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Optimality Conditions for Dirichlet Boundary
Control Problems of Parabolic Type*
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Abstract

This paper is devoted to the study of finite horizon optimal con-
trol problems with Dirichlet boundary control. The main difficulty
to overcome is the discontinuity of the trajectories. We prove nec-
essary and sufficient conditions for optimality of trajectory—control
pairs. We formulate the necessary condition in terms of an Hamilto-
nian system for which we show an existence and uniqueness result.
This yields a sufficient condition for optimality.
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1 Introduction

In this paper we study the minimization of the functional

T

J(to, o;7) = / L(s, z(s;to, x0,7), 7(s))ds + ¢(z(T'; to, x0,7)) ,  (1.1)
to

overall trajectory—control pairs {z, v}, which are mild solutions of the infi-

nite dimensional controlled system

{ z'(t) + Az(t) + F(xz(t)) = A By(t) _

z(to) = o (12)

The control space U and the state space X are two real Hilbert spaces. Here
L and ¢ are real-valued smooth function, A : D(4) C X — X is a self-

3
adjoint accretive operator, A? is the 3—fractional power of A, 1 <p <1,
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B is a bounded linear operator, F': X — X is a Lipschitz continuous map
and v : [to,T] — U is a measurable function. In addition if we consider
B = Ds = A'7PD, where D is the Dirichlet map, then system (1.2) is
the abstract version of a parabolic equation that is controlled through a
Dirichlet type boundary condition, see Section 2 for further details.

The main aim of the present paper is to state necessary and sufficient
optimality conditions for boundary control problems (1.1)—(1.2). In the
later years, boundary control problems have been studied by many au-
thors. The Linear Quadratic problem has been extensively treated, see for
instance [5], [19], [20]. As for nonlinear boundary control problems one of
the first case to be studied was the convex problem, see [1], [18], where
it is considered a linear state equation and a convex running cost. As for
general nonlinear boundary control problems, most of the results that are
available in the literature are concerned with necessary optimality condi-
tions, see e.g. [13], [14] and [25]. The Dynamic Programming approach
to nonlinear boundary control problems is more recent and uses viscosity
solutions, see [9], [10] and [11]. We refer to [17] for second order sufficient
conditions for boundary control problems.

In this paper, as it is done in [12] for the Neumann boundary control
problem, the running cost L can be unbounded if we assume a coercivity
condition of the form

I > 0,0 €R : L(t,z,7) > Xo|y|> + A1, Vt € [0,T],y€ U .

We consider the value function associated to the optimal control problem
(1.1)-(1.2)

v(tg,xo) = inf {

T
/ L(87 Z’(S; to, xU)’Y)a ’}/(8))d8 + QS(Z’(T, to, 1'0;7))} .
YR)EU | Ji,
(1.3)
A control 7(+) is said to be optimal if the infimum in the above equation
is attained at 7(-). The presence of the unbounded operator A° acting
on B~ in the state equation, causes, in general, the discontinuity of the
trajectories. In order to avoid this difficulty we follow the reasoning of [12]
to prove a result of existence and boundedness of optimal controls. We

prove more precisely that an optimal control 7 satisfies:

C

=¥~ Y

RIOIRS

for a suitable constant C' > 0 and for ¢ > 0 small (see Proposition 2.5).
This allows us to consider continuous mild solutions of equation (1.2) for
t < T and to prove that the value function enjoys the following regularity
result (see [7] and Proposition 2.7). For every R > 0, € [0, 1) there exists
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a constant Cg o > 0 such that
Ca 1
[o(t2)=0(t,9)] < CralA*(@—y)|  Vial,ly| <R, t€0,T-L]. (15)

Going back to our goal we use the previous results to state necessary con-
ditions for optimality both in the classical version of the Pontryagin Maxi-
mum Principle, see Theorem 3.2, and in the Hamiltonian formulation, see
Theorem 3.6. In the proof of the Maximum Principle we adapt the ap-
proach of [3] and [15]. Their results do not apply to problem (1.2)—(1.1)
since they do not deal with the presence of the unbounded operator A%. As
in [6] for distributed control systems and as in [12] for Neumann boundary
control problems, we derive that the superdifferential of the value function
v along the optimal trajectory Z(-) includes the co-state associated to the
optimal pair (Z(-),7(+)).

We obtain sufficient conditions for optimality adapting the techniques
contained in [12] showing that the Hamiltonian system

o'(t) = —Ax(t) — F(x(t)) — APDyH(t, x(t), A%p(t))

p'(t) = Ap(t) + [DF (x(t))]*p(t) + Do H(t, z(t), APp(t))

with the initial-terminal condition

Z’(t(]) =2y
{Mﬂdeﬂﬂ) (1.6)

has a solution which is an optimal trajectory. In the case when F' = 0, sub-
stituting the initial-terminal condition above with particular initial-initial
condition, we are able to prove that this solution is unique. Therefore, a
stronger sufficient condition holds.

We briefly outline the paper. In §2 we recall the main assumptions on
the data and the basic material on boundary control problems. In this
Section we state some properties of the value function of problem (1.1)—
(1.2). In §3 we derive necessary conditions for optimality through the
Pontryagin Maximum Principle, see Theorem 3.2. Then we formulate its
Hamiltonian version. In §4 we show an existence and uniqueness result for
the Hamiltonian system (1.6) which is a sufficient condition for optimality,
see Theorems 4.1 and 4.2.

2 Preliminaries

We begin by giving some notations. Let Y be a real Hilbert space. For
a < b € R we denote by L?(a,b;Y) the space of all square integrable
functions v : [a,b] — Y. If Q is a subset of another Hilbert space Z,
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then C'(02;Y") will denote the set of all continuous functions f : @ — Y.
For p € [1,+00], LP(9,Y") will denote the set of all functions f : @ —» YV
such that [|f||} is integrable on Q. If ¥ = IR we will write simply C'(£)
and LP(Q). Finally £(Z;Y) will denote the space of all bounded linear
operators T : Z — Y.
Let X be a real Hilbert space with norm |- | and scalar product <
-, > and let U be another real Hilbert space. Let zg € X, T > 0, ty €
[0,T), v € L%(to,T;U) and consider the infinite dimensional controlled
system
{ o' (t) + Ax(t) + F(z(t)) = A°Bry(t)
. (2.1)
ZU(t()) = Xy

In (2.1), A? denotes the fractional powers of the operator A, see [23]. In
the sequel we assume

(i)  A:D(A) C X — X is a closed linear operator
such that A = A* and < Az,z >> w|z|?
for some w > 0 and all z € D(A);

(7¢)  the inclusion D(A) C X is dense and compact ;
(il) F:X > X, |Fz)—F@)| < Kelz—y|, Voyex 22
for some K > 0;
(iv) Be€(3.1);
(v) B € L(U;D(A?)) for some p > 0.
Remark 2.1

(i) We note that (i) and (¢4) imply that —A is the infinitesimal generator
of an analytic semigroup satisfying ||e7*4|| < e™“? for some w > 0
and all ¢ > 0.

