.33) we can show quite similar to [26] that for appropriate small ¢ > 0
the mapping

W(y) = V(y1) + O(oy1)L(y) + C(1 ©O0(0y1))(y2 &6(y1))*  (3.36)

is C* and p.d.u.u. on R"™!  (particularly (3.7) and (3.31) imply the desired
inequality (3.12)), and satisfies the implication

0 IW W
DW(y) (5@)) =W, W =0 y#0= 50 =0, y#0
= D) (G0 = -G w0) < oD, Vel <a (ol

(3.37)
(Note at this point that, as we have mentioned before, condition (3.32) is
quite necessary to establish (3.37); details are left to the reader.)

It follows that property (3.1) of Proposition 3.1 is satisfied with respect
to the parameterized system (1.4), hence there exists a map v = v(y) being
C® on R*""1\{0} such that (3.13) is satisfied with v instead of u.. We now
take into account that according to (3.36) W coincides with V(y) = V (y1)+
C(ys ©¢(y1))? for y near zero, D2V (0) is positive definite and for y;,y»
near zero the functions ¢, a and b'/2 are linear. It follows that the matrix

13
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D2V (0) is also positive definite and by (3.6) the following implication holds
in a neighborhood of zero:

y’DQW(O)(E(OO)) = DW(y)(E(Oy)) =0« ys = ¢(y1), near zero

= DW(y) (G12) = $X(y)Ga(w,y) < <b(ly)), Ve < a=*(ly]).

Hence by Lemma 3.2 there exists a constant ¢y such that for every ¢ > ¢
the linear map

- 0
é(y) = <cy’' D2W (0 (
) 0 (g0
satisfies (3.13) with ¢ instead of u. locally around zero. The desired
conclusion, namely the existence of a €' map u = wu. satisfying both

(3.11) and (3.13) follows directly from the previous discussion and Corollary
3.3. O

Next we deal with the output feedback stabilization problem for com-
posite systems, specially those having the general form (1.5). The corre-
sponding result (see Corollary 3.9 below) is used in Section 4 in order to
derive sufficient conditions for stabilization for the triangular case (1.7).
We first need the following lemma whose proof consists a generalization of
our analysis in [24].

):&w@@mmw>

Lemma 3.7 Consider the system
&= Go(z,y) (3.38a)
y=G(z,y) (3.38b)
(z,y) € R* x R®

where the mappings Gy and G are C° vanishing at zero. Assume that there
exist functions a,as € Koo, b : Rt — Rt being C° and positive definite
and a C*® p.d.u.u. map W : R* — R such that

A1l. The subsystem (3.38a) with y as input satisfies the I.S.A.C., partic-
ularly the implication (2.4) = (2.5) holds with z,y instead of y and

u, respectively and
y=a;'. (3.39)

A2. Condition (3.12) holds and further
DW (y)G(x,y) < <b(|yl), V|| <aa(lyl), y #0. (3.40)

A3. The origin O € R¥T" is locally asymptotically stable with respect to
(3.38).

14
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A4.
2|2 Go (@, y)| < b(lyl), ¥ |=| < ax(y))- (3.41)

Then the origin is globally asymptotically stable with respect to (3.38).

Proof: We define
R:={(z,y) : |yl <a3'(lz]},

S = {(z,) : lyl < a7 ()},

L:={(z,y) : W(y) < |2}.

Obviously, by (3.12) we have R C L C S. Let N be an invariant open
neighborhood of zero which is contained in the region of attraction of the
origin with respect to (3.38) and whose existence is guaranteed by As-
sumption A3. We show that the region L|JN is positively invariant with
respect to (3.38). Indeed, if we evaluate the derivative W of W along the
trajectories of (3.38) we get from (3.40) and (3.41) that

W(y) <2z'Go(w,y), Vla| <ax(lyl), y # 0;

therefore,
‘s
W(y(t) = W(y(0)) + [y W(y(p))dp
(3.42)

< [2()P + fy #l2(@)Pdp < [x(t)]?
for any trajectory (z(t),y(t)) of (3.38) starting from (z(0),y(0)) € L at
t = 0 and such that (z(7),y(7)) € R® for 0 < 7 < t. Since R C L the
inequality (3.42) in conjunction with the positively invariance of N imply
that LJ N is positively invariant. To complete the proof it suffices to show
that each trajectory of (3.38) is defined for all t > 0 entering N after some
finite time. Indeed, from (3.40) we get

