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Equivalent Conditions for the Solvability of
Nonstandard LQ-Problems with Applications to
Partial Differential Equations with Continuous
Input-Output Solution Map*

C. McMillan

Abstract

We consider an optimal control problem with indefinite cost for an
abstract model which covers in particular hyperbolic and hyperbolic-like
systems in a general bounded domain. Necessary and sufficient conditions
are given for the synthesis of the optimal control, which is given in terms
of the Riccati operator arising from a nonstandard Riccati equation. The
theory also extends a finite-dimensional frequency theorem to the infinite-
dimensional setting. Applications include the damped wave equation with
Dirichlet control, damped Euler-Bernoulli and Kirchoff equations with
control in various boundary conditions, and the damped Schrédinger equa-
tion with Dirichlet control.

AMS Subject Classifications: primary 47A, secondary 35B
Key words: Riccati equations, boundary control problems

1 Introduction

1.1 Problem setting

Let X (state) and U (control) be separable Hilbert spaces. Consider the follow-
ing abstract dynamical system

&= Az + Bu € [D(A%)), z(0)=aeX (1.1.1)

where u € Ly(0,00;U) is a control function. The problem that we wish to
consider is: find
inf J(z,u) > —o0 (1.1.2)
uELQ(O, o5 U)
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where
J(xz,u) = /00 F(z,u)dt (1.1.3a)
F(z,u) = (?ﬁw,x)x + 2Re(Fhz,u)y + (Fsu,u)y
> p(ll=llx + llully),  peR. (1.1.3b)

The dynamics (1.1.1) — (1.1.3) is subject to the following assumptions which
shall be maintained throughout the paper:

(H.1) A is the generator of a s.c. stable semigroup on X with margin of stability

le]lx < Me™°!, M >1, wy > 0. (1.1.4)

(H.2) B : continuous U — [D(A*)]', or equivalently, A~'B € L(U; X), where
[D(A*)] denotes the dual of D(A) with respect to the X-topology, and A*
is the X-adjoint of A (without loss of generality, we take A~ € L(X)).

(H.3) The following abstract trace regularity holds (see [L-T.3, class (H.2)]): the
(closable) operator B*eA™t admits a continuous extension, denoted by the
same symbol, from X — L2(0,T;U):

T
/ 1B A |2 dt < erllz|% VT < o0; 7€ X (1.1.5)
0

where B* is the dual of B, and B* € L(D(A);U) after identifying [D(A)]"”
with D(A).

(H4) Fy € L(X), Fy € L(X,U), and F; € L(U).
The solution to the state equation (1.1.1) is given explicitly by
z(t) = 2(t,0;a) = eMa + (Lu)(t) (1.1.6)

where, we have defined

(Lu)(t) = /0 t A=) Bu(7)dr (1.1.7a)

. continuous L*(0,00;U) — C([0,00); X) (1.1.7b)

(continuity of L follows from (H.3) [Theorem in section 3 and Remark 3.3. in
L-T.3])

Remark 1.1.1 Assumption (H.3) is an abstract trace theory property. It has
been shown to hold true for many classes of partial differential equations by
purely PDE methods (energy methods in either differential or pseudo-differential
form) including: second order hyperbolic equations; Euler-Bernoulli and Kir-
choff equations; Schrédinger equations, and first order hyperbolic systems, all

in arbitrary space dimensions and on explicitly identified spaces (see [L-T.3,
class (H.2)]).
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1.2 Statement of main results

We first define the space of admissible control functions and state variables
by My = {(z,u) € L*(0,00,X) x L*(0,00;U) : (z,u) satisfying & = Az +
Bu, z(0) = a, u(0) € U, }. (Clearly, M, is nonempty for A stable asu =0 —
z € L*(0,00; X) for any a € X.)

We now state the main results of the paper.

Theorem 1.2.1 Assume hypotheses (H.1) — (H.4).

1. If p > 0, then there exists a unique optimal response {x°,u°} of (1.1.2)
which depends continuously on the initial state o € X. The optimal value
of the minimum V°(a) = inf, , J(z,u) is a quadratic form on X, i.e.,
there exists a positive self-adjoint operator, P € L(X) such that

Vo (a) = (Pa,a)x (1.2.1)
for a € X.
2. Let p > 0. Then,

(a) the optimal Tesponse guaranteed by (i) satisfies the following Hamil-
tonian system of equations:
de’ — Ag® + Bu® € [D(AY)]', 2°(0)=a€ X (1.22)
W0 40+ Fia® + Fyul € [D(AM)],
' (T)=0, T>0 (1.2.3)
Fox®(t;a) + F3ul(t;0) + B9 (t;0) =0 (1.2.4)

Va € X, ae.int > 0. where ¢° is the solution to the adjoint
problem (1.2.3), and the quantity B*¢°(t; ) is well-defined in U (see
Proposition 3.2.1);

(b) the operator P guaranteed by Eq. (1.2.1) is expressed by Pa =
P0(0; ) for all « € X;

3. If p <0 then inf, , J(x,u) = —o0. |

Theorem 1.2.2 Frequency Theorem for the Nonsingular Case Assume
hypotheses (H.1) — (H.4). Let p > 0. Then,

1. there exists a unique bounded, positive self-adjoint operator, P = P* €
L(X), (see Eq. (3.1.6)) which satisfies the following Algebraic Riccati
Equation, (ARE) for all x,z € D(A); or else for all z,z € D(AF), Ap
defined in (1.2.12) below:

(PAz,2)x + (Pz,A2)x — ((PB + F5)F; "(B*P + Fy) — Fila,2)x =0
(1.2.5)
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(see Theorem 3.1) with the property (see Lemmas 3.4.1 and 3.5.1 below)

B*P e L(D(A); X) N L(D(Ap); X); (1.2.6)

. there exists a unique pair of operators P = P* € L(X) and h, defined in
Eq. (1.2.9) below, such that

2Re(Az + Bu, Pz) + F(z,u) = |Fy/*(u — ha)||3, (2,u) € D(A) x U

(1.2.7)
with the properties
B*P e L(D(A); X)Nn L(D(AF); X); (1.2.8)
where
h=—F;'(B*P+ F,) (1.2.9)