(ii) Assumption (4i7) allows us to treat the case of linear continuous per-
turbations of A and the case of Nemitski operators associated to
Lipschitz continuous functions.

(iii) Assumption (iv) is necessary in order to consider Dirichlet parabolic
boundary control problems. In fact it could be enough to take 8 < 1.

(iv) Hypothesis (v) can be replaced by the weaker one:
(v)-bis B e L(U; X).

All the results stated in this paper remain true with simple modifica-
tions. Hypothesis (v) allows us to simplify the exposition. Moreover
it is verified in our motivating example, as we are going to see.
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We recall two useful estimates related to the analyticity of the semigroup
e~tA. For every 6 € [0, 1] there exists a constant My > 0 such that

M,
|Afet4g| < t—jm, Vvt > 0,Vz € X. (2.3)

Moreover, let n € (0,1] and « € (0,7). Then, a well-known interpolation

inequality, see e.g. [23], states that for every o > 0 there exists C, > 0
such that

|A%z| < o|A"z| + Cy|z|, Yz € D(A"). (2.4)

System (2.1) is important in applications since it can be seen as the

abstract formulation of the following. parabolic partial differential equation
controlled by a Dirichlet datum at the boundary

%2(1,6) = Dalt.0) + (a(1,0) i (10,T) x 0
z(to, €) = zo(§) on (2.5)

z(t, &) =(t,6) on (tg,T) x 00

where Q C R" is open and bounded with a smooth boundary 0Q, T >
0, to € [0,T]. Moreover Ag = Z;V:1 % is the Laplace operator, oy €
L2(Q), v € L(ty, T; L*(09)) and f : R — R is Lipschitz continuous. See
[5] for further details.

Going back to equation (2.1), we observe that it makes sense only in

integral form as follows

t t
x(t) = e (t=to) Ay, —/ ef(tfs)AF(m(s))ds + Aﬁ/ e*(t*s)AB’y(s)ds .

to to
(2.6)
We say that x is a mild solution of (2.1) if z € L?(ty,T;X) and it is
a solution of the above integral equation. We denote such a solution by
z(+; to, To, ).
The following proposition studies the regularity properties of the solu-
tion of equation (2.6).

Proposition 2.2 Assume that (2.2) holds. Fiz 0 < to < T and let v :
[to,T] = U. Then for any xo € X there exists a unique solution

x € L?(ty, T; D(A*P*P)) where p is given by (2.2)-(v) (2.7)

such that .
Az Py € C(ty, T; X)), (2.8)
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and
A% Pa(t)] < Colla] + IFO)] + [z ran] — VEE€ [0, T] (29)

for some Cy > 0.
Moreover, if v(-) is bounded

z € C([to, T); X)). (2.10)
Finally, if xo € D(A'P) and ~(-) is bounded, then
z € C([to, T]; D(A 7)), (2.11)

Proof: We sketch the proof for the reader’s convenience. First we focus
our attention on the term

t
g(t) :Aﬁ/ e~ (=304 By (s)ds.
to
By standard arguments (see e.g. [5]) we can show that:
v € L*(ty, T;U) => g € L*(to, T; D(A'77*)) (2.12)
and
v € L™(to,T;U) => g € C([to, T]; D(A*P+r—5)) (2.13)

for small ¢ > 0.
Let (tg,z0) € [0,T] x X and consider the map A : L2(ty,T; X) —
L?(ty,T; X) defined as follows

t t
Az(t) = e~ (t-to) Az, — / e~ =AR(5(s))ds + AB/ e~ (=304 By (s)ds .

to to
(2.14)
Recalling that the map ¢t — e~(t=%)4z; belongs to C([ty,T]; X) and to
L2(ty,T; D(AT)), see [22], by (2.12) and (2.13) we can see that, for small p

A : L3(ty, T; D(Alfﬁﬂ’)) — L2(to, T} D(Al’ﬁﬂ’))

A C([to, T]: X) — C([to, T]; X)) (2.15)
and, if g € D(A'~P), taking £ < p in (2.13)
A : C([to, T); D(A*P)) — C([to, T); D(A'9)). (2.16)

The claims (2.7) (2.10) and (2.11) follow by (2.15), (2.16) and Contraction
Mapping Principle. claim (2.8) follows by setting z(t) = A*Bz(t) and
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applying Contraction Mapping Principle to the equation for z. Finally
estimate (2.9) follows by observing that for some Cy > 0

AF2(0)] < Cillao| + O] + K [ Jas)ds + |45 75(0)

and that, by a standard application of Gronwall inequality

t
|z(s)lds < Cyl|zo| + [F(O)] + CslVL2(t0,1:0)

to

for some Cy,C3 > 0. [ ]

Now let us consider the problem of minimizing the functional

T
J(t[),l’g;’}/) = / L(t,l’(t;to,l’g,’}/),’y(t))dt + ¢($(T;t0,l’0,’7)) (217)

to

over all functions v € L?(ty, T; U) (usually called controls), where the func-
tion x(+;to, Zg,) is the mild solution of (2.1). Here L : [0,T]| x X xU — R
and ¢ : X — IR are assumed to satisfy the following

(1) LeC(0,T]xX xU);

(i)  For some constant Cp, > 0:
|L(t,2,7) = L(t,y, )| < CL(1 +|z[ + |y[)|z — yl,
vt € 0,71,y € U, ||, |yl € X;

(7i1) L(t,x,-) is strictly convex;
Ao >0, €R : L(t,z,7) > M|y + M1
V(t,z) € [0,T]x X, yeU
and L(t,z,7v) — L(t,2,0) > Xo|7* + A1,

(2.18)

(iv) ¢ is bounded from below and VR > 03Cy g > 0:

6(2) — 0u)| < Cy 5l A% 5(zx )]
Vz,y € X such that |[Az=Pz|,|Az7Py| < R.

Remark 2.3

(i) Assumption (ii) allows us to treat the case of quadratic growth with
respect to = of the running cost L. In particular the linear—quadratic
case is included in the above framework.

(ii) The strict convexity and the first inequality in hypothesis (2.18)—(iii)
guarantee the existence and uniqueness of the optimal control, see

7
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Remark 2.4. The second inequality hypothesis (2.18)—(iii) guarantee
an estimate of optimal controls, see Proposition 2.5 which will be cru-
cial in the sequel. Assumption (iii) is needed since v € L%(to, T;U).
If we take v bounded then we can avoid this hypothesis.

(iii) Assumption (2.18)—(iv) is useful in order to have a meaningful ter-
minal cost. In fact if ¢ satisfies (2.18)—(iv) then ¢(z) = (A2 Pz)
for every z € X and a suitable function ¢ Lipschitz continuous on
bounded subsets of X. Note also that (2.18)-(iv) implies that at every
point & where ¢ is differentiable we have (see [7])

D¢(z) € D(AP 7).

