Journal of Mathematical Systems, Estimation, and Control © 1997 Birkhäuser-Boston Vol. 7, No. 3, 1997, pp. 1–27

Equivalent Conditions for the Solvability of Nonstandard LQ-Problems with Applications to Partial Differential Equations with Continuous Input-Output Solution Map^�

C. McMillan

Abstract We consider an optimal control problem with indefinite cost for an abstract model which covers in particular hyperbolic and hyperbolic-like systems in a general bounded domain. Necessary and sufficient conditions are given for the synthesis of the optimal control, which is given in terms of the Riccati operator arising from a nonstandard Riccati equation. The theory also extends a finite-dimensional frequency theorem to the infinitedimensional setting. Applications include the damped wave equation with Dirichlet control, damped Euler-Bernoulli and Kirchoff equations with control in various boundary conditions, and the damped Schrödinger equation with Dirichlet control.

AMS Subject Classifications: primary 47A, secondary 35B Key words: Riccati equations, boundary control problems

1 Introduction

1.1 Problem setting

Let X (state) and U (control) be separable Hilbert spaces. Consider the following abstract dynamical system

ẋ = Ax + Bu ∈ [D(A^∗)]^′, x(0) = α ∈ X (1.1.1)

where u ∈ L_2(0, ∞; U) is a control function. The problem that we wish to consider is: find inf u∈L_2(0, ∞; U) J(x, u) > −∞ (1.1.2) �Received April 27, 1994; received in final form March 28, 1996. Summary appeared in Volume 7, Number 3, 1997.

where J(x, u) = ∫_∞ 0 F (x, u)dt (1.1.3a) F (x, u) = (F_1x, x)_X + 2Re(F_2x, u)_U + (F_3u, u)_U ≥ ρ(‖x‖^2_X + ‖u‖^2_U ), ρ ∈ R . (1.1.3b) The dynamics (1.1.1) – (1.1.3) is subject to the following assumptions which shall be maintained throughout the paper:

(H.1) A is the generator of a s.c. stable semigroup on X with margin of stability ‖e^{At}‖_X ≤ Me^{−ω0t}, M ≥ 1, ω_0 > 0. (1.1.4) (H.2) B : continuous U −→ [D(A^∗)]^′, or equivalently, A^{−1}B ∈ L(U; X), where [D(A^∗)] denotes the dual of D(A) with respect to the X-topology, and A^∗ is the X-adjoint of A (without loss of generality, we take A^{−1} ∈ L(X)).

(H.3) The following abstract trace regularity holds (see [L-T.3, class (H.2)]): the (closable) operator B^∗e^A

�_t

admits a continuous extension, denoted by the same symbol, from X −→ L^2(0, T ; U): ∫_T 0 ‖B^∗e^A �_t x‖^2_U dt ≤ c_T ‖x‖^2_X ∀T < ∞; x ∈ X (1.1.5) where B^∗ is the dual of B, and B^∗ ∈ L(D(A); U) after identifying [D(A)]^{′′} with D(A).

(H.4) F_1 ∈ L(X), F_2 ∈ L(X, U), and F_3 ∈ L(U).

The solution to the state equation (1.1.1) is given explicitly by x(t) = x(t, 0; α) = e^{At}α + (Lu)(t) (1.1.6) where, we have defined (Lu)(t) ≡ ∫_t 0 e^{A(t−τ )}Bu(τ)dτ (1.1.7a) : continuous L^2(0, ∞; U) −→ C([0, ∞); X) (1.1.7b) (continuity of L follows from (H.3) [Theorem in section 3 and Remark 3.3. in L-T.3])

Remark 1.1.1 Assumption (H.3) is an abstract trace theory property. It has been shown to hold true for many classes of partial differential equations by purely PDE methods (energy methods in either differential or pseudo-differential form) including: second order hyperbolic equations; Euler-Bernoulli and Kirchoff equations; Schrödinger equations, and first order hyperbolic systems, all in arbitrary space dimensions and on explicitly identified spaces (see [L-T.3, class (H.2)]).

1.2 Statement of main results

We first define the space of admissible control functions and state variables by M_α ≡ {(x, u) ∈ L^2(0, ∞, X) × L^2(0, ∞; U) : (x, u) satisfying ẋ = Ax + Bu, x(0) = α, u(0) ∈ U, }. (Clearly, M_α is nonempty for A stable as u ≡ 0 −→ x ∈ L^2(0, ∞; X) for any α ∈ X.)

We now state the main results of the paper. Theorem 1.2.1 Assume hypotheses (H.1) – (H.4).

1. If ρ > 0, then there exists a unique optimal response {x^0, u^0} of (1.1.2) which depends continuously on the initial state α ∈ X. The optimal value of the minimum V^0(α) ≡ inf_{x,u} J(x, u) is a quadratic form on X, i.e., there exists a positive self-adjoint operator, P ∈ L(X) such that V^0(α) ≡ (P α, α)_X (1.2.1) for α ∈ X.

2. Let ρ > 0. Then,

(a) the optimal response guaranteed by (i) satisfies the following Hamiltonian system of equations: dx0 dt = Ax^0 + Bu^0 ∈ [D(A^∗)]^′, x^0(0) = α ∈ X (1.2.2) dψ0 dt = −A^∗ψ^0 + F_1x^0 + F^∗_2 u^0 ∈ [D(A^∗)]^′,

ϕ^0(T ) = 0, T > 0 (1.2.3) F_2x^0(t; α) + F_3u^0(t; α) + B^∗ψ^0(t; α) = 0 (1.2.4) ∀α ∈ X, a.e. in t > 0. where ψ^0 is the solution to the adjoint problem (1.2.3), and the quantity B^∗ψ^0(t; α) is well-defined in U (see Proposition 3.2.1);

(b) the operator P guaranteed by Eq. (1.2.1) is expressed by P α = ψ^0(0; α) for all α ∈ X;

3. If ρ < 0 then inf_{x,u} J(x, u) = −∞. 2 Theorem 1.2.2 Frequency Theorem for the Nonsingular Case Assume hypotheses (H.1) – (H.4). Let ρ > 0. Then,

1. there exists a unique bounded, positive self-adjoint operator, P = P^∗ ∈

L(X), (see Eq. (3.1.6)) which satisfies the following Algebraic Riccati

Equation, (ARE) for all x, z ∈ D(A); or else for all x, z ∈ D(A_F ), A_F defined in (1.2.12) below:

(P Ax, z)_X + (P x, Az)_X − ([(P B + F^∗_2 )F^{−1}_3 (B^∗P + F_2) − F_1]x, z)_X = 0 (1.2.5)

(see Theorem 3.1) with the property (see Lemmas 3.4.1 and 3.5.1 below) B^∗P ∈ L(D(A); X) ∩ L(D(A_F ); X); (1.2.6) 2. there exists a unique pair of operators P = P^∗ ∈ L(X) and h, defined in Eq. (1.2.9) below, such that 2Re(Ax + Bu, P x) + F (x, u) = ‖F^{1/2}_3 (u − hx)‖^2_U , (x, u) ∈ D(A) × U (1.2.7) with the properties B^∗P ∈ L(D(A); X) ∩ L(D(A_F ); X); (1.2.8) where h = −F^{−1}_3 (B^∗P + F_2) (1.2.9) (see Theorem 4.1 below) 3. there exists an operator P = P^∗ ∈ L(X) such that 2Re(Ax + Bu, P x) + F (x, u) ≥ δ(‖u‖^2_U + ‖x‖^2_X ), (x, u) ∈ D(A) × U (1.2.10) for some δ > 0 (see Theorem 4.1 below);

4. the optimal control u^0(· ; α) is given by (see Eq. (3.3.7))

u^0(t; α) = −F^{−1}_3 (B^∗P + F_2)x^0(t; α) ∈ L_2(0, ∞; U); (1.2.11) where P is the unique solution to the Algebraic Riccati Equation (1.2.5) (see Corollary 3.3.2 below);

5. define the operator (F stands for “feedback”) (see Lemma 3.4.2 below) A_F ≡ A − BF^{−1}_3 (B^∗P + F_2) (1.2.12) with maximal domain, where P is the unique solution to the Algebraic Riccati Equation (1.2.5). Then, A_F is the generator of a s.c. semigroup on X and, in fact, for α ∈ X (see Eq. (3.4.8c) below): y^0(t; α) = e^{AF t}α = e^{(A−BF} �1_{3 (B}�_{P +F2))t} α ∈ L_2(0, ∞; X) ∩ C([0, ∞]; X), t ≥ 0. (1.2.13) Moreover, the semigroup, e^{AF t} is uniformly (exponentially) stable on X: there exist constants C_F ≥ 1 and ρ_F > 0 such that (see Corollary 3.4.1 below) ‖e^{AF t}‖L_{(X)} ≤ C_F e^{−ρF t}, t ≥ 0; (1.2.14)

6. for α ∈ X (see Lemma 3.1.1 below)

(P α, α) = J^0(α) = J(u^0(· ; α), x^0(· ; α)) = inf_u J(u, x); (1.2.15)

7. for the existence of operators P and h satisfying Eq. (1.2.7), the condition ρ ≥ 0 is necessary. 2

Theorem 1.2.3 Frequency Theorem for the singular case Assume hypotheses (H.1) – (H.4).