(see Theorem 4.1 below)

. there exists an operator P = P* € L(X) such that

2Re(Ax + Bu, Pz) + F(z,u) > 6(||u||%] +lzll%), (z,u) € D(A) xU

(1.2.10)
for some § > 0 (see Theorem 4.1 below);
. the optimal control u’(- ;) is given by (see Eq. (3.3.7))
u’(t;a) = —F; Y (B*P + Fy)z’ (t;a) € La(0,00;U); (1.2.11)

where P is the unique solution to the Algebraic Riccati Equation (1.2.5)
(see Corollary 3.8.2 below);

. define the operator (F stands for “feedback”) (see Lemma 3.4.2 below)
Ap =A—-BF; ' (B'P+ F,) (1.2.12)

with maximal domain, where P is the unique solution to the Algebraic
Riccati Equation (1.2.5). Then, Ay is the generator of a s.c. semigroup
on X and, in fact, for a« € X (see Eq. (3.4.8¢) below):

Apt A—BF] ' (B*P+F))t

PO(t;a) =etria =el

€ L(0,00; X) N C(]0,0]; X), t>0. (1.2.13)

o

Moreover, the semigroup, eTt is uniformly (exponentially) stable on X :
there exist constants Cr > 1 and prp > 0 such that (see Corollary 3.4.1
below)
Apt —prt :
e “L(X) < Cpe PPt t > 0; (1.2.14)



NONSTANDARD LQ-PROBLEMS

6. for « € X (see Lemma 3.1.1 below)

(Pa,a) = J°(a) = J(u°(- ;a),2°(- ;a) = igf J(u, x); (1.2.15)

7. for the existence of operators P and h satisfying Eq. (1.2.7), the condition
p > 0 is necessary. O

Theorem 1.2.3 Frequency Theorem for the singular case Assume hy-
potheses (H.1) — (H.4).

1. Let J(z,u) > —oo. Then, there exists a bounded operator P € L(X)
satisfying the Linear Operator Inequality (LOI)

(Az + Bu,Pz)x + F(z,u) >0 V(z,u) € D(A) xU (1.2.16)
in a suitably weak sense (see Theorem 5.2.1 below).

2. Conversely, let P be a self-adjoint operator which satisfies the LOI (1.2. 16)
for (x,u) € X xU. Then J(z,u) > —oo.

Remark 1.2.2 There is no claim that P is a strong solution of the LOT (1.2.16).
The lack of (proof of) the regularity properties of B*P, in particular, if it is
densely defined, prevents us from justifying the formal steps needed to give the
desired conclusion that P satisfies the LOI (1.2.16) even for, say, x € D(A).
Thus, Theorem 1.2.3 gives the solution of (1.2.16) in a suitably weaker sense.

1.3 Literature

In this paper, we consider the existence of solutions to an optimal control prob-
lem with indefinite cost functional for an abstract PDE model in a general
bounded domain, 2 C R™. The model covers, in particular, the use of bound-
ary controls for hyperbolic and hyperbolic-like systems, e.g. the wave equation
with Dirichlet control, Euler-Bernoulli and Kirchoff plate equations with control
acting in the displacement or Neumann boundary conditions, or as a bending
moment.

We show that there exists an optimal control w to the minimization problem
if and only if the cost functional is nonnegative. Moreover, when there does
exist an optimal control, we distinguish between two cases: in the first case,
the cost functional is coercive in the control, u; in the second, we only assume
that the cost functional is nonnegative. In the coercive case, necessary and
sufficient conditions are given for the synthesis of an optimal control in terms
of the solution to a nonstandard Riccati equation. However, when the cost is
nonnegative (and not necessarily coercive in u), there is no explicit synthesis
of the optimal control. Instead, the optimal cost is given in terms of a weak
solution to an (operator) dissipativity inequality.



C. MCMILLAN

For a finite-dimensional history of this type of optimal control problem, we
refer the reader to [19]. The minimization problem was also extended to infinite-
dimensional systems in [19], wherein a general dynamical system on a bounded
domain, with the control function acting as a forcing function in the interior of
the domain was considered. However, to do this problem, strong assumptions
on the regularity of the solutions to the dynamical system were made. These
assumptions were later removed in [18], again for the case where the control
function acts in the interior of the domain. Extensions to dynamical systems
with control acting on the boundary of the domain were later made in [24],
wherein the Pritchard-Salamon class of problems was considered. However, this
latter class of problems does not include many PDEs of interest, as the control
operator is essentially bounded on the space of interest. In particular, it does
not include the examples which we are presently considering, as in these exam-
ples the control operator is allowed to be as badly unbounded as the dynamics
operator A, but the input-output solution map is continuous. To consider these
problems of interest, we follow closely the ideas of [18]. However, new added
technical difficulties arise since the control operator is badly unbounded, and
these regularity questions must be handled differently than was the case in [18].

2 Preliminary Results

Following [1], [5], we now define the space of admissible control operators F =
{K € L(D(A);U): Ax = A+ BK generates an exponentially stable s.c.
semigroup on X, D(Ax) C D(K); Kext € L(X;L*(0,00;U))}. The set F
is nonempty as K = —B*Py € F, where Py satisfies the standard algebraic
Riccati equation

(Az,Pgz) + (Pgz,Az) — (B*Pgx, B*Pyz) + (z,2) = 0, (2.1)

Vz,z € D(A) or z,z € D(Ak), with the property that the (unclosable) operator
B*Pg € L(D(A);U)N L(D(Ak);U) (see [5] for details).