W(y) < <b(ly(t)]) (3.43)

for each trajectory (z(t),y(t)) of (3.40) for which |z(t)| < az(|y(t)]) with
initial value (z(0),y(0)) € (NUL)®. This trajectory enters N|JL af-
ter some finite time, for otherwise, because of the positively invariance
of NJL, there exists a constant § > 0 such that |(z(¢),y(¢))| > 6 and
as(|y(t)]) > |2(t)| for all ¢ > 0. It turns out that b(|y(t)]) > 6, V¢ > 0 for
some constant § > 0, hence by (3.46) we get

W(y(t) < W(y(0) s [y b(|ly(p)l)dp
< W(y(0)) &th, ¥t >0,
15
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which is a contradiction, because W is p.d.u.u.

Since L C S the previous discussion asserts that each trajectory of
(3.38) enters S after some finite time. This in conjunction with our As-
sumption A1 that (3.38a) with y as input satisfies the .5.A.C. with v = a7 "
and the fact that N is contained in the region of (3.38) imply as in the proof
of Theorem 3.1 in [24] that each trajectory of (3.38) is defined for all ¢ > 0
tending to zero as t — +oo. a

Remark 3.8. The same result at the previous lemma holds if A2 is satisfied
and instead of Al, A3 and A4 we assume that the subsystem (3.38a) with
y as input satisfies the I.S.S.C., namely (2.2) holds with z,y instead of y, u
and 3 := (3; being a function of class K satisfying

(1+p1)B1(s) < a1((1 ©p2)s), Vs >0 (3.44)

for some strictly positive constants p; and p;. Indeed, by the main result
in [14] condition A2 implies that the subsystem (3.38a) with z as input
satisfies the 1.S.S.C., namely (2.2) holds with = instead of u and

By = (a?) ' oad oay? (3.45)
instead of 8. Then by (3.44) and (3.45) we get

B2((14p1)B1(s)) < (L p2)s, Vs >0

which according to the small gain theorem of Jiang—Teel-Praly in [4] implies
that zero is globally asymptotically stable with respect to (3.38). Mainly
because of the absence of Condition A3, the previous assumptions seem to
be rather weaker than those of Lemm 3.7. However the analysis of Lemma
3.7 is simpler than this of the small gain theorem and quite useful to explore
in the global feedback stabilization problem for composite systems.

To be more specific, for composite control systems of the form:

z = Go(x,y) (3.46a)
§ = Gla,y,u) (3.46b)
(z,y,u) € R¥ x R* x R

where the mappings Gy and G are C° vanishing at zero and (3.46a) satisfies
assumption Al, Lemma 3.7 indicates the following algorithm scheme for
stabilization by output feedback:

e First define a; = v~ !, where v is the characteristic function of the
I.S.A.C. imposed for (3.46a).

16
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e Next, consider any p.d.uu. C® W : R* & Rt and a function
as € K such that

at(lyl) < W(y) <a3(lyl), Vy#0.

e Determine a positive definite function b : RT <— RT satisfying
(3.41).

e Finally, determine if possible a feedback law u = u(y) satisfying (3.40)
and such that zero is locally asymptotically stable with respect to

T = GO (1‘, y)

i = Gla,yu(y). (340
Then Lemma 3.7 asserts that zero is globally asymptotically stable with
respect to the closed-loop system (3.47).

The previous algorithm consists of a powerful tool to face the feedback
stabilization problem for systems (3.46) with n = 1, namely when (3.46b)
operates on the real line. To illustrate the usefulness of the previous scheme
we consider the following example.

Example Consider the planar case
&= e’ + 2%y (3.47a)

y=uer® + 2%y>é(x,y) (3.47b)

where ¢ is C° vanishing at zero and y is the output of the system. First,
notice that (3.47a) satisfies the 1.S.S.C. with y as input. Particularly, if
one takes V(z) = 122, then it holds that

3
DV (z)(ex® + 2%y) <0, V |y < Z|a:|

The latter implies that (3.47a) satisfies the I.5.5.C. with 3(s) = s, which
in turns implies that I.S.A.C. is satisfied with v being any function of class
Ko such that v(B8(s)) < s, s # 0. Let y(s) := 1s, ai(s) := 77'(s) := 2s,
as(s) := 3s, b(s) := 2%s and W (s) := 5s2. By applying Proposition 3.1 for
the subsystem (3.47b), we can determine a C* map n = u(y) such that

u(y) = <30y, y near zero;