1. Let J(x, u) > −∞. Then, there exists a bounded operator P ∈ L(X) satisfying the Linear Operator Inequality (LOI) (Ax + Bu, P x)_X + F (x, u) ≥ 0 ∀(x, u) ∈ D(A) × U (1.2.16) in a suitably weak sense (see Theorem 5.2.1 below).

2. Conversely, let P be a self-adjoint operator which satisfies the LOI (1.2.16) for (x, u) ∈ X × U. Then J(x, u) > −∞. 2 Remark 1.2.2 There is no claim that P is a strong solution of the LOI (1.2.16). The lack of (proof of) the regularity properties of B^∗P , in particular, if it is densely defined, prevents us from justifying the formal steps needed to give the desired conclusion that P satisfies the LOI (1.2.16) even for, say, x ∈ D(A). Thus, Theorem 1.2.3 gives the solution of (1.2.16) in a suitably weaker sense.

1.3 Literature

In this paper, we consider the existence of solutions to an optimal control problem with indefinite cost functional for an abstract PDE model in a general bounded domain, Ω ⊂ R^n. The model covers, in particular, the use of boundary controls for hyperbolic and hyperbolic-like systems, e.g. the wave equation with Dirichlet control, Euler-Bernoulli and Kirchoff plate equations with control acting in the displacement or Neumann boundary conditions, or as a bending moment.

We show that there exists an optimal control u to the minimization problem if and only if the cost functional is nonnegative. Moreover, when there does exist an optimal control, we distinguish between two cases: in the first case, the cost functional is coercive in the control, u; in the second, we only assume that the cost functional is nonnegative. In the coercive case, necessary and sufficient conditions are given for the synthesis of an optimal control in terms of the solution to a nonstandard Riccati equation. However, when the cost is nonnegative (and not necessarily coercive in u), there is no explicit synthesis of the optimal control. Instead, the optimal cost is given in terms of a weak solution to an (operator) dissipativity inequality.

For a finite-dimensional history of this type of optimal control problem, we refer the reader to [19]. The minimization problem was also extended to infinitedimensional systems in [19], wherein a general dynamical system on a bounded domain, with the control function acting as a forcing function in the interior of the domain was considered. However, to do this problem, strong assumptions on the regularity of the solutions to the dynamical system were made. These assumptions were later removed in [18], again for the case where the control function acts in the interior of the domain. Extensions to dynamical systems with control acting on the boundary of the domain were later made in [24], wherein the Pritchard-Salamon class of problems was considered. However, this latter class of problems does not include many PDEs of interest, as the control operator is essentially bounded on the space of interest. In particular, it does not include the examples which we are presently considering, as in these examples the control operator is allowed to be as badly unbounded as the dynamics operator A, but the input-output solution map is continuous. To consider these problems of interest, we follow closely the ideas of [18]. However, new added technical difficulties arise since the control operator is badly unbounded, and these regularity questions must be handled differently than was the case in [18].

2 Preliminary Results

Following [1], [5], we now define the space of admissible control operators F ≡ {K ∈ L(D(A); U) : A_K = A + BK generates an exponentially stable s.c. semigroup on X, D(A_K ) ⊂ D(K); Ke^{AK t} ∈ L(X; L^2(0, ∞; U))}. The set F is nonempty as K = −B^∗P_H ∈ F, where P_H satisfies the standard algebraic Riccati equation

(Ax, P_H z) + (P_H x, Az) − (B^∗P_H x, B^∗P_H z) + (x, z) = 0, (2.1)

∀x, z ∈ D(A) or x, z ∈ D(A_K ), with the property that the (unclosable) operator B^∗P_K ∈ L(D(A); U) ∩ L(D(A_K ); U) (see [5] for details).

Lemma 2.1 Assume hypotheses (H.1) – (H.4). If inf_u {J(x, u) : (x, u) ∈ M_α} > −∞ ∀α ∈ X, (2.2) then F_3 ≥ 0 and F (x, u) ≥ 0 ∀(ω, x, u) ∈ R × X × U with iωx = Ax + Bu. (2.3) Proof: (by contradiction). We follow closely the ideas of [L-W.1], taking into consideration the lower regularity of the state variable. Let K ∈ F. Then A_K ≡ A+BK is exponentially stable on X. Suppose that there exists (ω̃, ã, ũ) ∈ R × X × U with_{iω̃ã = Aã + Bũ and F (ã, ũ) < 0. (2.4)}

For each T > 0 define the control function u_T (· ) by u_T (t) ≡ { e^{iω̃t}ũ if t ∈ [0, T ] e^{iω̃T} Ke^{AK (t−T )}ã if t > T. (2.5)

Then, the solution of the Cauchy problem

ẋ = Ax_T + Bu_T , x_T (0) = ã (2.6)

on R^+ is_x T (t) ≡ { e^{iω̃t}ã if t ∈ [0, T ] e^{iω̃T} e^{AK (t−T )}ã if t > T. (2.7)

So, for each T > 0,

J(x_T , u_T ) = ∫_T 0 F (x_T , u_T )dt + ∫_∞ T F (x_T , u_T )dt = ∫_T 0 F (ã, ũ)dt + ∫_∞ T F (e^{iωT} e^{AK (t−T )}ã, e^{iωT} Ke^{AK (t−T )}ã)dt = T F (ã, ũ) + ∫_∞ 0 F (e^{AK τ} ã, Ke^{AK τ} ã)dτ. Since, by assumption, F (ã, ũ) < 0, J(x_T , u_T ) −→ −∞ as T −→ +∞, which is a contradiction. Hence F (x, u) ≥ 0 ∀(ω, x, u) ∈ R × X × U satisfying iωx = Ax + Bu. To show that F_3 ≥ 0, we first suppose that there exists a ũ such that F_3 < 0, i.e., (F_3ũ, ũ) < 0.

For such ũ, define v(t) = { 0 t ≠ N ũ t = N for some N ∈ R. Then, let a(t) satisfy ȧ = Aa + Bv, a(0) = 0, i.e., a(t) = ∫_t 0 e^{A(t−τ )}Bv(τ)dτ, so that its corresponding Laplace transform satisfies iωâ = Aâ + Bv̂, where ^(· ) denotes the Laplace transform of (· ). Then, for such v, a(t) ≡ 0 ∀t ∈ R. But, F (a(N), v(N)) = (F_1a(N), a(N))_X + 2Re(F_2a(N), u(N))_U +(F_3u(N), u(N))_U = F (0, u) = F_3(u, u) < 0

which is a contradiction, as F (a, v) ≥ 0 for all pairs (a, v) such that iωa = Av + Bv, or equivalently that their corresponding inverse Laplace transforms satisfy ^̇a = Aâ + Bv̂.

Hence F_3 ≥ 0. 2

Lemma 2.2 Assume hypotheses (H.1) – (H.4) and let ρ > 0. Then, for each α ∈ X, there exists a unique point (x^0(· ; α), u^0(· ; α)) ∈ L_2(0, ∞; X) × L_2(0, ∞; U) minimizing J. Moreover, there exists a positive constant δ > 0 such that F_3 ≥ δI.