Lemma 2.1 Assume hypotheses (H.1) — (H.4). If
igf{J(m,u) D (z,u) E My} > —00 Va€e X, (2.2)
then F3 > 0 and
F(z,u) > 0V(w,z,u) € Rx X x U with iwz = Az + Bu. (2.3)

Proof: (by contradiction). We follow closely the ideas of [L-W.1], taking into
consideration the lower regularity of the state variable. Let K € F. Then
Ak = A+ BK is exponentially stable on X. Suppose that there exists (&, a, @) €
R x X x U with

ioa = Aa+ B and F(a,) < 0. (2.4)
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For each T' > 0 define the control function ur(- ) by

[ €ty if t€[0,T]
uT(t) = { e@T [reAK (t=T)g ift>T. (25)

Then, the solution of the Cauchy problem

&= Azxr + Burp, I‘T(O) =a (26)
on R+ is ot / : |
evtq ifte|0,T

zr(t) = { BT eAx(t-T)g ift>T. (2.7)

So, for each T' > 0,

o0

TT, uT)dt + / F(ZET, uT)dt
T

J(ZET,’MT) =

T
fm
0
T 9] ) )
/ F(a,a)dt + / F(eTeAx(t=T)g oiwT froAx(t=T)g)qt
T

a, i +/ F(e%Ta, Ke%Tq)dr.
0

Since, by assumption, F(a,4) < 0, J(zy,ur) — —oo as T — 400, which
is a contradiction. Hence F(z,u) > 0 Y(w,z,u) € IR x X x U satisfying
iwr = Az + Bu.

To show that F3 > 0, we first suppose that there exists a @ such that F3 < 0,
ie., (Fsa,a) < 0.

For such 4, define

(0 t#£N

v(t) = { i t=N
for some N 6 R. Then, let a(t) satisfy @ = Aa + Bv, a(0) =0, i.e., a(t) =
ft A(t=r) )dT so that its corresponding Laplace transform satlsﬁes iwa =

Aa + Bv, where ( ) denotes the Laplace transform of (- ). Then, for such v,
a(t) =0 Vt € R. But,

F(a(N),v(N)) = (Fia(N),a(N))x + 2Re(Faa(N),u(N))y
+(Fzu(N),u(N))v
= F(0,u) = F3(u,u) <0

which is a contradiction, as F(a,v) > 0 for all pairs (a,v) such that iwa =
Av + Bu, or equivalently that their corresponding inverse Laplace transforms
satisfy @ = Aa + Bb.

Hence F5 > 0. O
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Lemma 2.2 Assume hypotheses (H.1) — (H.4) and let p > 0. Then, for
each a € X, there exists a unique point (2°(- ;a),u’(- ;a)) € L2(0,00; X) x
L5(0,00;U) minimizing J. Moreover, there exists a positive constant § > 0 such
that F3 > 01.

Proof: If p > 0, then the first claim follows by convexity of the cost functional
J(xz,u). To prove that F3 > 0, we repeat the proof of Lemma 2.1 with the
Hermitian form replaced by

1
Fi(z,u) = F(z,u) — §p||u||U >0 (2.8)

as F(z,u) > p(||lz|l% + llull?) to get that F3 — 1/2p > 0, and hence F3 > 0.
Details are omitted. a

3 Feedback Relationship Between the Optimal
Control Function «° and the Corresponding
State Variable z°

The main result of this section is the following.
Theorem 3.1 Assume that p > 0 so that the operator F3 is coercive, Then,

1. the map o — (2°(- ;),u°(- ;)) from X — L*(0,00; X) xL2(0,00;U)
is linear and continuous. Thus, the optimal cost

T (- 5a),u’(- @) = V(@) (3.1)
is a continuous Hermitian form on X (see above Eq. (3.1.6);

2. the self-adjoint operator P € L(X) defined by (Pa,a) = VO(a) for all
a € X, is a solution of the algebraic Riccati equation (ARE)

(Ax, Py) + (Pz,Ay) — ([((PB + Fy)F; Y(B*P + F») — Fi]z,y) =0 (3.2)

Vz,y € D(A), (see Theorem 3.5.1), and the s.c. semigroup generated by
Ap = A— BF; Y(B*P + F,) is exponentially stable on X (see Corollary
3.4.1);

3. for each a € X, the optimal control u®(- ;&) admits the feedback form
u’(- ;) = —F; Y(B*P + F)2°(- ;a) € Ly(0,00;U) (3.3)
where the optimal state x°(- ;) satisfies (1.1.1) and so
2°( ;) = eFla € Ly(0,00; X) N C(0, 00; X) (3.4)
(see Corollary 3.8.2 and Lemma 3.4.2);

4. the (unclosable) operator B*P € L(D(A); X)NL(D(AF); X) (see Lemma
3.5.1).
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3.1 Regularity of the value function

Lemma 3.1.1 the map a — (2°(- ;),u°(- ;a)) from X — L?*(0,00; X) x
L?(0,00;U) is linear and continuous. Thus, the optimal cost

J(2°( 50),u’(- 0)) =VO(a)

is a continuous Hermitian form on X (see above Eq. (3.1.6). Thus, there exists
a nonnegative self-adjoint operator P € L(X) such that

V%a) = (Pa,a)x, VYace€X.

Proof: (See [9] for an analogous proof in a setting different from ours.) We
return to the dynamics (1.1.1) — (1.1.3): Using the regularity of F', the maps

a— Fiz, a — Fx (3.1.1)

are continuous X — X and X — U respectively. Thus, for each a € X,
the functional J(z,,u) is quadratic, continuous : Ls(0,00;U) — IR. By as-
sumption, for each o € X, there exists a unique optimal solution u°(- ,,0) €
Ly(0,00;U). By (1.1.6) and (1.1.7), the corresponding optimal trajectory

(- ,,0) € L*(0,00; X) N C(0, 00; X) (3.1.2)

Now, for each (a,u) € X x U, J(x4,u) is well-defined and by assumption, .J°
achieves its minimum at the point «°(t). By (H.4), we infer that the map

a — (F12°, Fy2°, Fau) (3.1.3)
is linear and continuous
X — L*(0, 00; X) x [La(0, 00; U))? (3.1.4)
Hence, in particular, the map
a— J%a) =JE=(,a,0),u°(-,a,0))
= uELQ(lon,fOO; v) J(z(-,,0),u(-,a,0)) (3.1.5)

is a continuous quadratic form on X. Therefore, there exists a self-adjoint
operator, P € L(X), P > 0 such that

J%a) = (o, Pa)x, a€X (3.1.6)
O
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3.2 The adjoint problem