DW (y)(u(y) &z® + 2°¢(z,y)) < <b(|yl), V |z| < ax(|yl)-

Then it can be easily established that all the requirements of Lemma 3.7
are satisfied hence the previous feedback globally asymptotically stabilizes
the system (3.47) at 0 € R2. For reasons of completeness we note that

17
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under the previous choice of the map u(y) near zero and if we evaluate
the derivative ®(z,y) of ®(z,y) := 1(2? + y?) along the trajectories of the
closed-loop system we get <I>(a:,y) = ezt ©30y% + 2%y3¢(z,y) < 0, for
(z,y) # 0 near zero which guarantees that zero is locally asymptotically
stable with respect to the corresponding closed-loop system.

We conclude this section by the following corollary which is an immedi-
ate consequence of Theorem 3.5 and Lemma 3.7 for the case (1.5). We use
this result in Section 4 to face the global feedback stabilization problem for
triangular systems.

Corollary 3.9 Consider the composite system (1.5) and, in addition to
the hypothesis of Theorem 3.5, assume that a = az,_1 and the subsystem
(1.6) satisfies Conditions A1 and AJ of Lemma 3.7. Moreover, assume
that 0 € R s locally asymptotically stable with respect to the closed—
loop system (1.5) with u = u.(y), where u.(y) is the smooth output feedback
satisfying (3.11) and (3.13). Then the same feedback globally asymptotically
stabilizes (1.5) at the origin.

4 Partial-State Stabilizability for Triangular Systems

We now state and prove our result concerning the output feedback global
stabilizability problem for the general triangular case (1.7), where we as-
sume that y = (y1,...,yn)" is the output of the system.

Theorem 4.1 Consider the system (1.7) where the mappings f, g; and
hiare C* vanishing at zero. Assume that:

A1 The subsystem (1.8) satisfies the 1.S.A.C. (or its stronger version
1.5.5.C).

A2 The matriz (Vf/9z)(0,0) is Hurwitz.

A3 Foreachi=1,...,n<1 and every nonzero w; := (y1,...,y;) there
exists an odd integer n; := n;(w;) and a neighborhood N; := N;(w;)
at w; (both depending on w;) such that

cé( U ﬁ;nh (N; ]R)) C RF (R resp)\ {0} (4.1a)
w; R~ Jit+1

particularly, for w; =0

Oh;
VYig1

(0;0) # 0; (4.1b)
moreover we assume that
hi(0;9i41) =0 iff yir1 = 0. (4.1c)

18
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(Without any loss of generality we may assume in the sequel that the
sets in the left hand side in (4.1a) is contained in (RT\{0}).

Under the previous hypothesis the system (1.7) is G.A.S. by means of a
C output feedback v = u(y) being linear zero.

Remark 4.2 For instance (4.1a) is fulfilled if each h;(w;,y;+1) is a polyno-
mial with respect to y; 1 at odd degree. Particularly, Condition A3 holds
if it is assumed that for each 1 < ¢ < n <1 there exist an odd integer n;
and C* functions a;;(y1,-..,¥:), 0 < j < n; <1 with a;(0,...,0) #0
such that

n;—1

hi(Uis Ui ¥ien) = Uiy + Y iy, ¥y
=0

n
whereas the polynomial 7(y;41) := yﬁ;l + Z aij (O)yZJ:l1 has no ordinary
j=1
roots. Indeed, in that case Oh;/dy;+1™ is everywhere strictly positive,
(0hi/0yi+1)(0;0) = a;1(0) # 0 and h;(0;yi+1) = Yit17(¥ir1) = 0 if and
only if y;+1 = 0. Finally, note that (4.1b) implies that (1.7) is locally
asymptotically stabilizable by linear feedback (see Lemma 4.3 below).

As we have mentioned in the introduction, Theorem 4.1 consists a
considerable extension of the main result in [25]. Specifically, in [25] it
is assumed that (1.8) satisfies a strong version of the I1.S.S.C., namely,
there exist a p.d.u.u. C' map ®(z) positive constants ¢y, R; and Ry such
that [D®y(a)| < Rlal, |£(z, 1) & f(2,0)] < Raly1] and Do (x)f(x,0) <
&colr|?, ¥ x,y1. The previous assumptions imply that there exist positive
constants K and L such that

D®(z)f(x,51) < ©K|z|*, V || < L|x|

which obviously consists of a special case of the input-to-state stability
property. Furthermore, in [25] the following additional inequality is im-
posed:

gi(x,y1,. - y)| S Mz|, Ya,y1,...,y;, 1<i<n

for certain positive constant M. The previous assumptions together with
(A3) permits us to apply in [25] a rather simplified Lyapunov technique in
order to obtain the desired output feedback. Unfortunately, this approach
is not applicable in our case, under the general hypothesis of Theorem 4.1.