Proof: If ρ > 0, then the first claim follows by convexity of the cost functional J(x, u). To prove that F_3 > 0, we repeat the proof of Lemma 2.1 with the Hermitian form replaced by F_1(x, u) = F (x, u) − 1 2 ρ‖u‖_U > 0 (2.8) as F (x, u) ≥ ρ(‖x‖^2_X + ‖u‖^2_U ) to get that F_3 − 1/2ρ ≥ 0, and hence F_3 > 0. Details are omitted. 2

3 Feedback Relationship Between the Optimal Control Function u^0 and the Corresponding State Variable x^0

The main result of this section is the following.

Theorem 3.1 Assume that ρ > 0 so that the operator F_3 is coercive, Then, 1. the map α −→ (x^0(· ; α), u^0(· ; α)) from X −→ L^2(0, ∞; X) ×L^2(0, ∞; U) is linear and continuous. Thus, the optimal cost J^0(x^0(· ; α), u^0(· ; α)) ≡ V^0(α) (3.1) is a continuous Hermitian form on X (see above Eq. (3.1.6);

2. the self-adjoint operator P ∈ L(X) defined by (P α, α) ≡ V^0(α) for all α ∈ X, is a solution of the algebraic Riccati equation (ARE) (Ax, P y) + (P x, Ay) − ([(P B + F^∗_2 )F^{−1}_3 (B^∗P + F_2) − F_1]x, y) = 0 (3.2) ∀x, y ∈ D(A), (see Theorem 3.5.1), and the s.c. semigroup generated by A_F ≡ A − BF^{−1}_3 (B^∗P + F_2) is exponentially stable on X (see Corollary 3.4.1);

3. for each α ∈ X, the optimal control u^0(· ; α) admits the feedback form u^0(· ; α) = −F^{−1}_3 (B^∗P + F_2)x^0(· ; α) ∈ L_2(0, ∞; U) (3.3) where the optimal state x^0(· ; α) satisfies (1.1.1) and so x^0(· ; α) = e^{AF t}α ∈ L_2(0, ∞; X) ∩ C(0, ∞; X) (3.4) (see Corollary 3.3.2 and Lemma 3.4.2);

4. the (unclosable) operator B^∗P ∈ L(D(A); X)∩L(D(A_F ); X) (see Lemma 3.5.1).

3.1 Regularity of the value function

Lemma 3.1.1 the map α −→ (x^0(· ; α), u^0(· ; α)) from X −→ L^2(0, ∞; X) × L^2(0, ∞; U) is linear and continuous. Thus, the optimal cost J^0(x^0(· ; α), u^0(· ; α)) ≡ V^0(α) is a continuous Hermitian form on X (see above Eq. (3.1.6). Thus, there exists a nonnegative self-adjoint operator P ∈ L(X) such that V^0(α) = (P α, α)_X , ∀α ∈ X. Proof: (See [9] for an analogous proof in a setting different from ours.) We return to the dynamics (1.1.1) – (1.1.3): Using the regularity of F , the maps α −→ F_1x, α −→ F_2x (3.1.1) are continuous X −→ X and X −→ U respectively. Thus, for each α ∈ X, the functional J(x_u, u) is quadratic, continuous : L_2(0, ∞; U) −→ R . By assumption, for each α ∈ X, there exists a unique optimal solution u^0(· , α, 0) ∈ L_2(0, ∞; U). By (1.1.6) and (1.1.7), the corresponding optimal trajectory x^0(· , α, 0) ∈ L^2(0, ∞; X) ∩ C(0, ∞; X) (3.1.2) Now, for each (α, u) ∈ X × U, J(x_α, u) is well-defined and by assumption, J^0 achieves its minimum at the point u^0(t). By (H.4), we infer that the map α −→ (F_1x^0, F_2x^0, F_3u) (3.1.3) is linear and continuous X −→ L^2(0, ∞; X) × [L_2(0, ∞; U)]^2 (3.1.4) Hence, in particular, the map α −→ J^0(α) ≡ J(x^0(· , α, 0), u^0(· , α, 0)) = inf u∈L_2(0, ∞; U) J(x(· , α, 0), u(· , α, 0)) (3.1.5) is a continuous quadratic form on X. Therefore, there exists a self-adjoint operator, P ∈ L(X), P ≥ 0 such that J^0(α) = (α, P α)_X , α ∈ X (3.1.6) 2

3.2 The adjoint problem

Lemma 3.2.1 Assume hypotheses (H.1) – (H.4). Let ρ > 0. Then, for each α ∈ X, there exists an optimal solution denoted by {x^0(· ; α); u^0(· ; α)} ∈ L_2(0, ∞; X × U) to the minimization problem (1.1.2). Moreover, the optimal control and trajectory are related by the following:

u^0(t; α) = −F^{−1}_3 (F_2x^0(t; α) + L^∗(F_1x^0(· ; α) + F^∗_2 u^0(· ; α))) ∈ L_2(0, ∞; U) (3.2.1)

Proof: Since ρ > 0, the cost functional is strictly convex and hence there exists a unique minimum. We introduce the following Lagrangian, with (λ, x, u) ∈ L_2(0, ∞; X × X × U) as free parameters: L(λ, x, u) = 1/2{(F_1x, x)_X + 2Re(F_2x, u)_U + (F_3u, u)_U } + (λ, x − e^{A·} α − Lu)_X (3.2.2) Using the optimality conditions

L_x = 0 =⇒ F_1x^0 + F^∗_2 u^0 + λ^0 = 0 (3.2.3) L_u = 0 =⇒ F_2x^0 + F_3u^0 − L^∗λ^0 = 0. (3.2.4)

Combining (3.2.3) and (3.2.4) yields that

u^0(· ; α) = −F^{−1}_3 [F_2(x^0(· ; α) + L^∗(x^0(· ; α) + u^0(· ; α))] (3.2.5)

x paper where the inverse in (3.2.5) is well-defined by Lemma 2.2. 2 We now introduce the “adjoint” state equation as follows: dψ^0 dτ = −A^∗ψ^0 + F^∗_1 x^0 + F^∗_2 u^0, τ > 0 (3.2.6)

Then,

ψ^0(t) = ∫_∞ t e^A �_{(τ −t)} (F^∗_1 x^0(τ) + F^∗_2 u^0(τ))dτ (3.2.7a)

⇐⇒ ψ^0(t) = ∫_∞ t e^A �_{(τ −t)} (F^∗_1 x^0(τ) + F^∗_2 u^0(τ))dτ. (3.2.7b)

The following technical result is important. Its proof is based on the regularity of the output operator L in (1.1.7).

Proposition 3.2.1 Assume (H.1) – (H.4). With reference to ψ^0(t; α) given by Eq. (3.2.6), we have for fixed T > 0

B^∗ψ^0(t; α) ∈ L_2(0, ∞; U) ∀t > 0. (3.2.8)

Proof: It is a corollary of the regularity of the operator L defined in (1.1.7), applied to F_1x^0(t; α)+F^∗_2 u^0(t; α) and hypothesis (H.2). Recalling the definition (1.1.7) of L, we have that

B^∗ψ^0(t; α) = B^∗ ∫_∞ t e^A �_{(τ −t)} [F_1x^0(τ; α) + F_2u^0(τ; α)]dτ = {L^∗[F_1x^0 + F^∗_2 u^0]}(t) = I. (3.2.9) But I ∈ L_2(0, ∞; U) by the continuity (1.1.7) of L applied to (F_1x^0 + F^∗_2 u^0) ∈ L_2(0, ∞; X), and the result is proved. 2 Lemma 3.2.2 For all α ∈ X, we have the following identity: P α ≡ ψ^0(0, α) (3.2.10) where P is the nonnegative self-adjoint operator defined in Lemma 3.1.1. Proof: Consider the cost functional