Lemma 3.2.1 Assume hypotheses (H.1) — (H.4). Let p > 0. Then, for each
a € X, there exists an optimal solution denoted by {z°(- ;a);u’(- ;a)} €
Ly(0,00; X x U) to the minimization problem (1.1.2). Moreover, the optimal
control and trajectory are related by the following:

u’(t;a) = —F3_1(F2m0(t;a) + L*(F12°(- ;) + F5u®(- ;a))) € Ly(0,00;U)
(3.2.1)

Proof: Since p > 0, the cost functional is strictly convex and hence there exists
a unique minimum. We introduce the following Lagrangian, with (\,z,u) €
Ly(0,00; X x X x U) as free parameters:

LA, z,u) = 1/2{(Fiz,z)x +2Re(Fox,u)y + (Fsu,u)p} + (A, z — et a— Lu)x

(3.2.2)
Using the optimality conditions
L,=0 = F2°+Fu’+)°=0 (3.2.3)
L,=0 = Fa’ + Fu’ —L*\° =0.
Combining (3.2.3) and (3.2.4) yields that
u’(- ;) = —F; ' [Fy(2°(- 50) + L*(2°(- 50) +u’(- ;)] (3.2.5)
x paper where the inverse in (3.2.5) is well-defined by Lemma 2.2. |
We now introduce the “adjoint” state equation as follows:
d,(/}() *,1.0 * .0 *,.0
d—:—A¢ +Fe” +Fyu, 7>0 (3.2.6)
-
Then,
VO(t) = / eV T(EFF 20 (1) + Fyu®(7))dr (3.2.7a)
t

= Pt) = /t h AT (Fra®(r) + Fyul(r))dr.  (3.2.7b)

The following technical result is important. Its proof is based on the regularity
of the output operator L in (1.1.7).

Proposition 3.2.1 Assume (H.1) - (H.4). With reference to 1°(t; ) given by
Eq. (3.2.6), we have for fized T > 0

B*Y°(t;a) € Ly(0,00;U) Vit > 0. (3.2.8)

10
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Proof: It is a corollary of the regularity of the operator L defined in (1.1.7),
applied to F12°(t; a) + F5u®(t; ) and hypothesis (H.2). Recalling the definition
(1.1.7) of L, we have that

B*°(t;a) =B* / et T2 (1;0) + FBou(r;a)dr
t

= {L*[Fa” + Fu’]}(2)
=1 (3.2.9)

But I € L2(0,00;U) by the continuity (1.1.7) of L applied to (Fiz° + Fyu®) €
L5(0,00; X), and the result is proved. O

Lemma 3.2.2 For all a € X, we have the following identity:
Pa =4°(0,a) (3.2.10)
where P is the nonnegative self-adjoint operator defined in Lemma 3.1.1.

Proof: Consider the cost functional
oo
J(u®,z2) :/ F(2°(t),u’(t))dt (3.2.11)
000
= / [(F12°,2°) + 2Re(Foz®,u®) + (F3u®,u")]dt
0
:/ (20, Fra® + Fyu®) + (u°, Fya®) + (Fyu®, u®)]dt)
0
= / (e + Lu, Fya® + Fyu®) + (u°, Fox® + Fiu®)]dt
000
:/ [(eMa, Fra® + Fru®) + (u, L* (Fr2® + Fyu®))
0
+(u’, Fpa® + Fyu)ldt
oo
:/0 [(eMa, Fra® + Fyu®)
+(u’, Fpa® + Fyu)ldt
o0
= (a,/ e (Fra® + Fyul)dt)
0

+ (u, B (¢°(t))

+ /m(uo,B*(¢0(t) — B2’ + Fu®)dt)
0
= (o, 9°(0,0)) + /oo(uo,ngL’O + Ffu® + B*9%)dt  (3.2.12)
0

by (3.2.7). Now,
J%(z°%,u%) = (o, Pa)

11
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oo
= (e, ¥°(0,)) +/ (u’, Foz® + Fiu® — B*y°)dt
0
= (o, °(0, ) +/ (u®, Fox® + Fyu® + L*(F12° + Fyu®))dt, (3.2.13)
0
t > 0. But,
Fox® + Fyu® + L*(Fiz® + F5u®) =0 € Ly(0,00;U) (3.2.14)
= 2’ + Fju® + B*° =0 € Ly(0,00; 1) (3.2.15)

= u’(- ;0) = —F; {(B*¢(- ;) + Foa®(- ;) € Ly(0,00;U)  (3.2.16)
by Lemma 3.2.1, (3.2.7), and (1.1.7). Thus,
(Paya)x = 7@ u) = P ), u(- 1) = (,4°(0 s0))x.  (3:2.17)

Hence, Pa = 9°(0, ). |

3.3 Semigroup properties for the optimal solution
{2°(t; a); w’(t; @)}
We first state the following lemma.

Lemma 3.3.1 Assume hypotheses (H.1) — (H.4). Define the cost function

Jio (2, u) = ” F(z(t),u(t))dt. (3.3.1)

to
Then, the optimal control and the corresponding solution for the minimization
of the cost functional (3.3.1) where w = u(t) € L*(to,00;U) and z(t) is the
solution of
&= Az + Bu€ [D(AY)]), =z(th)) =ae X (3.3.2)

can be expressed by
uO(t —to;a);  20(t —to; ). (3.3.3)

Proof: The proof is analogous to that in [25, pg. 468]. Details are omitted.
O

We are now ready to state the main result of this subsection.

Lemma 3.3.2 Assume hypotheses (H.1) — (H.4). Then, the optimal solution
{2%(t; ); u®(t; )} satisfies the following semigroup property in X and U respec-
tively:

2 (t+o;0) =2 (t;2°%(0;a));  w’(t+o;a) =u’(t;2%(0;a)), a€ X. (3.34)

Proof: The proof is analogous to [25, proof of Lemma 6]. Details are omitted.
O

12
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Corollary 3.3.1 Assume hypotheses (H.1) — (H.4). Then, °(t; ), defined in
Eq. (3.2.6) satisfies the following semigroup property.