In order to establish Theorem 4.1 we need first the following elementary
results (Lemma 4.3) dealing with the local stabilizability problem for sys-
tems (1.7). The proof of Lemma 4.3 follows by repeating similar discussion
with that given in [25] and is omitted.
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Lemma 4.3 Consider the system (1.7) and assume that Property A2 of
Theorem 4.1 holds and (Oh; /9yi+1)(0,...,0) #0,i=1,...,n<1. Let P
be the positive definite solution of the Lyapunov matriz equation

df If /
P— — P=«<l 4.2
3y 00+ (5, (0.0) P = (4.2)
and let
Vi(y1) == Ciy?
i—1
Vilyr, - 0) = Vi(y) + D Cini (541 €05 (91, --,9)>,  1<i<nel
j=1

)
&;(z,y1,...,v;) =2’ P+ Vi(z,y1,-..,y:), 1<i<nel (4.3b)
Ci,...,C, being arbitrary positive constants and

vh vh
1 (y1) == <1 DVi (y1) 7 (0,0) = <2¢,C1 —(0,0)y1,

VYo VY2
0
Gi(y1s .-, Yi) == <ciDVi(ys, ..., yi) (5)

(ﬁhz/ﬂyrkl)(ov ) 0)

Dh; .
= <:>2Cici19 —(0,...,0)(yi ©Fi1(¥i,.--»yi-1))% 1<i<n. (4.4)
Yi+1
Then there exist constants cio, .. ., cio such that for every c; > cjo, 1 <j <

i the derivative of the Lyapunov function ®; along the trajectories of the
linearization of the system

t = f(z,y),

1 = gi(z,y1) + hi(y1,92),

Yo = g2z, y1,92) + h2(y1,92,93), .-,

¥i = gi(myn,- oy +hi(yn, -y, 05(yn, -, 5))

at the origin is negative definite locally around zero.

The following lemma is a direct consequence of Lemmas 3.2 and 4.3.
Details are left to the reader.

Lemma 4.4 Under the same hypothesis with those of Lemma 4.3, for each
pair of positive constants a and b there exist constants cig, - - ., cjo such that
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for every C; > cjo, 1 < j < i the conclusion of Lemma 4.3 holds and in
addition the following inequality is satisfied in a neighborhood at zero.

DVi(9)(g1 + 1,92 + hay oo g5 + hg) (91, -5 05, 85 (Y1, - -5 95)) <
<:>b|(y17"'7yj)|2 V:lj = (ylyyy])#o ; |£L’| <(l|?j|,
where ¢; is defined in (4.4).

Proof of Theorem 4.1. For reasons of simplicity we consider the case
n = 3, namely we prove that the (k + 3)-dimensional system

T = f(xvyl)

Y1 = g1(z,y1) + h1(y1,92) (4.5)
Yo = g2(,y1,y2) + ha(y1,y2,3) ’
Yz = g3(z,y1,y2,y3) +u

is G.A.S. by smooth output feedback. The proof of the general case follows
similarly by induction. We divide our procedure into two steps.

Step I Global stabilization of
= f(z,y1), ¥1 = g1(x,y1) + h1(y1,92), Y2 = g2(2,y1,92) +u.  (4.6)

First, we need some elementary facts which follow directly from our
hypothesis. Without any loss of generality we may assume that because of
our Assumption A2 the characteristic function « of the I.S.A.C., imposed
for the subsystem (1.8), is linear near zero (see [24] for details). We define

ay = 7*1

and let as, k € K, being linear near zero such that
1
max{(a; o k)(s), a1(2s)} < §a2(s), Vs > o. (4.7)

We consider the map

J(y1) = max{|zf(z,y1)l, 1] > a5 (|z])} (4.8a)

and let ( € K being linear near zero and a pair of constants o9 and C
such that

J(yl) < C2(|Z/1|), Vyl) (48b)

a3(s) < Cs® < a3(s), s > 0 near zero, (4.9a)
ai((y1,92)]) < Cy? + Cly2 ©oy1)” < a3(|(y1,92)))

V(y1,y2) # 0 near zero, o < oy (4.9D)

21



J. TSINIAS

whose existence is guaranteed by the fact that both a; and a» are linear
near zero.