J(u^0, x^0) = ∫_∞ 0 F (x^0(t), u^0(t))dt (3.2.11) = ∫_∞ 0 [(F_1x^0, x^0) + 2Re(F_2x^0, u^0) + (F_3u^0, u^0)]dt = ∫_∞ 0 [(x^0, F^∗_1 x^0 + F^∗_2 u^0) + (u^0, F_2x^0) + (F_3u^0, u^0)]dt) = ∫_∞ 0 [(e^{At} + Lu, F^∗_1 x^0 + F^∗_2 u^0) + (u^0, F_2x^0 + F^∗_3 u^0)]dt = ∫_∞ 0 [(e^{At}α, F^∗_1 x^0 + F^∗_2 u^0) + (u^0, L^∗(F^∗_1 x^0 + F^∗_2 u^0)) +(u^0, F_2x^0 + F^∗_3 u^0)]dt = ∫_∞ 0 [(e^{At}α, F^∗_1 x^0 + F^∗_2 u^0) + (u^0, B^∗(ψ^0(t))

+(u^0, F_2x^0 + F^∗_3 u^0)]dt = (α, ∫_∞ 0 e^{At}(F^∗_1 x^0 + F^∗_2 u^0)dt) + ∫_∞ 0 (u^0, B^∗(ψ^0(t) − F_2x^0 + F^∗_3 u^0)dt) = (α, ψ^0(0, α)) + ∫_∞ 0 (u^0, F_2x^0 + F^∗_3 u^0 + B^∗ψ^0)dt (3.2.12) by (3.2.7). Now,

J^0(x^0, u^0) = (α, P α)

= (α, ψ^0(0, α)) + ∫_∞ 0 (u^0, F_2x^0 + F^∗_3 u^0 − B^∗ψ^0)dt

= (α, ψ^0(0, α)) + ∫_∞ 0 (u^0, F_2x^0 + F^∗_3 u^0 + L^∗(F_1x^0 + F^∗_2 u^0))dt, (3.2.13)

t > 0. But,

F_2x^0 + F^∗_3 u^0 + L^∗(F_1x^0 + F^∗_2 u^0) = 0 ∈ L_2(0, ∞; U) (3.2.14) =⇒ F_2x^0 + F^∗_3 u^0 + B^∗ψ^0 = 0 ∈ L_2(0, ∞; U) (3.2.15) =⇒ u^0(· ; α) = −F^{−1}_3 (B^∗ψ(· ; α) + F_2x^0(· ; α) ∈ L_2(0, ∞; U) (3.2.16) by Lemma 3.2.1, (3.2.7), and (1.1.7). Thus,

(P α, α)_X = J^0(x^0, u^0) = J^0(x^0(· ; α), u^0(· ; α) = (α, ψ^0(0 ; α))_X . (3.2.17) Hence, P α ≡ ψ^0(0, α). 2

3.3 Semigroup properties for the optimal solution

fx^0(t; α); u^0(t; α)g

We first state the following lemma.

Lemma 3.3.1 Assume hypotheses (H.1) – (H.4). Define the cost function J_{t0} (x, u) ≡ ∫_∞ t0 F (x(t), u(t))dt. (3.3.1) Then, the optimal control and the corresponding solution for the minimization of the cost functional (3.3.1) where u = u(t) ∈ L^2(t_0, ∞; U) and x(t) is the solution of ẋ = Ax + Bu ∈ [D(A^∗)]^′, x(t_0) = α ∈ X (3.3.2) can be expressed by u^0(t − t_0; α); x^0(t − t_0; α). (3.3.3) Proof: The proof is analogous to that in [25, pg. 468]. Details are omitted.

2_{We are now ready to state the main result of this subsection.}

Lemma 3.3.2 Assume hypotheses (H.1) – (H.4). Then, the optimal solution {x^0(t; α); u^0(t; α)} satisfies the following semigroup property in X and U respectively:

x^0(t + σ; α) = x^0(t; x^0(σ; α)); u^0(t + σ; α) = u^0(t; x^0(σ; α)), α ∈ X. (3.3.4) Proof: The proof is analogous to [25, proof of Lemma 6]. Details are omitted. 2

Corollary 3.3.1 Assume hypotheses (H.1) – (H.4). Then, ψ^0(t; α), defined in Eq. (3.2.6) satisfies the following semigroup property. ψ^0(t + σ; α) = ψ^0(t; x^0(σ; α)), α ∈ X. (3.3.5) Proof: We use Eq. (3.2.7) for ψ^0(t; α), together with Lemma 3.3.2. Thus, we have that

ψ^0(t + σ; α) = ∫_∞ t+σ e^A �_τ [F^∗_1 x^0(τ; α) + F^∗_2 u^0(τ; α)]dτ (r = τ − σ) = ∫_∞ t e^A �_r [F^∗_1 x^0(r + σ; α) + F^∗_2 u^0(r + σ; α)]dσ (by Lemma 3.3.2) = ∫_∞ t e^A �_r [F^∗_1 x^0(r; x^0(σ; α)) + F^∗_2 u^0(r; x^0(σ; α))]dσ = ψ^0(t; x^0(σ; α)). (3.3.6) 2 Corollary 3.3.2 Assume hypotheses (H.1) – (H.4). In addition, assume that the constant ρ (Eq. 1.1.3(b)) is positive, so that there exists a positive constant, δ, such that the operator, F_3 > δI. Then, u^0(t; α) = −F^{−1}_3 [B^∗P + F^∗_2 ]x^0(t; α), a.e. in t. (3.3.7) Proof: We use Corollary 3.3.1 in Eq. (3.2.16) for u^0(t; α). 2

3.4 Definition of AF and Its Properties

Define the semigroup Φ(t) guaranteed by Lemma 3.3.2 as follows: Φ(t)α = x^0(t; α), ∀ α ∈ X. (3.4.1) Then, we have the following results:

Lemma 3.4.1 Assume (H.1) – (H.4) and that u^0(0) ∈ U. Moreover, assume that there exists a positive constant, δ such that F_3 ≥ δI. Then, X ⊃ D(B^∗P ) ⊃ D(A_F ). (3.4.2) Thus, D(B^∗P ) is dense in X.

Proof: Following [5, proof of Lemma 4.5], we use the implicit representation for ψ^0(t; α), (3.2.10). Thus, for α ∈ D(A_F ),

B^∗P α = B^∗ψ^0(0; α) = B^∗A^{∗−1} ∫_{t0} 0 A^∗e^A �_τ

[F^∗_1 x^0(τ; α) + F^∗_2 u^0(τ; α)]dτ

+B^∗e^A �_{t0}

P x^0(t_0; α) = B^∗A^{∗−1}{e^A �_{t0}

[F^∗_1 x^0(t_0; α) + F^∗_2 u^0(t_0; α)] −[F^∗_1 x^0(0; α) + F^∗_2 u^0(0; α)]} + ∫_{t0} 0 e^A �_τ d dτ [(F^∗_1 − F^∗_2 F^{−1}_3 (B^∗P + F_2))Φ(τ)α]dτ} +B^∗e^A �_{t0}

P x^0(t_0; α) = B^∗A^{∗−1}{e^A �_{t0}

[F^∗_1 x^0(t_0; α) + F^∗_2 u^0(t_0; α)] −[F^∗_1 α + F^∗_2 u^0(0; α)] + ∫_{t0} 0 e^A �_τ

[F^∗_1 − F^∗_2 F^{−1}_3 (B^∗P + F_2)]Φ(τ)A_F αdτ} +B^∗e^A �_{t0}

P x^0(t_0; α) (3.4.3) ∈ U (3.4.4) where, by assumption (H.2), B^∗A^{∗−1} ∈ L(X; U), and where B^∗e^A �_t P Φ(t)x ∈ L^2(0, T ; U), x ∈ D(A_F ) ∀T < ∞, t < T. (3.4.5) by the trace assumption (H.3) and Proposition 3.2.1, so that t_0 in (3.4.3) can be chosen (depending on α) such that u^0(t_0) and the last term in (3.4.3) are well-defined in U (this can be done as the measure of all such t^′_0s contained in [0, t_1] is equal to t_1). 2

Define the operator F_0 ≡ −BF^{−1}_3 (B^∗P + F_2).