POt + o;a) = (2% (05 a)), a € X. (3.3.5)

Proof: We use Eq. (3.2.7) for 9°(t; ), together with Lemma 3.3.2. Thus, we
have that

o0
Witoa) = [ ATE(a)+ Fud(ra)ir
t+o

o0
(r=7-o0) / eV TIFrR(r + o5@) + Fyul(r + 0ya)]do
t

|

0

(by Lemma 3.3.2)

A B (120 (03 0)) + Fu0 (30 (05 0))]do
(t; 2" (0; ). (3.3.6)
O

Corollary 3.3.2 Assume hypotheses (H.1) — (H.4). In addition, assume that
the constant p (Eq. 1.1.3(b)) is positive, so that there exists a positive constant,
6, such that the operator, F3 > 6I. Then,

u’(t;a) = —F; ' [B*P + Fy12"(t;a),  a.e. in t. (3.3.7)

Proof: We use Corollary 3.3.1 in Eq. (3.2.16) for u°(¢; a). i

3.4 Definition of Ar and Its Properties
Define the semigroup ®(t) guaranteed by Lemma 3.3.2 as follows:

®(t)a =2"(t;a), VaecX. (34.1)
Then, we have the following results:

Lemma 3.4.1 Assume (H.1) — (H.4) and that u°(0) € U. Moreover, assume
that there exists a positive constant, 6 such that F3 > 6I. Then,

X 5 D(B*P) D D(Ap). (3.4.2)
Thus, D(B*P) is dense in X.

Proof: Following [5, proof of Lemma 4.5], we use the implicit representation
for ¥°(t; ), (3.2.10). Thus, for « € D(Ap),

to
B*Pa = B*)°(0;a) = B*A*_l/ A eV T[Fra®(r;0) + Fyu®(;a)|dr
0

13
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+B*eA 0 Pr(ty; )
= B*A*_l{eA*t0 [Fra®(to; o) + Fyu®(to; )]
—[Fy2(0; ) + F3u’(0; )]}
to . d
+/ N7 ZI(F — F{Fy ' (B*P + F2))®(r)aldr}
0
+B*eA topy0 (to; @)
— B*A*—l{eA*to [Fl*ﬂfo(t(),a) +F2*’U,O(t0,a)]
—[Fra+ F;u(0; )]
to
+/ ATIFY — FyFyY(B*P + Fy))®(r) Apadr)
0
—{—B*CA*tOP.’I}O(t();Oé) (343)
cU (3.4.4)
where, by assumption (H.2), B*A*~! € L(X;U), and where
B*eA*tP(ﬁ(t)iL’ € LQ(O,T, U), T e D(AF) VT < 00, t< T. (345)

by the trace assumption (H.3) and Proposition 3.2.1, so that ¢o in (3.4.3) can
be chosen (depending on «) such that u%(tp) and the last term in (3.4.3) are
well-defined in U (this can be done as the measure of all such ¢{s contained in
[0,t1] is equal to ty). O

Define the operator Fy = —BF; '(B*P + F).

Lemma 3.4.2 Assume (H.1) — (H.4) and that there exists a positive constant,
6, such that the operator F3 > 6I. Then, for x € X,

(0]
d ;;)w = [A — Fy]®(t)x € [D(A*)]" a.e.int > 0. (3.4.6)
Thus,
[A — Fol®(t)r = Ap®(t)x = ®(t)Apz € X, © € D(Ap), t >0 (3.4.7a)
[A—Fyle = Apz = ®(t)Apz € X, z € D(Ap); (3.4.7b)
d(t)r =erlz e X, z € X. (3.4.7¢)
Proof: We follow closely [5, proof of Lemma 4.6]. Recalling (3.3.7) and (1.1.6)

for the optimal dynamics, we get

t
d(t)a =2(t; ) = eta — / AT BE;YB*P + Fy)®(t)adr, a€ X
0
(3.4.8)

14
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Thus, differentiating (3.4.8) with « € X and 8 € D(A4*),

(22 ) = (eMa, A% B) — (BFy [B*P + F5]8(t)a, B)

—(/t eA(t_T)BF;l(B*P + F3)®(1)adr, A*B)
0
= ((t)a, 4°) — (BF; (B P + F{18()a, B)  (3.4.9)

where the last term in (3.4.9) is well-defined a.e. in t as A~'BF; *([B*P +
F]®(t)a, A*3) is well-defined a.e. in t by (H.2) and Lemma 3.4.1. (3.4.9)
yields (3.4.6) O

Corollary 3.4.1 Assume (H.1) — (H.4) and that there exists a positive con-
stant, 6, such that the operator F3 > 6I. Then, the semigroup, ®(t), defined
by (3.4.1) is exponentially stable on X, i.e., there exists constants M > 1 and
p > 0 such that

||<I>(t)||L(X) < Me *t, t>0. (3.4.10)

Proof: We use Lemma 3.4.2, (3.4.7¢c), combined with Datko’s result [4]. i

We now give the counterparts of Lemmas 4.7 and 4.8 of [5].

Lemma 3.4.3 Assume (H.1) — (H.4) and that there exists a positive constant,
8, such that the operator F3 > 6I. Then, for Ap and P defined by (3.4.7) and
(8.1.6) respectively.

A*P € L(D(Ap);U), (3.4.11)
A4P € L(D(A);U). (3.4.12)

Moreover,
—~ A*Pr = Fiz — F; 'Fox — F; 'B*Pz + PApr € X, € D(Ap), (3.4.13)
— APz =Fx—F;'Foa— F;'B*Pr+ PAr € X, z € D(A). (3.4.14)

Proof: The proof follows closely that of Lemmas 4.7 and 4.8 in [5] with R
replaced by F; — F3_1[B*P + F5]. The proof relies heavily on the identity
(3.3.10) for ¢(0; ) = Pa.

3.5 The operator P is a solution of the algebraic Riccati
equation

As in Corollary 4.9 of [5], we begin with a corollary to Lemma 3.4.3.