We now recall condition (4.1b) of our Assumption A3 from which it
follows that there exists a constant 6; > 0 such that

Yhy

19—(1/1,?/2) #0, Y|[(y1,y2)| < 61. (4.10)
Y2

Without any loss of generality we may assume that the functions a,(s),
ax(s), k(s), ((s) are linear and (4.9) holds for 0 < s < 6;. Furthermore,
we may assume that (4.8) and (4.9) hold for every 0 < |(y1,y2)| < 61. We
now invoke Lemmas 4.3 and Corollary 3.3 as well as our Assumption A2
and (4.10) in order to determine a linear map of the form ¢(y1) = c1y1,
ly1] < 8y for some appropriate constants ¢; and 0 < 6 < §;, a C*™ map
u1(y1), ¥y1 € R vanishing at zero and being linear for |y;| < 82, a positive
definite C° map ¢;(s), s € Rt being quadratic for 0 < s < §; such that if
we define

Vi(y) == Cyi (4.11)

(C being the constant defined in (4.9)) then the following properties are
satisfied:

e Property al. The origin O € R**t! is locally asymptotically stable with
respect to

= f(z,y1), y1=g1(z,y1) + hi(y1, d1(y1)) (4.12)

specifically, if we denote by P the solution of the matrix equation (4.2),
then the derivative of the positive definite function z'Pxz + Vi (y1) (V1 is
defined by (4.11)) along the trajectories of the linearization of (4.12) at
zero is negative definite for 0 < |(z,y1)| < 62.

e Property bl.

DV (y1)(g1(z,y1) + ha(y1, 61 (31))) < min{eq (|y1]), €2¢ (1))}

VO <|yi] < b2, J2] < az(fysl). (4.13)

e Property cl.

DV (y1)(g1(z,y1) + ua(y1)) < min{eq (Jy1]), €2¢% (Jua])}

Vlz| < ax(yi]), y1 #0. (4.14)

Note that Properties al, b1 follow directly from Lemma 4.3 respectively,
whereas Property cl is a consequence of Corollary 3.3 for the case §; =

g1(z,y1) + u.
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We now establish the first part of our theorem by using the previous
properties and Theorem 3.5. However, a direct application of Theorem
3.5 for the case (4.6) is in general impossible; we need first to apply an
appropriate global change of coordinates. We proceed as follows. Consider
a function r(s), s € RT of class K, which is linear for |s| < 83, 83 being a
positive constant with 63 < 2 such that

max{|yz| : h1(y1,92) = wi(y1)} < r(jyl), Vlyi| > 63; (4.15a)

|1 (y0)| < rly1l), Ylyi| > 6s. (4.15b)

Without any loss of generality assume in the sequel that §; = 2 = 5. It
should be noted that the existence of the function r satisfying (4.15a) fol-
lows directly from our Assumption A3 (see [23,26] where analogous state-
ments are established). We now consider a diffeomorphish m; : R —» R
with Dmy(s) #0, Vs; my(s) — oo as s — £oo being linear for |s| < 4y,
specifically

my(s) =7, for|s|] < é;

for some constant ; > 0 and such that

(rok H)(2ls]) < |ma(s)], Vs; (4.16a)
Ll _a ) ocp<a (4.160)
oo |s] oo

where k and oo are defined in (4.7) and (4.9), respectively. We apply the
transformation

(m7y1>y2) - (x,yl,mfl(yz)). (417)
In the new coordinates the system (4.6) takes the form
&= f(z,y1)
1 = g1(x,y1) + ha(y1,mi(y2)) (4.18)

y‘2 = m{(yQ)gQ(fL',yl,ml(yQ)) + um{(y)

where m} := Dm; " om;.
Note that our Assumption A3 remains invariant under the change of
coordinates (4.17). Particularly, from (4.10) we get

Phy

S ma(12)) £ 0, Vi, p2)| <6 (419)
Y2

for certain & > 0. Moreover in the new coordinates we can determine by
using (4.13) and (4.14) a positive definite C° function ¢2(s), s € R™ being
quadratic near zero such that

DV (y1)(g1(z,y1) + h1(y1, 01 (1)) < ©g2(1(y1,92)|)
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YV |z| < a2(|(y1,y2)|), y1,y2 near zero, (4.20)
DV (y1)(g1(z, y1) + ui(y1)) < Sa2(|y1, 92))
Vx| < az(|(y1, y2)]); (4.21)
<g2(/(y1,92)]) < min{sa(yi]), <2 (v D}, ¥ v, (4.22)