Lemma 3.4.2 Assume (H.1) – (H.4) and that there exists a positive constant, δ, such that the operator F_3 ≥ δI. Then, for x ∈ X, dΦ(t)x dt = [A − F_0]Φ(t)x ∈ [D(A^∗)]^′ a.e. in t ≥ 0. (3.4.6) Thus,

[A − F_0]Φ(t)x = A_F Φ(t)x = Φ(t)A_F x ∈ X, x ∈ D(A_F ), t ≥ 0 (3.4.7a) [A − F_0]x = A_F x = Φ(t)A_F x ∈ X, x ∈ D(A_F ); (3.4.7b) Φ(t)x = e^{AF t}x ∈ X, x ∈ X. (3.4.7c) Proof: We follow closely [5, proof of Lemma 4.6]. Recalling (3.3.7) and (1.1.6) for the optimal dynamics, we get

Φ(t)α = x^0(t; α) = e^{At}α − ∫_t 0 e^{A(t−τ )}BF^{−1}_3 (B^∗P + F^∗_2 )Φ(τ)αdτ, α ∈ X (3.4.8)

Thus, differentiating (3.4.8) with α ∈ X and β ∈ D(A^∗),

(^{Φ(t)α}_{dt} , z) = (e^{At}α, A^∗β) − (BF^{−1}_3 [B^∗P + F^∗_2 ]Φ(t)α, β) −( ∫_t 0 e^{A(t−τ )}BF^{−1}_3 (B^∗P + F^∗_2 )Φ(τ)αdτ, A^∗β) = (Φ(t)α, A^∗β) − (BF^{−1}_3 ([B^∗P + F^∗_2 ]Φ(t)α, β) (3.4.9) where the last term in (3.4.9) is well-defined a.e. in t as A^{−1}BF^{−1}_3 ([B^∗P + F^∗_2 ]Φ(t)α, A^∗β) is well-defined a.e. in t by (H.2) and Lemma 3.4.1. (3.4.9) yields (3.4.6) 2

Corollary 3.4.1 Assume (H.1) – (H.4) and that there exists a positive constant, δ, such that the operator F_3 ≥ δI. Then, the semigroup, Φ(t), defined by (3.4.1) is exponentially stable on X, i.e., there exists constants M ≥ 1 and ρ > 0 such that ‖Φ(t)‖L_{(X)} ≤ Me^{−ρt}, t > 0. (3.4.10) . Proof: We use Lemma 3.4.2, (3.4.7c), combined with Datko’s result [4]. 2 We now give the counterparts of Lemmas 4.7 and 4.8 of [5].

Lemma 3.4.3 Assume (H.1) – (H.4) and that there exists a positive constant, δ, such that the operator F_3 ≥ δI. Then, for A_F and P defined by (3.4.7) and (3.1.6) respectively.

A^∗P ∈ L(D(A_F ); U), (3.4.11) A^∗_F P ∈ L(D(A); U). (3.4.12) Moreover,

− A^∗P x = F_1x − F^{−1}_3 F_2x − F^{−1}_3 B^∗P x + P A_F x ∈ X, x ∈ D(A_F ), (3.4.13) − A^∗_F P x = F_1x − F^{−1}_3 F_2x − F^{−1}_3 B^∗P x + P Ax ∈ X, x ∈ D(A). (3.4.14) Proof: The proof follows closely that of Lemmas 4.7 and 4.8 in [5] with R replaced by F_1 − F^{−1}_3 [B^∗P + F_2]. The proof relies heavily on the identity (3.3.10) for ψ(0; α) = P α.

3.5 The operator P is a solution of the algebraic Riccati equation

As in Corollary 4.9 of [5], we begin with a corollary to Lemma 3.4.3.

Lemma 3.5.1 Assume (H.1) – (H.4) and that there exists a positive constant, δ, such that the operator F_3 ≥ δI. Then, for P defined in (3.1.6) we have

(B^∗Px, B^∗Pz)_U is well − defined either for x, z ∈ D(A); or for x, z ∈ D(A_F) (3.5.1) |(B^∗P x, B^∗P z)_U | ≤ C { ‖A_F x‖_X ‖A_F z||_X , x, z ∈ D(A_F ) ‖Ax‖_X ‖Az||_X , x, z ∈ D(A) (3.5.2) (3.5.3)

Proof: We first let x ∈ D(A) so that A^∗_F P x ∈ X by (3.4.12) Next, we take z ∈ X for now. Then, |(A^∗_F P x, z)_X | ≤ c‖Ax‖_X ‖z‖_X . (3.5.4) We now compute, with A^{∗∗}_F = A_F since A_F is closed, still with x ∈ D(A), z ∈ X

(A^∗_F P x, z)_X = (P x, A_F z)_X =

(P x, [A + BF^{−1}_3 (B^∗P + F_2)]z)_X = (P x, [I + BF^{−1}_3 (B^∗P A^{−1} + F_2A^{−1})]Az)_X = ([I + BF^{−1}_3 (B^∗P A^{−1} + F_2A^{−1})]^∗P x, Az)_X (3.5.5) = well − defined for x ∈ D(A), z ∈ X. (3.5.6)

Now, we restrict z to z ∈ D(A), so that Az fills all of X as z runs over D(A). Then (3.5.6) says that the left term in the inner product in (3.5.5) is in X, i.e. that D([I + BF^{−1}_3 (B^∗P A^{−1} + F_2A^{−1})]^∗P ) ⊃ D(A). (3.5.7) But, since P is bounded self-adjoint and F_2 is bounded, we have that

D([I + BF^{−1}_3 (B^∗P A^{−1} + F_2A^{−1})]^∗P ) = D([I + A^{∗−1}P BF^{∗−1}_3 B^∗ + A^{∗−1}F^∗_2 F^{∗−1}_3 B^∗]P ) = {x ∈ X : P x ∈ D([I + A^{∗−1}P BF^{∗−1}_3 B^∗ + A^{∗−1}F^∗_2 F^{∗−1}_3 B^∗])} = {x ∈ X : P x ∈ D(A^{∗−1}P BF^{∗−1}_3 B^∗)} = D(A^{∗−1}P BF^{∗−1}_3 B^∗P ). (3.5.8)

Combining (3.5.8) with (3.5.7) we obtain

D(A^{∗−1}P BF^{∗−1}_3 B^∗P ) ⊃ D(A). (3.5.9)

Finally, with x, z ∈ D(A) we obtain, as desired c‖Ax‖_X ‖Az‖_X ≥ |(A^{∗−1}P BF^{∗−1}_3 B^∗P x, Az)_X |(well − defined by (3.5.9)) ≥ c_2|(B^∗P x, B^∗P z)_U |, c_2 (constant) (3.5.10) and the first case of (3.5.1) as well as (3.5.2) follow. The result in (3.5.1) and (3.5.3) for x, z ∈ D(A_F ) is contained in (3.4.13) of Lemma 3.4.3. 2

We finally obtain the ultimate goal of our analysis in this section.

Theorem 3.5.1 Assume (H.1) – (H.4). Then,

1. The operator P defined in (3.1.6) satisfies the Algebraic Riccati Equation, in (1.2.5) i.e.

(Ax, P y)+(P x, Ay)−([(P B +F^∗_2 )F^{−1}_3 (B^∗P +F_2)−F_1]x, y) = 0 (3.5.11)

for all x, z ∈ D(A); or else for all x, z ∈ D(A_F ).

2. Moreover, such P is the unique solution of (3.5.11) within the class of selfadjoint operators P ∈ L(X) such that B^∗P ∈ L(A_F ; X) ∩ L(D(A); X).