We define the value function of problem (2.17)-(2.1) as

v(t)eU

T
’U(to,l‘g) = inf {/ L(t,l’(t;tg,l'g,’}/),’y(t))dt-|-¢($(T;t0,$0,’7))}

to
(2.19)
A control v*(t) € U at which the infimum in (2.19) is attained, is said to
be optimal, in other words if

T
olto, z0) = / L(s,2(s: to, 70,7*), 1 ((8))ds + S (T to, 70,71"))-
to

Remark 2.4 From assumptions (2.2) and (2.18) we derive, for every ¢y €
[0,T] and zp € X the existence and uniqueness of the optimal control for
problem (2.1)—(2.19) (see, e.g. [2]). Moreover the following property holds.
Let R > 0. There exists C;(R) > 0 such that if ¢y € [0,T7], |zo| < R and 7
is the optimal control for J(to,xo;-) then

7l L2 (to, ;) < C1(R). (2.20)
Indeed, by (2.18)-(iii) it follows

T

T
/ MolF(8)Pds + M (T — to) < / L(s,2(s), 7(s))ds

t() tO
so that
T
Xo / (s)2ds < J(to,2037) — B(e(T)) — (T — to) < J(to,20;0) + K
to

for a suitable constant K depending on the lower bound of ¢, see assump-
tion (2.18)-(iv). Finally,

T
J(to,wo;o)ﬁ/ L(t,z(t; to, 0,0),0)dt + ¢(z(T'; to, 0,0))

to

8
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where, by a simple application of Gronwall inequality we have
|2(t; to, @0, 0)| < "7 T [|lzo| + [F(O)(T — 1)),
which yields, by applying (2.18)-(ii) and (iv)
J(to, 705 0) < Ci(|xo]),
which gives the claim.

The following Proposition states the boundedness, on compact subsets
of [to,T), of the optimal control F(+).

Proposition 2.5 Assume (2.2) and (2.18). Then, for any R > 0 there
exists a constant Mg > 0 such that, for any to € [0,T], o € X, with
|zo| < R and any control v € L?(ty, T;U), there exists 5 € L*(to,T;U)
satisfying

(@) J(to,z0;7) < J(to,z0;7)

o Mg (2.21)
(i) ()] < T_tir vt € [to, T)
where p is given in (2.2)—(v).

Proof: We follow the approach of [12].

Let R > 0 and let ¢y € [0,T], |zo| < R and let v € L%(to,T;U). Due
to assumption 2.18-(iii) and Remark 2.4 we can assume, without loss of
generality, that ||v||z2(, 0y < C1(R). Define, for any n € IN,

no={retnt : hol> ]

and

Moreover, let us set
Qf(t) = Qf(t, t07 Zo, ,Y) ) xn(t) = Qf(t, t07 Zo, 'Yn)

Then, denoting by |I,| the Lebesgue measure of I,,, we have

T
J(tﬂyl'[);’yn) = J(tﬂva;V) +/ [L(t)xn(t)v’yn(t)) - L(t>xn(t)>7(t))]dt

to

T
+/ [L(t, (), (1)) = L(E, 2(£),7(£))]dE + [p(xn(T)) — ¢(x(T))]

to

9
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< Tt z037) + M| 1al = Ao / Iy (r)[2dr
I,

T
+C1 / (1+ |oa ()] + (D) |2a () — 2(8)]dt + C1AT (@, (T) = 2(T))],

to
where C' = C¢,max{\A%*%n(T)\,\A%*%(T)\}' Now we use (2.9), (2.20) to see

that C' depends only on ¢, R, so that we can write C' = C~’¢,R. Then by
Schwarz inequality we obtain

T(t0, 20 7m) — J(t0s20:7) < 1] [Tl = Ao / Iy (r)[2dr
I,

+CyplA2 7 (2, (T) — 2(T))|

r :
/(1+Iwn(t)l2+lw(t)l2)dtl [

to

1
2

+2C,

T
/ [n() — w<t>|2dt]

to
(2.22)
Now, recalling (2.6),

|zn(s) — 2(s)|
(2.23)

S

< Kp |z (r) — x(r)|dr + ‘Aﬁ/ e_(s_T)AB’y(T)XIn (r)dr

to to

where y denotes the characteristic function of the set I,,. Let

n(t) = / |z (8) — z(5)|*ds.

to

Then, taking the square of (2.23) and integrating,

0(t) < K {KF /t:n(é’)ds + / ds / Mamob @ ar

, (s—=r)p=p 2
< KKy / n(s)ds + C(T, B, p) / [y () 2dr

to

)

where K is a positive constant. Hence, by Gronwall’s inequality,
n(t) SGKKFTC(T,ﬁ,p)/I [y (r)[Pdr =: 02/1 [y (r)*dr. (2.24)
From (2.6), (2.23), it follows that
A2 (2, (s) — a(s))]
< Kp ftz |zn(r) — x(r)|dr + ‘A% ftz e~=MABN(r) 1, (r)dr

10
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8
so that, by estimating / |z, (r) — x(r)|dr in the same way of 7 we obtain
to

1438 (g () —a(s))| < 03/1 |’y(r)|dr+C4/I : hi)' . (F)dr (2.25)

. )Er
for suitable constants Cs, Cy > 0.
Now we estimate the state z. The same estimate will hold for z,. By

(2.6) it follows

|z(t)] < [|lzo| + |F(0)|(T —to)] + Kp |z(s)|ds + ‘Aﬁ/ e*(tfs)AB’y(s)ds

tg tO

t

Set §(t) = [ |z(s)|*ds. Applying the same technique used to estimate 7(t)
t
we obtain
t
16()] < Cs [vaol2 +[F(0)? +/ |7(8)|2d8} < Cs(R). (2.26)
to

Putting (2.24), (2.25) (2.26) in (2.22) and recalling that ||v|[z1(7,) <
c||vllz2(1,) for some positive constant ¢, we obtain,

J(to, zo;vn) — J(to, To57)

<|>\1||I|—>\0/|7 |dr+C’/ bl dr+08[/ I (r |dr}

(2.27)
Finally, we claim that the right-hand side of (2.27) is negative for suffi-
ciently large n, which will yield the conclusion of the proof. Indeed,

’Il)\()

T25|I"| <0

M= 3o [ R)dr < A1) -

provided n is large enough, say n > n;. Furthermore,

C/ g - )\0/|'7|dr

Iy (r nAo |v(r)]
< _ 7
_07/1,1(T— dr — = i AR e <0

if » > ns. Finally

Cs VI Iv(r)Ier} " %Ao /1 Iy (r)*dr

11
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< (cg - g%) VI |’y(r)|2dr] o

The claim follows and the proof is complete. [ |

Remark 2.6 By Proposition 2.5 it follows that, if 7 is optimal at (¢q,zg) €
[0,T] x X, then, for every (s, () € [to,T] x X we have

z(t;s,¢,7) € C([0,T); X)
and, if (s,() € [to,T] x D(A'~5),
2(t;5,¢,) € C([0,T); D(A7)).

More generally, if v € L%(to,T;U) and (s,() € [to,T] x X, then, at every
t € (s,T], t Lebesgue point of v we have

z(t;s,C, ) € D(AF).