Notice that from (4.8) and (4.22) we get

2|z f(z,y1)| < @2(|(y1,92)), V| < az(l(y1,92)))- (4.23)
Let 0 < 6 < 6* and define
a1 (y1) == max{ys : hi(y1,mi(y2)) = w1 (y1)},

B1(y1) := min{yz : h1(y1,m1(y2)) = u1(y1)},
My = {(y1,92) € R? : ma(y2) = d1(y1), || < 6}

U{(y1,92) € R? 1 g2 € C({mfl(dn(?h))aa1(y1)aﬂ1(y1)} “yl‘ :5)

U{(w1,92) € R = ha(y1,mi(y2)) = ui(y1), lya] > 6},

where C(S)denotes the convex hull at a subset S of a given vector space,

U == {(y1,92) € B :mq(y2) > d1(w1), |y1| <6}

U{(1,92) € B 2 g2 > max C ({mi (61.(31), 01 (92)}

ly1] = 5)

U{(1,92) € R = hi(yr, mi(y2)) > ui(yn), lyal > 63,
Ul =A{(y1,52) € R :my(y2) < d1(1), 1| < 6}
U, 32) € B 2y <min C({mi (n o)), o)} | )

U{(w1,92) € R = hi(yr,mai(y2)) < ui(yr), |ya] > 6}

We are now in a position to show that for appropriate small § all con-
ditions of Assumption 3.4 are satisfied with respect to (1.4) with dynamics

Gi(2,y1,92) := g1(z,91) + ha(y1, m1(y2))
Ga(z,y1,y2) = mi(y2)g2(w, y1,m1(y2)) (4.24)
E(y1,y2) == mi(y2)
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namely with respect to

Y1 = g1(x,y1) + hi(ys, mi(y2))
(4.25)

Yo = mi(y2)ga(x,y1,m1(y2)) + umji(yz)

where M;,: U1+> U, Vi, ¢, az,_1 and ngSl := ¢1 /7 play the role of
M, U, U™, V, b, a and ¢, respectively. Indeed, using our Assumption
A3 (for i = 1) and taking into account that this property remains invariant
under the change of coordinates (4.17) we can easily establish similar to
[26] that property (i) of Assumption 3.4 is satisfied with respect to (4.25).
Particularly, the intersection of M; with the region {(y1,¥2) : |y1] < 6}
coincides with the graph of the function ¢ = miy (p1(y1)) = ¢/ for
ly1] < 6, hence (3.6) is satisfied. The most crucial observation is that in
the new coordinates the corresponding system (4.25) satisfies conditions
(3.7) and (3.8) of Assumption 3.4. Indeed, if we define

Vi(y1, 92) = Vi(y1) + Cly2 <1 (y1))? (4.26)

then (3.7) is a direct consequence of (4.9), (4.11) and (4.16). Furthermore,
for each y; we have

2max {[y2| : (y1,¥2) € M1} < k(|y1])- (4.27)

Indeed, for given y; let w := max {|y=| : (y1,¥2) € M1}. Then from (4.15)
and the definition of M; we get |my(w)| < r(|y1|) which by (4.16a) implies
2w < k(|y1]), hence (4.27) is satisfied. The latter in conjunction with (4.7)
implies condition (3.8) of Assumption 3.4. Finally, from (4.20), (4.21) and
the definition of the set M; we can easily establish as in [26] that (3.9) is
also satisfied with b = ¢». For reasons of completeness we note that for
appropriate small § and because of (4.20), (4.21) and (4.19) it follows

DVi(y1)(g1(z,y1) + hi(y1, m1(y2))) < €g2(|(y1,y2)|)

Yy € C({mfl((ﬁl(yl)),al(yl),ﬁl(yl)} ‘Iyﬂ 25)'

(The inequality above is quite necessary to establish (3.9).) Consequently,
according to Theorem 3.5 there exists a p.d.u.u. C* function Va(y1,y2)
associated with a real constant ¢y and a C* map us := ua(y1,y2,¢2) €
R? X [e20,+00) such that Vs coincides with Vi near zero (as the latter is
defined by (4.26)) and satisfies

at((y1, 92)]) < Va(yr,y2) < a3(|(y1,92)]), ¥ (y1,92) #0, (4.28)
U9 is linear for y in a neighborhood of zero, particularly
us(y) = €2¢2C(y2 b1 (y1)), ¥ := (y1,y2)' near zero (4.29)
25