Proof:

(i) We combine Lemma 3.4.3 and Lemma 3.5.1. (ii) Uniqueness of the ARE:

Let P_1 and P_2 be two solutions to the algebraic Riccati equation such that the semigroups generated by F_i = A_K −BB^∗P_i = A−BF^{−1}_3 (B^∗P_i +F_2), i = 1, 2 are exponentially stable on X:

(Ax, P y) + (P x, Ay) −(F^∗_2 F^{−1}_3 F_2x, y) + (F_1x, y) − (F^{−1}_3 B^∗P x, B^∗P y) −(F^{−1}_3 B^∗P x, F_2y) − (F^{−1}_3 F_2x, B^∗P y) (3.5.12) = 0. (3.5.13)

Let Q = P_1 − P_2. Then, we have 0 = (QA_K x, y) + (Qx, A_K y) −(F^{−1}_3 B^∗P_1x, B^∗P_1y) − (F^{−1}_3 B^∗P_2x, B^∗P_2y) = (QA_K x, y) + (Qx, A_K y) − (BB^∗P_1x, Qy) + (BB^∗P_2x, P_2y) −(BB^∗P_1x, P_2y) + (BB^∗P_1x, P_2y) = (QA_K x, y) + (Qx, A_K y) − (BB^∗P_1x, Qy) + (BB^∗P_2x, P_2y) +(P_1x, BB^∗P_2y) = (QA_K x, y) + (Qx, A_K y) − (BB^∗P_1x, Qy) − (Qx, BB^∗P_2y) = (Q(A_K − BB^∗P_1)x, y) − (Qx, (A_K − BB^∗P_2)y) = (QA_{F1} x, y) − (Qx, A_{F2} y) where A_{F1} and A_{F2} are the exponentially stable semigroups generated by F_i, i = 1, 2. But this is just a Lyapunov equation so P_1 − P_2 = 0. 2

This completes the proof of Theorem 3.1. 2

3.6 Proof of Theorem 1.2.1

(i) follows from Lemma 2.4; (ii)(a) follows from Lemma 2.5;

(ii)(b) – (c) follow from Eqs. (1.1.1), (3.2.3), Proposition 3.2.1, and Lemma 3.2.1;

To prove condition (iii), we use the following Lemma. Lemma 3.6.1 If ρ < 0, then inf_{Mα} J(x, u) = −∞.

Proof: Let ρ < 0. Then, the functional F (x, u) is not bounded below on the set M_α for some α ∈ X. Thus, there exists a triple {ω; ã; ũ} in R × D(A) × U such that iωã = A ~+Bũ and F (ã; ũ) < 0. Proceeding as in the proof of Lemma 2.3 we then obtain that inf J(x, u) = −∞ 2 (3.6.1) This completes the proof of Theorem 1.2.1. 2

4 Proof of the Frequency Theorem for the Nonsingular Case

(i), (iv) – (vii) follow from Theorem 3.1. (ii), (iii): By using the ARE for x = y ∈ D(A), it is a simple exercise to show that 2Re(Ax + Bu, P x)_X + F (x, u) = ‖F^{1/2}_3 (u + F^{−1}_3 (B^∗P + F_2)x)‖^2_U , (4.1) (x, u) ∈ D(A) × U, where all terms are well-defined by the regularity of B^∗P . Thus, 2Re(Ax + Bu, P x)_X + F (x, u) ≥ 0 (x, u) ∈ D(A) × U. (4.2) Now, consider the Hermitian form F_1(x, u) = F (x, u) − δ(‖x‖^2_X + ‖u‖^2_U ), 0 < δ < α_2. Then, Theorem 1.2.1 still applies to the form F_1(x, u), and so the representation 2Re(Ax + Bu, P_1x)_X + F_1(x, u) ≥ 0 (x, u) ∈ D(A) × U (4.3) for some P_1 ∈ L(X) holds true, and all the properties of Theorem 1.2.1 hold true for this P_1. But, this is equivalent to (4.1) and condition (iii) is proved. 2 This completes the proof of Theorem 1.2.2. 2

5 Proof of the Frequency Theorem for the Singular Case

In the remainder of this paper, we shall study the frequency theorem for the singular problem, i.e., when the cost functional J is only nonnegative on the state space X. We first prove the following result:

Lemma 5.1 Let P ∈ L(X) be a self-adjoint solution of the LOI (1.2.16) for (x, u) ∈ X × U. Then, for each α ∈ X and (x, u) ∈ M_α, J^0(x, u) ≥ (P α, α) = V (α). (5.1) Moreover, J^0 is bounded below in each M_α for each α.

Proof: We choose an arbitrary constant T > 0 and a sequence u_n(t) ∈ L_2([0, T ]; U) ∩ C^1([0, T ]; U) such that u_n(t) −→ u(t) in L_2(0, ∞; U). Since (Ax + Bu, P x) is well-defined for (x, u) ∈ X × U, then the following computations are justified: d dt (P x(t), x(t))_X = 2Re(Ax(t) + Bu_n(t), P x(t))_X , ∀t ∈ [0, T ] (5.2) recalling (1.1.1). Since P satisfies the LOI (1.2.16) integrating (5.2) from 0 to T yields (P x(T ), x(T ))_X + ∫_T 0 F (x(t), u_n(t))dt ≥ (P α, α)_X . (5.3) Letting n −→ ∞ we obtain

(P x(T ), x(T ))_X + ∫_T 0 F (x(t), u(t))dt ≥ (P α, α)_X . (5.4) Since x(· ) ∈ L_2(0, ∞; X), then there exists a sequence of positive reals {T_p} such that x(T_p) −→ 0 as T_p −→ ∞. Then, (5.1) follows by letting T_p −→ ∞ in (5.4). 2

5.1 Definition of the operator Pn and its properties

We first introduce the cost functional J_n(x, u) = ∫_∞ 0 F_n(x(τ), u(τ))dτ (5.1.1) where F_n = (F_1x, x)_X + 2Re(F_2x, u)_U + (F_{3,n}u, u)_U + ϵ_n‖u‖_U (5.1.2) F_{3,n} = F_3 + ϵ_nI (5.1.3) and {ϵ_n} is a decreasing sequence of positive reals converging to 0 as n −→ ∞. Proposition 5.1.1 The map α −→ (x^0_n(· ; α); u^0_n(· ; α)) from X −→ L_2(0, ∞; X) × L_2(0, ∞; U) is linear and continuous. Thus, the optimal cost inf (x,u)∈M_α J_n(x, u) = J^0_n(α) = V^0_n (α) = (P_nα, α)_X α ∈ X (5.1.4)

is a continuous Hermitian form on X.

Proof: We use the fact that the quadratic form F (x, u) ≥ 0 since the number ρ ≥ 0 (by assumption) Hence, the form F_n(x, u) is coercive, i.e., F_n(x, u) ≥ ϵ_n‖u‖_U . Thus, Theorem 3.1 applies. Hence, if we denote the optimal solution to the problem inf (x,u)∈M_α J_n(x, u) = inf_{(x,u)∈Mα} ∫_∞ 0 F_n(x(τ), u(τ))dτ (5.1.5)

by {x^0_n(t; α); u^0_n(t; α)}, then we have that, for each n ≥ 0, there exists a selfadjoint operator, P_n ∈ L(X), P_n ≥ 0 such that inf (x,u)∈M_α J_n(x, u) = J^0_n(α) = V^0_n (α) = (P_nα, α)_X α ∈ X2 (5.1.6)

Proposition 5.1.2 Assume (H.1) – (H.4). Moreover, assume that the number ρ defined in Eq. (1.2.2) is nonnegative. Then, the operator P_n, guaranteed by Proposition 5.1.1 satisfies the following, for each n fixed:

1. B^∗P_n ∈ L(D(A); U).

2. The operator P_n is the satisfies the following (nonstandard) algebraic Riccati equation (Ax, P_ny) + (P_nx, Ay) − ([(P_nB + F^∗_2 )F^{−1}_{3,n} (B^∗P_n + F_2) − F_1]x, y) = 0, (5.1.7) ∀x, y ∈ D(A). Equivalently, 2Re(Ax+Bu, P_nx)+F_n(x, u) = ‖F^{1/2}_{3,n} [u−F^{−1}_{3,n} (B^∗P_n +F_2)x]‖_U , (5.1.8) ∀(x, u) ∈ D(A) × U (see Eq. (4.2)).

3. P_n is the unique solution to Eq. (5.1.7) within the class of operators {Q : Q ∈ L(X)}.

Proof: Since the form F_n(x, u) is coercive, Theorem 3.1 applies. Proposition 5.1.1 guarantees that there exists a bounded self-adjoint operator P_n ≥ 0. As in the proof of Lemma 3.5.1, we can show that B^∗P_n ∈ L(D(A); U). Using the regularity of B^∗P_n and Theorem 3.1, we obtain, for each n fixed, (Ax, P_ny) + (P_nx, Ay) − ([(P_nB + F^∗_2 )F^{−1}_{3,n} (B^∗P_n + F_2) − F_1]x, y) = 0, (5.1.9) ∀x, y ∈ D(A). Equivalently,

2Re(Ax + Bu, P_nx) + F_n(x, u) = ‖F^{1/2}_{3,n} [u − F^{−1}_{3,n} (B^∗P_n + F_2)x]‖_U , (5.1.10) ∀(x, u) ∈ D(A) × U (see Eq. (4.2)). 2

5.2 Convergence of the sequence fPng to P

Theorem 5.2.1 Assume hypotheses (H.1) – (H.4). Then, the sequence of operators {P_n} (defined in Eq. (5.1.4)) converges to an operator P ∈ L(X) as n −→ ∞. Hence, P satisfies the linear operator inequality (1.2.16) in a weak sense.