Moreover, A'=Pz is continuous in ¢ and, in particular, ¢ is a Lebesgue point
for z and A*~Pz. Indeed, if t € (s,T]is a Lebesgue point of v we have that
v is bounded on a neighborhood of ¢ so that

t
‘A/ e*(tfr)AB’y(r)dr

t—e
< ‘A/ e~ ARy (r)dr

t
+ ‘A/ e*(t*”)AB'y(r)dr
t—e

My —p ¢ 1=p
< 617,‘,||’Y||L2(tg,T;U) +/t WGSSSUPre[t—s,t]W(T”dT
—€

from which the claim follows by standard arguments.

Let us now recall the definition of some generalized gradients which will
be used in the sequel. Let O be an open subset of X. The superdifferential
of a function w: O — R at a point zp € R is the (possibly empty) set
(@)~ wlao)= <pa-m>

(2.28)
We denote by D*w(zq) the set of all vectors p € X for which there exists
a sequence {z,} of points of O such that

Dtw(xg) = {p € X : limsup d
z—x0 |z — 20l

(i) x, > xpasn— 4oo
(#9)  w is Fréchet differentiable at z,,Vn (2.29)
(1i1) Dw(xn) — p asn — +oo

12
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If the function w is Lipschitz continuous in a neighborhood Ry of zq, then
w is Fréchet differentiable on a dense subset of Ry (see [24]). Hence,
D*w(xy) # 0.

Assuming (2.2) and (2.18) the value function v is Lipschitz continuous
with respect to the negative fractional powers of A. This fact yields a
crucial property of the superdifferential of v (see [7], [9], [11]), which is
stated in the following proposition.

Proposition 2.7 Assume (2.2), (2.18). Then, the value function v defined
in (2.19) is continuous in [0,T] x X. Moreover, for every R > # and
0 € [0,1) there exists a constant Cpr > 0 such that

1
[o(t,z) —v(t,y)| < CyrlA~"(z—y)| Vte[0,T~ b 12l lyl < R. (2.30)

In particular v is sequentially weakly continuous in [0,T) x X and
Dfu(t,z) C D(A?) V8 €10,1) and for oll |[0,T) x X. (2.31)

Proof: Let z,y € X, t € [0,T] and let 7 be optimal for (¢,z). We set
z(-) = x(:;t,%,7) and () = y(t,9,7). Then

U(t, CE) - U(t, y)

T
< /t [L(s,x(s),7(s)) = Ls(y(s), 7(s)] + o(a(T)) — ¢(y(T))

T
< /t Cr(L+ [2(s)] + ly(s))la(s) = y(s)lds + ClA> O (2(T) — y(T))|

(2.32)

where €' = C Now we estimate the state func-

omax{|A2~7a(T)[.|] AT~ y(T)|}"
tion using boundedness of optimal controls. Indeed, recalling (2.6) and
(2.21)

|(s)] < |2| + [F(O(T — 1) + K /t |z(0)|do

s M, M
/ A L do
¢ (

+ s—o)i—r (T—g)%*f’

so that, by Gronwall inequality

jz(s)| < e {|a:| +IFO)(T —t) + %} : (2.33)

Clearly, a similar estimate holds true for y(-).

13
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Now writing  and y in mild form and subtracting we get

z(s) —y(s) = e (@ —y) - /ts e T F (a(s) — F(y(s))]ds.

By (2.3) and Lipschitz continuity of F’
M,
(s — 1)
and by applying Gronwall inequality as in the proof of previous proposition,
Co
(s =)
for constants Co,C3 > 0. Putting estimates (2.33) and (2.34) in (2.32) we

have, for |z|, |y| < R,

v(t,z) —v(t,y)

|(s) —y(s)] < A7z —y)[+ KF /ts (o) = y(o)|do

|(s) —y(s)| <

+ G4z — y)| (2.34)

< ClA™ (= —y)l-

[ (e g [ o] .

+C|A2Pe(T) — y(T)|.

Now we recall that, if |z|, |y| < R then, by (2.9) and Remark 2.4 we have
A% Pa(T)|,| A3 Py(T)| < M(R),

so that C' = C~’¢7R as in the proof of Proposition 2.5. This yields together
with (2.34)

K
0(t,2) = o(t,9) < CLalA™ o = )] + o | ot + Ko 147 = )
(2.36)
which yields (2.30). On the other hand (2.31) can be easily verified arguing
as in [7]. |

Now, by standard arguments, we verify that the value function v satis-
fies an inequality related to the following Hamilton—Jacobi equation

—@(t, x)+ H(t,z, AﬁDIv(t, x))

ot
+ < A" Py 4+ APF(x), A Dyu(t, ) >=0 (2.37)

(T, z) = o(x)
14
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where

H(t,z,p) = sup [~ < By,p > —L(t,z,7)]. (2.38)
yeU

Theorem 2.8 Assume that (2.2) and (2.18) hold true. Then for every
v € C([0,T] x X) we have,

(1) —%—f(t, x) + H(t,z, ABDxcp(t, x))

+ <AV P+ APF (), APD,p(t,z) >< 0
for all (t,z) € [0,T) x D(A*=P) which are mazimum points of
v — @ at which ¢ is differentiable
(ii) limsup[o(T —t,z) — p(e " z)]F =0
tl0 zeXx

where a* = max{a,0}.
(2.39)

Proof: Fix (tg, ) € [0,T)x D(A'~?) and a constant control y(-) = yin U.
Set x(t) = z(t;t9,z0,7). Now suppose that there exists ¢ € C([0,T] x X)
differentiable in (o, zo) such that

v(to, Zo) — ¢(to,20) = max (v — ) > v(t,2(t)) — @(t,z(t)).  (2.40)
By the Dynamic Programming Principle , we have
t
olta,20) £ [ Lls,a(s),7)ds + oft, a(t)
to

Therefore

o(to, o) — p(t,z(t))

_ 1 t
S ’U(to,.’l}o) ’l)(t,.’lf(t)) S / L(S,CE(S),’Y)dS.
t—tp t—tp t—tp to
(2.41)
Since ¢ is differentiable in (¢o, o) we have, by (2.40) and (2.31)
D.p(to, o) € DFv(ty,20) C D(AP), (2.42)
so that
(p(t[),l‘[)) B (p(t,l‘(t))
t—to
0 A B(z(t) —
= _8_(10(750,330)— < APD,p(to, yo), A (a(t) ~20) > +w(t —to).
t t—to
(2.43)

15
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Here, and in the sequel of the proof, we denote by w(-) a function such that
w(r) | 0 asr | 0. Recalling from Proposition 2.2 that if 2y € D(A'~%) and
v(-) = v then = € C([0,T], D(A'=5)), we get

A= B(2(t) —
M = —A'"Pry — ATPF(x0) + By + w(t — to).

— 1o
Substituting the above equality in (2.43) and recalling (2.41) we have

0
— S (to,20)— < APDyplto, 20), —A'Pxg — A F (yo) + By >

S L(to,l‘g,’y) + w(t — t(]).