J. TSINIAS

and such that

DV ( Grr ) ) 4 (a0 ) < (o)

V |z < as(lyl), y = (yl,yQ)' #0, (4.30)

where G1,G2 and & are defined in (4.24). In addition to the previous
properties we can select the constant ¢y sufficiently large so that 0 € RF*2
is locally asymptotically stable with respect to the closed-loop system (4.18)
with (4.29). This claim is a direct consequence of Lemma 4.3 for the case
i = 2 and Property al. Particularly, for appropriate ¢, the derivative of the
Lyapunov function &' Pz + Vi (y1,y2) = ' Pz + Cy2 + C(y> b1 (y1))? along
the trajectories of the closed-loop system (4.18) with (4.29) is negative
definite in a neighborhood of zero. The previous discussion in conjunction
with (4.8), (4.23) and (4.30) and the fact that (1.8) satisfies the I.S.A.C.
with v = afl imply that all conditions of Corollary 3.9 are satisfied with
respect to (1.5) with dynamics Go(z,y) = f(z,y); G1,G2 and £ as defined
in (4.24) and b = ¢2. Therefore zero is globally asymptotically stable with
respect to the closed-loop system (4.18) with (4.29). This property remains
invariant under the change of coordinates (4.17), hence we conclude that
(4.6) is G.A.S. by means of a C* output feedback.

Step II Global stabilization of (4.5), or equivalently of the system
T = f(xa yl)

Y1 = g1(x,y1) + ha(ys, mi(y2));
(4.31)

Yo = mi(y2)g2(®, y1,m1(y2)) + mi(y2)h2(y1, m1(y2), y3);

Y3 = g3(x,y1,mi(y2),y3) +u

We use the result that we have derived in Step I and apply the same pro-
cedure. For reasons of completeness we briefly present the most important
part of the proof.

Taking into account our hypothesis A2 and A3 and using Lemmas 4.3
and 3.2 we can find a linear map ¢»(y1,y=) vanishing at zero such that the
following properties are satisfied.
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Property a2. The origin O € RF? is locally asymptotically stable with
respect to

T = f(x)yl))
Y1 = g1(x,y1) + ha(ys, mi(y2));

Y2 = mi(y2)g2(z, y1,mi(y2)) + mi(y2)ha(y1, mi(y2), ¢2(y1,92))-
(4.32)
Particularly, the derivative of ' Px + Va(y1,y2), along the trajectories of
the linearization of (4.32) at the origin is negative definite locally around
Zero.

Property b2.

g1(z, y1) + ha(y1, mi(y2))
DV (y1,y2) ( )
mi(y2)g2(z, y1, m1(y2)) + mi(y2)h2(y1, m1(y2), d2(y1,92))

< ega(ly1,y20), Yzl <aa(lyi,y2]), (y1,y2) # 0 near zero.

For reasons of completeness we note that Property b2 is a direct conse-
quence at Property bl and Lemma 3.2. Furthermore from Step I we recall
the fact that the following property holds.

Property c2. There exists a C*® map u2(y1,y2) such that (4.30) is ful-
filled.

Next we consider a diffeomorphish ms : R — R with Dma(ys3) # 0, Vys
with ms — £00 as y3 — *oo being linear near zero, i.e. ma(y3) = vy2y3 for
some constant v, and apply in (4.31) the transformation

(55,3/1:?/2:3/3) - (m,y1,y2,m;1(y3)).
The resulting system is
&= f(x,y1)
Y1 = gi(z,y1) + h1(y1,mi(y2))
(4.33)
Yo = m7i(y2)g2(T,y1,m1(y2)) + mi(y2)h2(y1, m1(y2), m2(ys))
Y3 = m3(y3)gs(x,y1,m1(y2), ma(ys)) + um3(ys)
where m% = Dm, ' o my. We define as in Step I

az(y1,y2) = max{ys : ha(y1, m1(y2), ma2(y3)) = u2(y1,¥2)},
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B2(y1,y2) == min{ys : ha(y1, m1(y2), m2(y3)) = u2(y1,y2)},
and for sufficiently small 6 > 0 let