Proof: By Theorem 3.1 there exists a self-adjoint operator P_n ∈ L(X) such that inf {x(· ;α),u(· ;α)}∈M_α J_n(x(· ; α), u(· ; α)) = (P_nα; α)_X , α ∈ X (5.2.1)

with J_n given by Eq. (5.1.1) Moreover, P_n satisfies 2Re(Ax + Bu, P_nx)_X + F_n(x, u) = ‖F^{1/2}_3 (u − h_nx)‖^2_U ∀(x, u) ∈ D(A) × U (5.2.2) with h_n = −BF^{−1}_{3,n} (B^∗P + F_2) (5.2.3) (see Eq. (5.1.8)). Thus, 2Re(Ax + Bu, P_nx)_X + F_n(x, u) ≥ 0 ∀(x, u) ∈ D(A) × U. (5.2.4) Now, we note that since F_{n+1} ≤ F_n for all n, the sequence {P_n} is decreasing in the norm of L(X). Moreover, {P_n} is uniformly bounded in the norm of L(X):

ρ‖α‖^2_X ≤ inf_u J(α) ≤ (P_nα, α)_X ≤ (P_0α, α)_X , α ∈ X. (5.2.5)

Thus, by the Principle of Uniform Boundedness, there exists an operator P_0 such that P_n −→ P_0 strongly to P_0 in L(X). Thus, P_0 satisfies the LOI (5.2.4) in a weak sense as each of the P_n satisfy the LOI. 2

Remark 5.2.1 We are not authorized to pass through the limit on the sequence {P_n} in the LOI as the regularity of the limit operator P_0 is unclear, in particular, we do not know if B^∗P_0 is well-defined on a dense set.

Proof of Theorem 1.2.3

(i) follows from Theorem 5.2.1;

(ii) follows from Lemma 5.1. 2

6 Applications of the Theory

6.1 Damped Euler-Bernoulli plate equation with Dirichlet control

Let Ω be a smooth bounded domain in R^n, n ≤ 3. We consider the following equation

z_{tt} + Δ^2z + c^2z_t = 0 in (0, T ] × Ω = Q (6.1.1a) z(0, · ) = z_0; z_t(0, · ) = z_1 in Ω (6.1.1b) z|Σ ≡ 0 in (0, T ] × Γ ≡ Σ (6.1.1c) Δz|Σ ≡ u in Σ (6.1.1d)

c ≠ 0, with boundary control u ∈ L_2(Σ). Consistently with optimal regularity results [28], [16], the cost functional which we wish to consider is J(u, z) = ∫_∞ 0 {‖z(t)‖^2_H1_{0 (Ω)} + ‖z_t(t)‖^2_H�1_{(Ω)}}dt (6.1.2)

with initial data {z_0, z_1} ∈ H^1_0 (Ω) × H^{−1}(Ω).

Abstract setting

Let x = [z, z_t], X = H^1_0 (Ω) × H^{−1}(Ω), U = L_2(Γ). Then, to put (7.1.1) – (7.1.2) into the abstract model (1.1.1), (1.1.3), we introduce the operators

Ah ≡ Δ^2h, D(A) = {h ∈ H^4(Ω); h|Γ = Δh|Γ = 0} (6.1.3) A = [ 0 I −A −c^2I ] , Bu = [ 0 AGu ] , F_1 = I, F_2 = F_3 = 0 (6.1.4)

where G is the Green maps defined by

h = Gv ⇐⇒ {Δ^2h = 0; h|_Γ = 0; Δh|_Γ = v} (6.1.5a) G : continuous L_2(Γ) −→ H^{5/2}(Ω). (6.1.5b)

The operator A defined in (7.1.4) is uniformly stable on D(A^{1/4})×[D(A^{1/4})]^′ and hence on X by the equivalence of the two norms. By [13], (−A)^{−1}B ∈ L(U; X). We can show that [15], B^∗e^A �_t [ z_1 z_2 ] = ∂Δϕ(t) ∂ν |Γ_0 z ∈ X (6.1.6a)

where ϕ(t) = ϕ(t; ϕ_0, ϕ_1) solves the corresponding homogeneous problem for [η_1, η_2] ∈ X

ϕ_{tt} + Δ^2ϕ + c^2ϕ_t = 0 in (0, T ] × Ω = Q (6.1.7a) ϕ(0, · ) = ϕ_0; ϕ_t(0, · ) = ϕ_1 in Ω (6.1.7b) ϕ|Σ ≡ 0 in (0, T ] × Γ ≡ Σ (6.1.7c) Δϕ|Σ ≡ 0 in (0, T ] × Γ ≡ Σ (6.1.7d)

with

ϕ_0 ≡ −A^{−1/2}η_2 ∈ D(A^{3/4}) = M; ϕ_1 ≡ η_1 ∈ D(A^{1/4}) = H^1_0 (Ω) (6.1.8)

Hence, an equivalent formulation of assumption (H.2) is the inequality ∫ Σ | ∂Δϕ ∂ν |^2dΣ ≤ C_T ‖[ϕ_0, ϕ_1]‖^2_{M×H}1_{0 (Ω)} (6.1.9)

which is an independent regularity result which indeed holds true for general smooth Ω [15]. Thus, assumptions (H.1) – (H.4) are satisfied [13].

We now verify that the number ρ ≥ 0. To do this, we consider the case when the initial condition α = 0. Then, J(x, u) = ‖Lu‖^2L_2(0, ∞; U) ≥ 0. (6.1.10)

Thus, the number ρ ≥ 0. Hence, we have shown that Theorem 1.2.3 applies to problem (7.1.1) – (7.1.2).

6.2 Damped Kirchoff plate with boundary control in the bending moment

Let Ω be a smooth bounded domain in R^n, n ≤ 3. We consider the Kirchoff plate equation

z_{tt} + Δ^2z − ρΔz_{tt} + c^2z_t = 0 in (0, T ] × Ω = Q (6.2.1a) z(0, · ) = z_0; z_t(0, · ) = z_1 in Ω (6.2.1b) z|Σ ≡ 0, Δz|Σ ≡ u in (0, T ] × Γ ≡ Σ (6.2.1c) c ≠ 0, ρ > 0, with boundary control u ∈ L_2(Σ), and initial data {z_0, z_1} ∈ H^2(Ω) × H^1_0 (Ω). Consistently with optimal regularity theory [29], we take the following cost functional J(u, z) ≡ ∫_∞ 0 {‖z(t)‖^2_H2_{(Ω)} + ‖z_t(t)‖^2_H1_{0 (Ω)}}dt. (6.2.2)

Abstract setting

To put problem (7.2.1) – (7.2.2) into the abstract model (1.1.1), (1.1.3), we introduce the positive self-adjoint operators A = Δ^2h; D(A) = {h ∈ H^4(Ω) : h|Γ = Δh|Γ = 0} (6.2.3) A^{1/2} = −Δh; D(A^{1/2}) = H^2(Ω) × H^1_0 (Ω) (6.2.4) and define the operators A ≡ [ 0 I −A −c^2I ] ; Bu ≡ [ 0 AGu ] ; (6.2.5a)

A = (I + ρA^{1/2})^{−1}A, (6.2.5b)

G is the Green map defined in (7.1.5) and G = −A^{−1/2}D_0, with D_0 defined by h = Dg ⇐⇒ (Δ + c^2)h = 0 in Ω; h|_Γ = g. (6.2.6) By elliptic theory [8] and [27] D : continuous L_2(Γ) −→ H^{1/2}(Ω) ⊂ H^{1/2−2ϵ}(Ω) ≡ D(A^{1/4−ϵ}_D ), ∀ϵ > 0 (6.2.7) where the operator A_D is defined by A_D h = −Δh, D(A_D ) ≡ H^2(Ω) ∩ H^1_0 (Ω). (6.2.8) F_1 = I, F_2 = F_3 = 0. (6.2.9) Let x = [z, z_t] and define the spaces