15
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Lemma 3.5.1 Assume (H.1) — (H.4) and that there exists a positive constant,
8, such that the operator F3 > 6I. Then, for P defined in (3.1.6) we have

(B*Px,B*Pz)y is well — defined either for x,z € D(A); or for x,z€ D

|Az||x ||Az||x, =,2¢€ D(A)
|(B*Pz,B*Pz)y| < C
lArzl|x ||Arzllx, =,2 € D(AF)

Proof: We first let © € D(A) so that A% Px € X by (3.4.12) Next, we take
z € X for now. Then,

(A3Pa, 2)x] < cllAallx ||2llx- (3.5.4)
We now compute, with A%* = Ap since Ap is closed, still with z € D(A), z € X

(ApPz,z)x = (Pzr,Apz)x =
(Pz,[A+ BF; (B*P + Fy)]|2)x
= (Px,[I + BF; Y(B*PA ! + A Y] Az)x
= (I + BF; Y(B*PA™" + A Y)|* Pz, Az)x (3.5.5)
= well — defined for © € D(A), z¢€ X. (3.5.6)
Now, we restrict z to z € D(A), so that Az fills all of X as z runs over D(A).
Then (3.5.6) says that the left term in the inner product in (3.5.5) is in X, i.e.

that
D([I + BF;Y(B*PA™" + [, A™1)]*P) D D(A). (3.5.7)

But, since P is bounded self-adjoint and F5 is bounded, we have that
D([I + BF; Y(B*PA™! + [, A1)]*P)
= D([I + A* 'PBF; 'B* + A* 'F;F; ' B*|P)
={reX: PreD(I+ A" 'PBF;™'B* + A*'F;F;~'B*))}
={r€X: Pre DA 'PBF;~'B")}
= D(A*"'PBF; 'B*P). (3.5.8)

Combining (3.5.8) with (3.5.7) we obtain
D(A*"'PBF;~'B*P) > D(A). (3.5.9)
Finally, with z,2z € D(A) we obtain, as desired

cllAz|x [|Az|lx
> |(A* " 'PBF; ' B*Px, Az) x |(well — defined by (3.5.9))
> e»|(B*Pz,B*Pz)y|, c2 (constant) (3.5.10)

16
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and the first case of (3.5.1) as well as (3.5.2) follow. The result in (3.5.1) and
(3.5.3) for z,z € D(AF) is contained in (3.4.13) of Lemma 3.4.3. O

We finally obtain the ultimate goal of our analysis in this section.

Theorem 3.5.1 Assume (H.1) - (H.4). Then,

1. The operator P defined in (3.1.6) satisfies the Algebraic Riccati Equation,
in (1.2.5) i.e.

(Az, Py)+(Pxz, Ay) — ([(PB+F3)F; ' (B*P+Fy) — Fi]z,y) = 0 (3.5.11)
for all x,z € D(A); or else for all x,z € D(AF).

2. Moreover, such P is the unique solution of (3.5.11) within the class of self-
adjoint operators P € L(X) such that B*P € L(Ap; X) N L(D(A); X).

Proof:

(i) We combine Lemma 3.4.3 and Lemma 3.5.1.
(ii) Uniqueness of the ARE:

Let P; and P» be two solutions to the algebraic Riccati equation such that
the semigroups generated by F; = Ax —BB*P; = A—BF3_1(B*Pi+F2), i1=1,2
are exponentially stable on X:

(Az, Py) + (Pxz, Ay) —(F3F5 ' Fox,y) + (Fia,y) — (F; ' B* Pz, B*Py)
—(F; 'B* Pz, Fyy) — (Fy ' Fyz, B* Py) (3.5.12)
=0. (3.5.13)

Let Q = P, — P,. Then, we have

0 = (QAkw,y) + (Qx, Axy)
—(Fy'B*Pyx, B*Piy) — (F; ' B*Pyx, B* Pyy)
= (QAkz,y)+ (Qx,Axy) — (BB*Piz,Qy) + (BB*Pyx, Poy)
—(BB*P,z, Pyy) + (BB*Pix, Pay)
= (QAkz,y) + (Qz,Axy) — (BB Piz,Qy) + (BB" P21, Pyy)
+(Piz, BB* Pyy)
(QAkz,y) + (Qr, Axy) — (BB*Piz,Qy) — (Qz, BB* P2y)
= (Q(Ax — BB"Py)r,y) — (Qz,(Ax — BB*P)y)
(QARz,y) — (Qz, AR, y)

17
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where Ar, and A, are the exponentially stable semigroups generated by F;, i =
1,2. But this is just a Lyapunov equation so P, — P> = 0. |

This completes the proof of Theorem 3.1. a

3.6 Proof of Theorem 1.2.1
(i) follows from Lemma 2.4;
(ii)(a) follows from Lemma 2.5;

(#3)(b) — (c) follow from Egs. (1.1.1), (3.2.3), Proposition 3.2.1, and
Lemma 3.2.1;

To prove condition (#4i), we use the following Lemma.
Lemma 3.6.1 If p <0, then infrq, J(x,u) = —00.

Proof: Let p < 0. Then, the functional F(z,u) is not bounded below on the
set M, for some a € X. Thus, there exists a triple {w;a; 4} in R x D(A) x U
such that iwd = A+Bi and F(a; i) < 0. Proceeding as in the proof of Lemma
2.3 we then obtain that

inf J(z,u) = —c0 O (3.6.1)

This completes the proof of Theorem 1.2.1. a

4 Proof of the Frequency Theorem for the Non-
singular Case

(1), (iv) — (vii) follow from Theorem 3.1.
(i), (iii):

By using the ARE for x = y € D(A), it is a simple exercise to show that
2Re(Ax + Bu, Pr)x + F(z,u) = |Fy*(u+ Fy Y (B*P + By)a)|3,  (4.1)

(z,u) € D(A) x U, where all terms are well-defined by the regularity of B*P.
Thus,
2Re(Az + Bu, Pz)x + F(z,u) >0 (z,u) € D(A) x U. (4.2)

Now, consider the Hermitian form Fy(z,u) = F(z,u) — §(||z||% + l|lulF), 0 <
6 < as. Then, Theorem 1.2.1 still applies to the form Fj(z,u), and so the
representation

2Re(Az + Bu, Pix)x + Fi(z,u) >0 (z,u) € D(A) xU (4.3)

18
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for some P; € L(X) holds true, and all the properties of Theorem 1.2.1 hold
true for this P;. But, this is equivalent to (4.1) and condition (i) is proved. O

This completes the proof of Theorem 1.2.2. a

5 Proof of the Frequency Theorem for the Sin-
gular Case

In the remainder of this paper, we shall study the frequency theorem for the
singular problem, i.e., when the cost functional J is only nonnegative on the
state space X. We first prove the following result:

Lemma 5.1 Let P € L(X) be a self-adjoint solution of the LOI (1.2.16) for
(z,u) € X x U. Then, for each a € X and (z,u) € M,,

J%(z,u) > (Pa, ) = V(). (5.1)
Moreover, J° is bounded below in each M, for each .