M = {(y1,y2,y3) ER: m2(y3) = ¢2(y17y2)7 |(y17y2)| < 6}

U{(yl,ymy?)) € R :ys

a2(y1,92), B2(y1,y2)} ‘I(yl y2)| =6

{51, 92,93) € B < ha(yr,ma(y2), ma(ys)) = ua(y1, y), |(y1,92)] > 6}
Analogously with Step T we define the sets U," and U; and consider the
functions

Va(y1,y2,9) = Vi(yr,92) + Clys ©da(y1,92))* ;
Ga(y1,y2) = d2(y1,42) /72
Then by using our hypothesis A3 and Properties b2 and c¢2 we can establish
that for appropriate choice of ms all conditions of Theorem 3.5 are satisfied
with respect to (1.4) with dynamics

g1(z,y1) + hi(y1, mi(y2))
Gl(X>Y1>YZ) = < >
mi(y2)g2(z, y1, m1(y2)) + mi(y2)ha(y1, mi(y2), m2(ys))
(4.34a)
Ga(z,y1,y2) == m5(y2)g3(x, y1,m1(y2), m2(y3)) (4.34b)
£ = mj3(y2) (4.34¢)

and My, : Uf, Uy, Va, ay' and ¢o := ¢ /7> instead of M, UT, U, V, a
and ¢, respectively and b := ¢z, g3 being an appropriate positive definite
C" function being quadratic near zero and such that ¢2(s) < gs(s), Vs > 0.
Therefore we can determine a p.d.u.u. C* function V3(y1, y2,y3) which co-
incides with Va(y1, y2,ys) := Cy2+Cy(y> Spo(y1,y2))? near zero and satis-
fies a?(|(y1, Y2, y3)) < Va(y1,v2,93) < a3(|(y1,y2,y3)]) for all (y1,v2,y3) #
0, associated with a constant czg and a C* map us = ue,(y1,Y2,ys3;C3)
which coincides with <2¢3C(ys3 <:><2>2(y1,y2)) near zero and such that
(3.13) holds with W = V3, b = g3, a = a;"' and Gy, Go and ¢ as de-
fined in (4.34). Furthermore, by evaluating the derivative at the Lyapunov
function z' Pz + Vg(yl, y2,y3) along the trajectories of the closed-loop sys-
tem (4.33) with u = ug, we can determine by taking into account prop-
erty the constant cs sufficiently large so that zero is locally asymptoti-
cally stable with respect to (4.33) with w = wu3. Since (1.8) satisfies the
I.S.A.C. with v = a]"!, from Corollary 3.9 we conclude that zero is globally
asymptotically stable with respect to the closed-loop system (4.33) with
U = us. O
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5 Robust Stabilization

The result of Theorem 4.1 can be generalized for the following more general
class of triangular systems whose dynamics also depend on some unknown
time-varying parameters

T = f(waylaa)

yi = gz(m7y>9) +hi(y1)"'>yi+l)7 1 S { S n <l
yn = gn(x;yae) tu

(m,y) = (m;yla-'-)yn) € ]Rk x R™

(5.1)

where § = 0(t) € R* is a time varying vector parameter and there exist
positive definite C*° mappings & : RFF! oo RT, & @ RFL o RT,
1=1,2,...,n such that

of of

|f(x7y170)| +‘(am7 8:!/

) (maylve)‘ <&l y1)

|gi(way76)| Sgi(m7y1""7yi)7 vm)y70‘

Also assume that a:’Lf(a:, 0,6) < &f|x|?, V 0, z near zero for certain positive
constant £ and positive definite matrix L and the parameterized subsystem
z = f(x,y1,0) with y; as input satisfies a stronger version of the I1.S.S.C.
Particularly, we assume that each trajectory z(t) = z(t,xo, y1,0) is defined
for almost all ¢ > 0, essentially bounded input y; and parameter 6 and
there exists a pair of functions @ € KL and 8 € K such that

|[2(8)] < elwol, 1) + B(I[(y1)el])

for all ¢ > 0 and 6 = 6(t). (See also [27] where a weaker version, being
analogous with the I.S.A.C. property, has been imposed.)

If in addition Condition A3 of Theorem 4.1 are satisfied, then by using
a slight modification of the approach used in Section 4 it can be shown that
(5.1) is G.A.S. (uniformly on #) by means of a C* output feedback v = u(y)
being independent of 6 and vanishing at zero. The previous extension has
been already obtained in [27] for the particular case of systems (5.1) with
hi = yit1, 1 <i < n<&1;in the previous mentioned paper this result was
used to explore the dynamic output feedback stabilization for triangular
systems where only the y; component is available.
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