X = [H^2(Ω) ∩ H^1_0 (Ω)] × H^1_0 (Ω) = D(A^{1/2}) × D(A^{1/4}), U = L_2(Γ). (6.2.10) We can show [13] that for [η_1, η_2] ∈ X, B^∗e^A �_t [ η_1 η_2 ] = ∂Δϕ(t) ∂ν |Γ, z ∈ X (6.2.11)

where ϕ(t) = ϕ(t; ϕ_0, ϕ_1) solves the corresponding homogeneous problem ϕ_{tt} − ρΔϕ_{tt} + Δ^2ϕ + c^2ϕ_t = 0 in (0, T ] × Ω = Q (6.2.12a) ϕ(0, · ) = ϕ_0; ϕ_t(0, · ) = ϕ_1 in Ω (6.2.12b) ϕ|Σ ≡ 0 in (0, T ] × Γ ≡ Σ (6.2.12c) Δϕ|Σ ≡ 0 in (0, T ] × Γ ≡ Σ (6.2.12d) with

ϕ_0 ≡ (I + ρA^{1/2})^{−1}η_2 ∈ D(A^{3/4}); ϕ_1 ≡ (I + ρA^{1/2})^{−1}A^{1/2}η_1 ∈ D(A^{1/2}) (6.2.13) Thus, assumption (H.3) can be rewritten by the inequality ∫ Σ | ∂Δϕ ∂ν |^2dΣ ≤ C_T ‖[ϕ_0, ϕ_1]‖^2_{D(} A^{3/4})×D(A^{1/2})

(6.2.14)

which indeed holds true [13]. By [13], hypotheses (H.1) – (H.4) also hold true.

We now verify that the number ρ ≥ 0. To do this, we consider the case when the initial condition α = 0. Then,

J(x, u) = ‖Lu‖^2L_2(0, ∞; U) (6.2.15)

≥ 0. (6.2.16)

Thus, the number ρ ≥ 0. Hence, we have shown that Theorem 1.2.3 applies to problem (7.2.1) – (7.2.2).

References

[1] V. Barbu. H^∞-Boundary Control with State Feedback; the Hyperbolic Case, Volume # 102 in the Birkhäuser International Series of Numerical Mathematics, 102 (1992), 141-148.

[2] R. Curtain. A synthesis of time and frequency domain methods for the control of infinite-dimensional systems: A system theoretic approach (to appear in the SIAM Frontiers in Applied Mathematics Series)

[3] S. Chen and R. Triggiani. Proof of extension of two conjectures on structural damping for elastic systems: The case 1/2 ≤ α ≤ 1, Pacific J. Mathematics, 136(N1) (1989), 15-55.

[4] R. Datko. Extending a theorem of Lyapunov to Hilbert space, J. Math.

Anal. Appl., 32 (1970), 610-616.

[5] F. Flandoli, I. Lasiecka, and R. Triggiani. Algebraic Riccati equations with non-smoothing observation arising in hyperbolic and Euler-Bernoulli equations, Annali di Matematica Pura et Applic., IV Vol. CLIII (1989), 307-382.

[6] J.L. Lions. Optimal Control of Systems Governed by Partial Differential Equations. New York: Springer-Verlag, 1971.

[7] D.G. Luenberger. Optimization by Vector Space Methods. New York: John Wiley, 1969.

[8] J.L. Lions and E. Magenes. Nonhomogeneous Boundary Value Problems, I, II. New York: Springer-Verlag, 1972.

[9] D. Lukes, I. Lasiecka, and L. Pandolfi. Input dynamics and nonstandard Riccati equations with applications to boundary control of damped wave and plate equations, preprint 1993.

[10] I. Lasiecka and R. Triggiani. Riccati equations arising from systems with unbounded input-solution operator: Applications to boundary control problems for wave and plate problems, J. of Nonlinear Analysis, to appear.

[11] I. Lasiecka and R. Triggiani. Riccati equations for hyperbolic partial differential equations with L_2(0, T ; L_2(Γ))-Dirichlet boundary terms, SIAM J. Control and Optimiz., 24 (1986), 884-924.

[12] I. Lasiecka and R. Triggiani. A lifting theorem for the time regularity of solutions to abstract equations with unbounded operators and applications to hyperbolic equations, Proc. Amer. Math. Soc. 102, 4 (1988), 745-755.

[13] I. Lasiecka and R. Triggiani. Differential and Algebraic Riccati Equations with Application to Boundary/Point Control Problems: Continuous Theory and Approximation Theory, Volume # 164 in the Springer-Verlag Lectures Notes LNCIS series (1991), pp. 160.

[14] I. Lasiecka and R. Triggiani. Monograph for Encyclopedia of Mathematics.

Cambridge: Cambridge University Press, to appear.

[15] I. Lasiecka and R. Triggiani. Regularity theory for a class of nonhomogeneous Euler-Bernoulli equations: A cosine operator approach, Bollett. Unione Mathem. Italiana UMI, 7, 2-B (1989), 199-228.

[16] I. Lasiecka and R. Triggiani. Regularity, exact controllability, and uniform stabilization of Kirchoff plates via only the bending moment, J. Diff. Eqns., to appear.

[17] I. Lasiecka and R. Triggiani. Exact controllability and uniform stabilization of Kirchoff plates with boundary controls only in Δw|_Σ, J. Diff. Eqns., 93 (1991), 62-101. Preliminary version in Semigroup and Evolution Equations, Marcel Dekker Lecture Notes in Pure and Applied Mathematics, 135, 267- 295.

[18] J. Louis and D. Wexler. The Hilbert space regulator problem and operator Riccati equation under stabilizability, Annales de la Societe Scientifique de Bruxelles, T.105, 4 (1991), 137-165.

[19] A.L. Likhtarnikov and V.A. Yakubovich. The frequency theorem for equations of evolutionary type, Siberian Math. Journal, 17(5) (1976), 1069- 1085.

[20] C. McMillan. Equivalent conditions for the solvability of nonstandard and singular LQ-problems with applications to parabolic equations (submitted).

[21] C. McMillan and R. Triggiani. Min-max game theory and algebraic Riccati equations for boundary control problems with continuous input-solution map. Part II: the general case, Appl. Math. and Optimiz., to appear.

[22] C. McMillan and R. Triggiani. Min-max game theory and algebraic Riccati equations for boundary control problems with analytic semigroups. Part II: the General Case, J. Nonlinear Analysis, to appear.

[23] A. Pazy. Semigroups of linear operators and applications to partial differential equations. New York: Springer-Verlag, 1983.

[24] B. van Keulen. A State-Space Approach to H^∞-Control Problems for Infinite-Dimensional Systems, Analysis and optimization of systems: State and frequency domain approaches for infinite-dimensional systems, Proceedings of the 10th International Conference, Sophia-Antipolis, France, June 9-12, 1992, LNCIS, Springer-Verlag, (1993), 46-71.

[25] V.A. Yakubovich. A frequency theorem for the case in which the state and control spaces are Hilbert spaces with an application to some problems in the synthesis of optimal controls I, Siberian Math. Journal, 15 (1974), 457-476.

[26] V.A. Yakubovich. A frequency theorem for the case in which the state and control spaces are Hilbert spaces with an application to some problems in the synthesis of optimal controls II, Siberian Math. Journal, 16(5) (1975), 1081-1102.

[27] P. Grisvard. Characterization de qualques espaces d interpolation, Arch.

Rational Mechanics and Analysis, 25 (1965), 40-63.

[28] J.L. Lions. Exact controllability, stabilization and perturbations, Collection RMA I, II. Paris: Masson, 1988.

[29] I Lasiecka and R. Triggani. Exact controllability and uniform stabilization of Kirchoff plates with boundary controls only in Δw|_Σ, J. Diff. Eqns., 93 (1991), 62-101. Preliminary version in Semigroup and Evolution Equations, Marcel Dekker Lecture Notes in Pure and Applied Mathematics, 135, 267- 295.

Department of Mathematics, Virginia Polytechnic Institute and State University, Blacksburg, VA 24061-0123

Communicated by Karl Kunisch