Proof:  We choose an arbitrary constant 77 > 0 and a sequence
un(t) € La([0,T);U) N CL([0,T];U) such that up(t) — u(t) in La(0,00;U).
Since (Az + Bu, Px) is well-defined for (z,u) € X x U, then the following
computations are justified:

%(Px(t),a:(t))x = 2Re(Az(t) + Bun(t), Pz(t))x, Vte[0,T]  (5.2)

recalling (1.1.1). Since P satisfies the LOI (1.2.16) integrating (5.2) from 0 to
T yields

T
(Px(T),z2(T))x +/ F(z(t), un(t))dt > (Pa,a)x. (5.3)
0
Letting n — oo we obtain
T
(Pa(T),=(T))x + / Fla(t), u(t))dt > (Pa, a)x. (5.4)
0
Since z(- ) € L2(0,00; X), then there exists a sequence of positive reals {T},}

such that z(T,) — 0 as T, — oo. Then, (5.1) follows by letting T}, — oo in
(5.4). m|

5.1 Definition of the operator P, and its properties

We first introduce the cost functional

To(z,0) = /Ooo By (w(r), u(r))dr (5.1.1)
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where

F, = (Fiz,2)x +2Re(Fyz,u)y + (F5u,u)v + enllullv (5.1.2)
F3,n = F3 + EnI

and {e,} is a decreasing sequence of positive reals converging to 0 as n — o0.

Proposition 5.1.1 The map o —  (22(- ;a)ud(- ;a)) from

X — L(0,00; X) x Lo(0,00;U) is linear and continuous. Thus, the optimal
cost

( i)nfM Jo(z,u) = J2(a) = V(o) = (Pha,a)x a € X (5.1.4)
z,u)eEMq

is a continuous Hermitian form on X.

Proof: We use the fact that the quadratic form F(z,u) > 0 since the number
p > 0 (by assumption) Hence, the form F,(z,u) is coercive, i.e., Fy(x,u) >
€én||u|ly. Thus, Theorem 3.1 applies. Hence, if we denote the optimal solution
to the problem

inf  J,(z,u) = inf / F(z(r),u(r))dr 5.1.5
U (2, u) A (2(1), u(7)) (5.1.5)

by {20(¢;a);u%(t;)}, then we have that, for each n > 0, there exists a self-
adjoint operator, P, € L(X), P, > 0 such that

( i)nfM Jo(z,u) = J%(a) = V2(a) = (Pra,a)x a € XO (5.1.6)
T, u)eEMa

Proposition 5.1.2 Assume (H.1) — (H.4). Moreover, assume that the number
p defined in Eq. (1.2.2) is nonnegative. Then, the operator P,, guaranteed by
Proposition 5.1.1 satisfies the following, for each n fized:

1. B*P, € L(D(A);U).

2. The operator P, is the satisfies the following (nonstandard) algebraic Ric-
cati equation

(Az, Poy) + (Paz, Ay) = ((PuB + F3)Fy ,(B* Py + Fy) — Filz,y) = 0,

3,n
(5.1.7)
Va,y € D(A). Equivalently,

2Re(Az+ Bu, Pox) + Fy(2,u) = | Fy /2 [u—Fy L (B* Py + Bo)al|lv, (5.1.8)
V(z,u) € D(A) x U (see Eq. (4.2)).

3. P, is the unique solution to Eq. (5.1.7) within the class of operators
{Q@ : Qe L(X)}.
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Proof: Since the form F,(xz,u) is coercive, Theorem 3.1 applies. Proposition
5.1.1 guarantees that there exists a bounded self-adjoint operator P, > 0. As
in the proof of Lemma 3.5.1, we can show that B*P, € L(D(A);U). Using the
regularity of B*P,, and Theorem 3.1, we obtain, for each n fixed,

(Az, Poy) + (Paz, Ay) — ([(PaB + F3)F; ,(B" Py + F3) — Fi]z,y) = 0, (5.1.9)
Vz,y € D(A). Equivalently,

2Re(Az + Bu, Pyx) + Fy(z,u) = | Fy /2 [u — Fy H(B*P, + B)a]lly, (5.1.10)

3,n

V(z,u) € D(A) x U (see Eq. (4.2)). O

5.2 Convergence of the sequence {P,} to P

Theorem 5.2.1 Assume hypotheses (H.1) — (H.4). Then, the sequence of op-
erators {P,} (defined in Eq. (5.1.4)) converges to an operator P € L(X) as
n — o0o. Hence, P satisfies the linear operator inequality (1.2.16) in a weak
sense.

Proof: By Theorem 3.1 there exists a self-adjoint operator P,, € L(X) such
that

inf Jo(z(- 5a),u(- ;5a)) = (Pho;a)x, a€X 5.2.1
e nE Tl a)a(5a) = (Puaia)x (5:2.1)

with J,, given by Eq. (5.1.1) Moreover, P,, satisfies

2Re(Az + Bu, Pox)x + Fo(z,u) = |Fy/*(u — ha)||? V(z,u) € D(A) x U

(5.2.2)
with
hn = —BF; )(B*P + F) (5.2.3)
(see Eq. (5.1.8)). Thus,
2Re(Az + Bu, Ppx)x + Fp(z,u) >0 V(z,u) € D(A) x U. (5.2.4)

Now, we note that since Fj, ;1 < F,, for all n, the sequence {P, } is decreasing in
the norm of L(X). Moreover, {P,} is uniformly bounded in the norm of L(X):

pllalk < iI&f J(a) < (Pha,a)x < (Poa,a)x, a€ X. (5.2.5)

Thus, by the Principle of Uniform Boundedness, there exists an operator Py
such that P, — P, strongly to Py in L(X). Thus, P, satisfies the LOI (5.2.4)
in a weak sense as each of the P, satisfy the LOI. |
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Remark 5.2.1 We are not authorized to pass through the limit on the sequence
{P,} in the LOT as the regularity of the limit operator P, is unclear, in partic-
ular, we do not know if B* P, is well-defined on a dense set.