Therefore 2.39 (i) follows from the definition of the Hamiltonian H, letting
t — to in the above estimate. We still have to prove 2.39 (ii). By definition
of value function we have

T
/ L(s, 2(s),7(s))ds + ¢(m<T>)} ,

T—t

v(T —t,z9) = inf {

y(t)eU

therefore, for any constant control v(-) =«

T

(T —t,20) = dle™ o) < / L(s,@(s), 7)ds + C| A2~ (x(T) — e~ yo),
T—t
(2.44)
where C'is a positive constant depending on |zo|. From (2.6) it follows that
T T
z(T) = e xy —/ e~ (T=9AF(2(s))ds + AB/ e~ (T=9)ABrds.
Tr—t T—t
(2.45)
Substituting (2.45) in (2.44) we have
T
oT = tyzo) — dle™ ) < [ L(s,a()7)ds
T—t
1 T 1 T
+C —Affﬁ/ e T=9AR(2(s))ds + A? e~ T=94Byds| .
Tt Tt
Since L and F are continuous, as t — 0 we conclude that
lim sup [o(T —t,20) — ¢(€7tA$0)]+ <0, (2.46)
tl0 20€EX
which yields the conclusion. [ |

16
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Remark 2.9 The above theorem can be used to define viscosity subsolu-
tions of (2.37). Similarly we can define viscosity supersolutions. Therefore
we can state an existence result for viscosity solutions of equation (2.37).
In order to obtain uniqueness results the definition of viscosity solution has
to be modified, see [11].

3 Necessary Conditions

In this section we derive necessary conditions for the problem of minimizing
J(to,zo;7) overall controls v € L2(to,T;U). Here J is defined in (2.17).
In addition to hypotheses (2.2),(2.18), we will assume that

(1)  F is continuously Fréchet differentiable;

(ii) L is continuously Fréchet differentiable with respect to ; 3.1)

(7i7) ¢ is continuously Fréchet differentiable and
D¢(AP~2.) is continuous on X.

Remark 3.1 Notice that the above assumptions and (2.2)—(2.18) imply
that DF is bounded on X and that |D,L(t,z,v)| < 2C(1+|z|), Vt,z,v €
[0,T] x X xU.

Let v € L2(ty, T;U), z(-) = z(+; to, zo,7) and pr = D(z(T)). We recall

that the co—state associated to the triplet {7, z,pr} is formally defined as
the mild solution to the problem

{ P'(t) = Ap(t) + [DF (x(t))]"p(t) — Do L(t, 2(t),7(t)) , t € [to,T)
p(T) = pr,

(3.2)
which is expressed through the following integral equation

T
p(t) = e~ T=04py 4 / e (T=9A[DF(a(s))]" p(s)ds

T
+/ e~ T=94D, L(s,x(s),v(s))ds.
t

We note that assumption (3.1) (iii) is necessary to have a meaningful ter-
minal datum pr. Now we can state the main result of this section.

Theorem 3.2 Assume (2.2), (2.18), (3.1). Let {7,Z} be an optimal pair
for problem (2.19) — (2.1), with starting point (to,x¢) € [0,T] x X. More-
over, set pr = DH(Z(T')) and let D be the corresponding co—state. Then it
satisfies the co—state inclusion

p(t) € D v(t, (t)) (3.3)

17
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for every t € [to, T| and the Mazimum Principle
— < B(t), A°p(t) > —L(t, %(t),7(t) = H(t,z(t), A°p(t)) (3-4)
for a.e. t € [to,T] Lebesgue point of 7, where

H(t,z,p) = sup[— < By,p > —L(t,z,7)]. (3.5)
yeU

We prove this result using the approach of [4] (see also [3] and [15]). We
begin giving some preliminary results.

Lemma 3.3 Let (to,z0) € [0,T] x X and consider the control problem
(2.1) and (2.19) starting at (to,xo). Let 7(-) be an optimal control for this
problem and define the function W : [tg,T] x X — R

T
W(s,() = / Lir, 2(r; 5, C,7), A(r)dr + §(a(T;5,C,7). (3.6)

Then

(i) ¥¢ € D(AYP), W(-,() is differentiable at every Lebesgue point of 5
m [t[), T]

(ii) Vs € [to, T], W(s,-) is continuously Fréchet differentiable on X .

Proof: We follow the approach of [15]. Let (s,() € [to,T] X X and let
z(t; s,(,7) be the mild solution of

t t
x(t) = ef(tfs)AC — / ef(tfr)AF(m(r))dr + Aﬁ/ e*(t*’")ABi(r)dr )

Then, by the parameter dependent Contraction Mapping Principle (see
[22]), applied to equation (2.14) it follows that z(¢; s, (,7) is Fréchet differ-
entiable with respect to (. Moreover, see e.g. [7], if we set

U(t) =< Dcx(t;s,¢,7),2 > for z e X. (3.7)

Then ¥ satisfies, in integral form, the following

(3.8)

{ U'(t) = —[A+ DF(x(t; 5,(,7)]¥(t)
U(s) ==z '

By classical results, (see [5], [22]), we have that ¥ is the unique mild solution
of (3.8) and
U € C([to, T); X) N L(to, T; D(A?)) N L' (to, T; D(A7)). (3.9)

18
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Moreover, |¥(t)| < M;|z| where M; depends only on 3, T and Kr. Ex-
ploiting (3.8) and setting z(t) = x(t; s,(,7) then we can write, for z € X

< D4W(8, C), z >
T (3.10)
_ / < DoL(r,2(r), 5(r)), ®(r) > dr+ < Dé(x(T)), U(T) >.

Then, by regularity properties of ¥, L and D¢, (see (3.9), by Hypotheses
(2.18), (3.1) and by Remark 3.1 and by estimate (2.33) we obtain

T
| < DW(s,0),2 > | < K / CIT(r)|(1 + () )dr + [B(T)|| < KM,

(3.11)
where K does not depend on z. The above estimate yields the Gateaux
differentiability.

We now prove continuous Fréchet differentiability. Let (,,{y C X and
let ¢, notpo Co. Then, setting

an(t) = z(t;s,6,7),  @o(t) = z(t55,C0,7),
we obtain
[2a(t) = zo(t)] = e "IAC, = Go] - /t e~ IR (2 (r)) — Fwo(r))]dr.
Applying Gronwall inequality we get s
|2 (T) — 2o(T)| < M|Gn = Gol, (3.12)

for some positive M. Now, define ¥, (t) =< D¢x,(t),z > and ¥o(t) =<
D¢xo(t),z >. By equation (3.8) we obtain

[Wn(t) — To(t)] = /t e ""DAIDEF (20 (r))¥o (r) — DF (a(r)) Cu(r)dr
so that, by Gronwall inequality

(1) = Wo(0)] < MyeFr O] [ \DE(o(r)) — DF(ea(r))ldr. (3.13)
Then we recall that, by (3.10), we have

< DCW(‘S’CTL) - DCW(S,C{)),Z >

T
< / [< DIL(T) $n(T),7(T)), \Ijn(r) > = <DIL(T7 :L’O(T),V(T)), \IJU(T) >] dr

+[< Dd(xn(T)), Un(T) > — < D(0(T)), o (T) >].
(3.14)
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Putting estimates (3.12)—(3.13) in (3.14) we prove continuous Fréchet dif-
ferentiability on X.
On the other hand, let ¢ € D(A'~?) and define

y(t;5,¢,7) = A 7a(t;5,¢,7).
Then y satisfies

t t
y(t) = e_(t_s)AC — / e_(t_T)AF(y(r))dr + Aﬁ/ e_(t_")ABW(r)dr .

8
(3.15)
Then, by the parameter dependent Contraction Mapping Principle it fol-
lows that y(t; s, (,7) is differentiable with respect to s. Setting

®(t) = 0sy(t;s,(,7), (3.16)
we find that ® satisfies in mild form

®'(t) = —[A + DF(x(1))|2(t)
{ B(s) = A FC+ APF(C) — By(s) = &, (3.17)

where the initial condition of (3.17) is satisfied for a. e. s € [to,T] (i. e. at
every Lebesgue point of 7). By classical results we have that ® the unique
mild solution of (3.17) and

& € C([to, T); X) N L2(ty, T; D(A%)) N L*(ty, T; D(AP)).

Now we show that the scalar product < D,L(r,z(r),7(r)), AS®(r) > is
integrable. In fact

T T
| < DaLralr) 7)), 4780 > dr < [ €1+ eI A8 ar
Now recalling, from estimate (2.33) , that
S1(9))
z(s <eKFT[ +|FO)|T -t) + —————
) < T I+ IFOIT 0+ 5
and deriving that, for some positive C,

|®s|
(r—s)P
we can conclude the integrability of the term under consideration. There-

fore, from (3.17) and assumption (3.1) it follows that for every ¢ € D(A' %)
the function W (-, () is differentiable at every Lebesgue point of 7 and

|A°®(r)| < C { + 1] ,

T
mwmo=/'<0wmﬂmﬁwwwmm>w
s (3.18)

—L(s,¢,7(s)+ < Dg((T)), A°®(T) >
20
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which yields (i). [ |

The following Corollary is a straightforward consequence of the previous
Lemma and it can be proved arguing as in [3] and [15].

Corollary 3.4 Assume (2.2), (2.18), (3.1) and let ( € D(A'=P). Then,
for every s € [to, T| and for a. e. Lebesgue point t € [s,T| of 7 the function
W is Fréchet differentiable at (t,z(t;s,(,7)) € [s,T] x D(A'=8). Moreover
we have

—0,W (t,z(t))+ < APD, W (t,z(t)), A'Px(t) + A=PF(x(t)) — By(t) >

—L(t,x(t),5(t)) =0
(3.19)
where x(t) = x(t;s,(,7). In addition

W(T,z(T;s,¢,7)) = ¢(«(T;5,¢,7))- (3.20)

Proof: Recall that, by the definition of W in (3.6) we have, for every
te[s,T)

T
W (t,x(t)) :/t L(r,z(r),5(r))dr + ¢(x(T))

where z(r) = z(r;t,z(t),7) = =(r;s,(,7). Then, for h € R sufficiently
small

t+h
W(t+ h,z(t+ h)) — W(t,z(t) = —/t L(r,x(r),5(r))dr

so that, if ¢ is a Lebesgue point of the map » — L(r,z(r),5(r)) (which is
true for every Lebesgue point of 7, see Remark 2.6) we get

lim (W (¢ 4 h, 2(t + ) = W(t2()] = Lt 2(0,7(0). (3.21)
At this point observe that due to the optimality of 7 we have v(tg, z9) =
W (to, o) and also, by Dynamic Programming Principle (see [2]) v(t,Z(t)) =
W (t,Z(t)) for every t € [to,T]. Since v(s,() < W (s,() for every (s,() €
[to,T] x X and W(t,-) is Fréchet differentiable for every ¢ € [to,T] (see
Lemma 3.3 (i7)), then we have, as in (2.42)

D,W € Dfv c D(AP).

Moreover, if ¢ is a Lebesgue point for 7 then x(t) € D(A'~#) (see Remark
2.6). By Lemma 3.3 (4) and (4i), it follows that W (-,z(t)) is differentiable
so that

d
FAO)
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=0, W (t,z(t))+ < APD,W(t,x(t)), —A*Px(t) — A=PF(x(t)) + B(t) >

which gives the claim, together with (3.21). [ |
Proof of Theorem 3.2: For the reader’s convenience we divide the proof
in three steps.

Step I Let (o, 7o) € [0,T] x D(A'=?) be the starting point and let {¥,Z}
be an optimal pair associated to it. We recall that Z(¢t) = x(¢;t0,z0,7)-
Let p € C([to,T]; X) be the mild solution of the co—state equation (3.2)
associated to the optimal pair {7,Z}. We argue as in [15], [3] to show that
p(t) = D, W (t,7(t)).

Take z € D(A), 7 € [to,T] and let ¢ = Z(7) = =(7;to,%0,7). Let
U € C([to,T]; D(A)) be the solution of

{ U'(t) = —[A+ DF(x(t))]¥(t)

B0 = 2. (3.22)

where, we set z(t) = z(t; 7, (,7).
By equation (3.2) we have, for every £ € D(A)
<P'(t),§ >=<p(t), (A + DF(E(t)))§ > — < Do L(t,7(t),7(¢)), £ > -
Now, being ¥ € C([to,T]; D(A)) we get, for every t € [to,T]
<p'(t), ¥(t) >

=< p(t),(A+ DF(Z(t)))¥(t) > — < D, L(¢t,T(t),7(¢)), ¥(t) > .

Hence, recalling that, by uniqueness, z(¢;7,(,7) = Z(t), from (3.22) and
the previous formula we get
0p < p(t), () >=<p'(t), ¥ (t) > + < p(t), ¥'(t) >
(3.23)
=—-< DxL(tvf(t)ai(t))a\I!(t) >.

Now integrating from 7 to T we derive

T
<P(T), U(T) > — < p(r), U(r) >= - / < DLL(t,E(t), 7(1)), U (1) > di

(3.24)
which yields

<p(1),z >= /T < D.L(t,z(t),7(t)), ¥(t) > dt+ < pr, ¥(T) > . (3.25)

On the other hand, by arbitrariness of z € D(A), by density of D(A) in X
and by (3.10), it is easy to see that p(t) = D, W (t,Z(t)).
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Step IT Let T(t) = x(¢;to, xo,7) be the optimal state. By reasoning as in
the proof of the previous Corollary we obtain that v(¢,Z(t)) = W(t,Z(t))
for every t € [to,T] and v(t,() < W(t,() for every (¢,() € [to,T] x X.
Since 29 € D(A'~?) and F(t) is bounded on [0,T) then (see Remark 2.6)
7 € CO([to, T); D(A*~P)) and so for every t € [ty, T') the pairs (¢,Z(t)) belong
to [to, T) x D(A'~F) and are maximum points of v — W, which yields (3.3).
By Corollary 3.4 we can use W as a test function in inequality (2.39) (i)
in Theorem 2.8 since D,W € Dfv C D(A®). Therefore we derive that for
a.e. t € [ty, T

—0,W (t,T(t))+ < APD, W (t,Z(t)), AL 7PZ(t) + A PF(z(t)) >
(3.26)
+H(t,z(t), A D, W (t,%(t))) <O0.