Proof of Theorem 1.2.3

(i) follows from Theorem 5.2.1;

(ii) follows from Lemma 5.1. i

6 Applications of the Theory

6.1 Damped Euler-Bernoulli plate equation with Dirichlet
control

Let 2 be a smooth bounded domain in Rn, n < 3. We consider the following
equation

2+ A%z 4+ 22 =0 in (0,T] xQ=0Q (6.1.1a)
2(0,- ) =z0; 2(0,-)=21 inQ (6.1.1Db)
2zl =0 in (0,T]x, =% (6.1.1c)

Azln =u in¥ (6.1.1d)

¢ # 0, with boundary control w € Ly(X). Consistently with optimal regularity
results [28], [16], the cost functional which we wish to consider is

J(u, 2) = /0 {2 @) + 26O 171 () Yt (6.1.2)
with initial data {29,21} € H} () x H=1(Q).
Abstract setting

Let © = [z,2], X = H}(Q) x H71(Q), U = La(, ). Then, to put (7.1.1) —
(7.1.2) into the abstract model (1.1.1), (1.1.3), we introduce the operators

Ah=A%h,  D(A) = {h e H Q); h| =Ah| =0} (6.1.3)

0 I 0

where G is the Green maps defined by
h=Guv <= {A*h=0; h|, =0; Ah|, =v} (6.1.5a)
G : continuous Ly(, ) — H/?(Q). (6.1.5b)
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The operator A defined in (7.1.4) is uniformly stable on D(A'/*)x[D(A'/*)]" and
hence on X by the equivalence of the two norms. By [13], (—A4)~'B € L(U; X).
We can show that [15],

B*eA't zeX (6.1.6a)

22 ov |’ 0

% } _ 0Ag(t)

where ¢(t) = ¢(t; ¢o, $1) solves the corresponding homogeneous problem for
[771’ 772] e X

bt + A2p+ P =0 in (0,T]xQ=Q (6.1.7a)
#(0,- ) =do; #(0,-) =¢1 inQ (6.1.7b)
dyy =0 in(0,T]x, =% (6.1.7c)

Agly =0 in(0,T]x, =% (6.1.7d)

with
go=—A""ny € DAY = M; ¢ =m € D(AVY) = HE(Q)  (6.1.8)

Hence, an equivalent formulation of assumption (H.2) is the inequality

OAP ,
/2| ov ¥ < CT||[¢0’¢1]“MXH3(Q) (6.1.9)

which is an independent regularity result which indeed holds true for general
smooth Q [15]. Thus, assumptions (H.1) — (H.4) are satisfied [13].

We now verify that the number p > 0. To do this, we consider the case when
the initial condition o = 0. Then,

Taw) =12l o0

> 0. (6.1.10)

Thus, the number p > 0. Hence, we have shown that Theorem 1.2.3 applies to
problem (7.1.1) — (7.1.2).

6.2 Damped Kirchoff plate with boundary control in the
bending moment

Let Q be a smooth bounded domain in R"™,n < 3. We consider the Kirchoff
plate equation

20 + A%z — pAzy + 22z =0 in 0,TIxQ2=Q (6.2.1a)
2(0,-)=z0; 2z(0,-) =z inQ (6.2.1b)
2y =0, Azl =u in(0,T]x, =X (6.2.1c)
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¢ # 0, p > 0, with boundary control v € Ls(X), and initial data {29,271} €
H?(Q) x H} (). Consistently with optimal regularity theory [29], we take the
following cost functional

T2 = [ O+ Ol e Yt (6.2.2)
Abstract setting

To put problem (7.2.1) — (7.2.2) into the abstract model (1.1.1), (1.1.3), we
introduce the positive self-adjoint operators

A=2%; D(A)={heH'(Q):h| =Ah =0} (6.2.3)
A2 = —Ah;  D(AY?) = H?(Q) x H} () (6.2.4)

and define the operators
A= { _(34 —£2I } ; Bu = [ Agu } ; (6.2.5a)
A= (I+pAY?)71A, (6.2.5b)
G is the Green map defined in (7.1.5) and G = —A_1/2D0, with Dg defined by
h=Dg<= (A+c)h=0inQ; h| =g. (6.2.6)

By elliptic theory [8] and [27]

D : continuous Ly(, ) — HY?(Q) c H'/?7%¢(Q) = D(A1D/4_€), Ve >0

(6.2.7)

where the operator Ap is defined by
Aph = —Ah, D(Ap) = H*(Q)n H(Q). (6.2.8)
Fi=1 F=F=0. (6.2.9)

Let & = [z, z¢] and define the spaces
X = [H2(Q) N HL ()] x HY(Q) = D(AY?) x D(AY*), U = Ly(,). (6.2.10)
We can show [13] that for [n1,72] € X,

BreA't [ Z; } = %ﬁ(t)t , z€X (6.2.11)

where @(t) = &(t; o, ¢1) solves the corresponding homogeneous problem
b — pAdy + A2+ ¢y =0 in (0,T]x0=Q (6.2.12a
#(0,- ) =¢o; ¢:(0,-) =¢1 inQ (6.2.12b
dlyy, =0 in (0,T]x, = (6.2.12c

)
)
)
Adly, =0 in (0,T]x, = (6.2.12d)

by
by
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with
0= (I +pA )Ty € DAY, g1 = (T4 pA*) T APy € D(AM?)
(6.2.13)
Thus, assumption (H.3) can be rewritten by the inequality
OAP , 9
—_— < 2.
SR < Calln I e, s (621)

which indeed holds true [13]. By [13], hypotheses (H.1) — (H.4) also hold true.
We now verify that the number p > 0. To do this, we consider the case when
the initial condition o = 0. Then,

_ 2
T(e,u) =Ll 0 00 1) (6.2.15)
> 0. (6.2.16)

Thus, the number p > 0. Hence, we have shown that Theorem 1.2.3 applies to
problem (7.2.1) — (7.2.2).
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