We recall that from (3.19) and from (2.38) for every s € [tp, T] and for a.
e. t such that tg < s <t <T, we have

—0,W (t,T(t))+ < APD, W (t,Z(t)), AL =PZ(t) + A PF(z(t)) >
(3.27)
+H(t,z(t), A D, W (t,%(t))) > 0.

Comparing inequalities (3.27) and (3.26) we obtain

—0,W (t,T(t))+ < APD, W (t,Z(t)), A'=PT(t) + AP F(Z(t)) >
(3.28)
+H(t,%(t), A D, W (t,%(t))) = 0.

Thus, from (3.19) and (3.28) we find
- < AﬁDzW(t)j(t))aBV(t) > _L(t)j(t)>7(t))
= H(t,z(t), A’ D, W (t,%(t))) (3.29)

= sup {— < AD, W (t,%(t)), By > —L(t,T(t),7)} -
yeU

Therefore the maximum principle holds if the starting point (tg,z¢) €
[0,T] x D(A1=5).

Step III Now we show that the maximum principle holds if the start-
ing point (tg,z9) € [0,7] x X. Let J(-) be an optimal control for prob-
lem (2.19)—(2.1) and let Z(t) = z(t;to,20,7) be the corresponding opti-
mal trajectory. Since %(t) € L2(to,T; D(A'~P)), we can find a sequence
tn, — to as n — oo such that Z(t,) = z(t,;te, z0,7) € D(A'7P). Setting
zn(t) = z(t;t,,T(tn),7y) we have, by Dynamic Programming Principle,
that x,, is an optimal trajectory for the problem with the starting point
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(tn,Z(tn)) € [0,T] x D(A*~P). Then, if p, is the mild solution of the
problem

—pp(t) = —[A+ [DF (24 (1))]"]pn(t) + Do L(t, z4(t),7(t))
for ¢t € [t,,T) (3.30)
pu(T) = Dp(xn(T))

by Step I and Step II, p,, satisfies the maximum principle (3.4) for a.e.
t € [tn,T] and the co-state inclusion (3.3) for every t € [t,,T].

Recalling that, by uniqueness, T(t) = x(t;tn, T(tn),7) = xn(t) for every
t € [tn,T], we obtain that, for every n € IN and t € [t,,T], pn(t) = p(t),
where p is the mild solution of equation (3.2). Then p satisfies the maximum
principle (3.4) for a.e. t € [t,,T] and the co—state inclusion (3.3) for every
t € [tn,T]. Since t,, — to the result follows for a.e. t € [to, T. [ |

Remark 3.5 From assumption (2.2), (2.18) and (3.1) H is Gateaux dif-
ferentiable with respect to p. Then by (3.4) and (3.5) for any v € D(AP)
we easily derive

< D H(t,%(t), A°B(t)), APv >= — < BY(t), Av > .

Then we obtain

7(t) = =B*DpH (t,7(t), A”B(t) (3.31)
for a.e. t € [to,T]. The above equation and (3.3) yield the feedback law
7(t) € —B* D, H(t,7(t), A° DF u(t,7(1))) (3.32)

for a.e. ¢t € [to, T

Next, by standard procedure, we reformulate the Pontryagin Maximum
Principle in terms of an Hamiltonian system (see e.g.[6]).

Theorem 3.6 Assume (2.2), (2.18), (3.1). Let {7,Z} be an optimal pair
for problem (2.19)—(2.1), with starting point (to,zo) € [0,T]x X. Moreover
set pr = DP(ZT(T)) and let D be the corresponding co—state. Then H is
Giateauz differentiable with respect to (z,p) at (T(t),p(t)), for a. e. t €
[to, T]. Moreover the pair (Z(t),D(t)) is a mild solution of the Hamiltonian
system

7' (t) = —AT(t) — F(Z(t)) — APD,H (t,%(t), APp(t)) 59
3.33
P(t) = Ap(t) + [DF(T(t)]*p(t) + D, H (t,T(t), A%p(t))
with the initial-terminal condition

{ T(t[)) =2
p(T) = Dg(x(T)) -
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4 Sufficient Conditions

The next result may be directly derived following the same reasonings
contained in [6], Theorem 5.9.

Theorem 4.1 Assume (2.2), (2.18), (3.1). Suppose that for all R > 0,
|D.H(t,z,p) — Do H(t,y,9)| + | DpH(t, 2,p) — DpyH(,y, )l

< Crllz =yl +1p—dl]

for some constant Cr > 0 and all z,y,p,q € X satisfying |z|, |y| < R. Let
(to, o) € [0,T] x X and py € Div(to,zo). Then, the system

o'(t) = —Ax(t) — F(a(t)) — ADpH(t, x(t), Ap(t)) W)
4.1
P'(t) = Ap(t) + [DF (x(t))]*p(t) + Do H(t, x(t), A%p(t))

with the initial-terminal condition

{ :L’(t(]) =2
p(T) = Do(x(T))

has a solution (T, D) such that T is an optimal trajectory for problem (2.19)—
(2.1) corresponding to some control7y. Moreover, P is the co—state associated
to 7 and satisfies P(to) = po-

The above theorem gives, in some sense, a sufficient condition for opti-
mality. This condition would be more useful if one could guarantee unique-
ness of solutions for (4.1). Uniqueness results for problem (4.1) have been
obtained in the linear case, see [16] and in [21], [8]. In the next theorem
we adapt the reasoning of [12] to the present case to show an existence and
uniqueness result for the solution of an Hamiltonian system of kind (4.1).
As in [12], we replace the terminal co—state datum with an initial one. We
consider the case when F' = 0. Set y(t) = A~Px(t) as in (3.15). Then the
Hamiltonian system (4.1) becomes

y'(t) = —Ay(t) — DyH(t, A%y(1), APp(t)) , y(0) =yo = AP zq

p'(t) = Ap(t) + D H(t, APy(t), APp(t)) ,  p(0) = po s
4.2

Theorem 4.2 Assume (2.2), (2.18) and (3.1). Suppose that
|D.H(t,z,p) — Do H(t,y,q)| + | DpH(t, 2,p) — DpH(t,y, q)]
< Lplle —yl+Ip —dll
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for some constant Ly > 0 and all z,y,p,q € X. Let (to,y0) € [0,T] x
D(Az) and py € D*v(to,yo). Then the Hamiltonian system (4.2) has a
unique solution (7, p) such that,p € C([to, T); D(A2))N L2(ty, T; D(A))N
W1’2(t0,T;X).

Proof: The existence part is a straightforward consequence of the previous
Theorem. Without loss of generality we set to = 0. Let (y1(¢),p1(t))
and (y2(t),p=(t)) be two distinct solutions to system (4.2) and consider
§(t) = y1(t) —y2(t) and p(t) = p1(t) — p(t). Then §(t) and j(t) satisfy the
system

{ §'(t) = —Ajj(t) — DpH(t, A%jj(t), A%p(t)) , §(0) =0 wy
4.3
P'(t) = Ap(t) + Do H(t, AP(t), A%p(t)) ,  $(0) =0
where
ng(t) Aﬁgj(t), Aﬁﬁ(t))
= DPH(t) Aﬁyl (t)> Aﬁpl (t)) - DPH(tv Aﬁy2 (t)v Aﬁp2 (t))v
and

D, H(t, A%(t), Ap(t))
= D H(t, APy, (t), APpi(t)) — D H(t, APys(t), APpy(t))
Let § € C'(IR) be a function such that

T
1 0<t< =
- T2

o(t) = and |0'(8)] < %

We set y(t) = 6(t)y(t) and p(t) = 6(¢t)p(t). Then y(¢) and p(t) satisfy the
system

{ y’(t) = _Ay(t) - DPF(tv Aﬁy(t)) Aﬁﬁ(t)) + gz (t) ) y(O) =0 ( )
4.4
P'(t) = Ap(t) + Do H(t, APg(t), AB(t)) + gp(t) . B(0) =0
where
92(t) = 0'(1)5(t) and g,(t) = €' (t)p(¢)
and

D,H(t, APg(t), APB(t)) = 0(t)D, H(t, APj(t), A%p(t))
D H(t, APy(t), A°B(t)) = 0(t) Do H(t, A%(t), A%p(t)).

Now we set
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then z(t) and ¢(t) satisfy the system

2(t) = —Az(t) + k(t — T)2(t) — D H(t, AP2(t), APq(t)) + f.(1) ,
2(0) = 2(T) =
q'(t) = Aq(t) + k(t — T)q(t) + D-H(t, AP 2(t), APq(t)) + f,(t)
4(0) = (T) =
(4.5)
where

k(t—T)2 k(t—=T)2

fo(t) =e” 7 " gu(t) and fo(t) =" 7 gp(t)

and
k(t—T)2

DQH(t) Aﬁz(t)v Aﬁq(t)) =e 2 DPF(t) Aﬁy(t)) Aﬁﬁ(t))

k(t—

D.H(t, A%x(t), A%q(t)) = 5 D, H(t, AP (1), A°B(1)).

Then multiplying the first equation of system (4.5) by z'(¢) and the second
equation by ¢'(t) we get

12O = — < Az(t), 2'(t) > + < k(t — T)z(t), 2'(t) >

— < D H(t,APz(t), APq()), 2'(t) > + < f.(t), 2'(t) >
and

|d'(0)]? =< Aq(t),q'(t) > + < k(t = T)a(t),d'(t) >

+ < D, H(t,AP2(t), APq(t)),q'(t) > + < f,(1),q'(t) > .

The above equalities can be rewritten as

FOP = 5 < A(t), 2(1) > +h(t = TP} — S |=(0)P

— < D H(t, APx(t), A%q(1)), ' (t) > + < fo(1), 2/ (t) >

and

(0P = 5o 1< Aa(D)a(t) > +k(t = T)la()P} ~ & la(t)P

+ < D, H(t,AP2(t), APq(t)),q'(t) > + < f,(t),d'(t) > .

Integrating on [0, T, recalling that z and ¢ vanish at initial and terminal
points, we get

T k
| 020 + 1P
0
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T T
< [ @pde g [ (D HE A0, o) + I£ O
and

T k
| 1@ + SlaoRar
T ! 2 1 T 2 2
< [ WP+ [ 0D A0, A% + 11O

Therefore these estimates yield

T
k/ O + (o) >dtg/0 (7O + £, (0) )t
(4.6)
/ (IDoH (8, AP=(t), Aq(t))F + |D-H(t, A% (t), A%q(t))|?)dt .

0

In [12] the last two terms of the left hand-side of the above inequality are
estimated, using the interpolation inequality (2.4), by the quantity

CllAT2(t)? + |ATq(t)),

1
for some positive constant C'. In this case, since § > 2’ from the interpo-
lation inequality (2.4) it follows for 8 < v < 1 and for any o > 0

k(t—T)2

|DqH(tv Aﬁz(t)a Aﬁq(t)” =e |DPF(tv Aﬁg(t), Aﬁﬁ(t)”

k(t—T)2

<e = 0()|DpH(t, A%yi(t), Api(t)) — Dy H(t, APys(t), A%pa(t))]

k(t—T)2

< Lge™T0(8) [|AP (51 (8) — ()] + |47 (1 (1) — pa(1))]]

al|A%2(t)] + A7 q(t)]]

< Lyo[|A7z(t)] + [A7q(t)]] + LaCo[|2(t)] + |a(t)]]
(4.7)
and
|D.H{(t, A% =(t), A%q(t))|
(4.8)
< Luo(|A7z2(t)] + [A7q(t)]] + LuCo[|2(t)] + |q(t)]]

C

where C, = —1, for some positive constant C'. Notice that from estimates
a

(4.7) and (4.8) it follows

D H(t, A%2(t), A%q(1))|* + | D, H(t, A72(t), APq(t))
(4.9)
<20 Lpo[|A72(t)|* + [A7q(t)*] + 2C2LuCo[|2(t)]* + |a(t)|’]
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for some positive constant Cs. Let 6 be such that 26 — 1 < 8 < 1. Then,
multiplying by A?z(t) the first equation of (4.5) and integrating, we obtain

T o1 T 0
/ |ATz(t)|2dt§kT/ A% 2 (0)]2dt
0 0

- T
+%/0 (|DqH(t,Aﬁz(t),A5q(t))l2+|fz(t)|2)dt+/0 | A% (8)]dt.

Similarly, multiplying by —A%q(t) the second equation of (4.5) and inte-
grating, we obtain

T T
/|A%q(t)|24tng/ 1A% (1) 2dt
0 0

T T
+3 [ DB A0, P00 + 11,0+ [ 1A% (0

Adding the two above inequalities we get

T 6+1 6+1 T [ ]
/0 (A 20 + A q@)P)dt < kT / (1A% 2(0)[2 + | A3 ()]t

+5 [ LDy H(t, A%+(0), APq(0) ! + |D-H(t, AP=(t), A%g(t)) )t
1 T T
= / £ + 1 fo&)P)dt + / (A7 2(0)? + | A%(1) ).
(4.10)
Choosing v = b+1

in (4.9) and applying the interpolation inequality (2.4)
to the first and to the last term of the right hand side of (4.10) it follows

T 1 T
| 108 w140 a0P)ie < +5 [ 1508 +15,0P)
T
+o(kT + LyC + 1)/ (JA 2(8)[2 + | A7 q(t)[*)dt (4.11)

T
+%(kT + LgCy + 1)/ (z(8) ] + |q(t)|*)dt.
0
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1

(kT + LyCs+ 1)
equality we obtain

C
So setting o = 5 , recalling C, = —1, in the above in-
o

T 1 T
| 1m0 + 1000 < +5 [ A5 0F + £,
(4.12)

T
20, (KT + Ly + 1) / (=) + g(t)?)dt.

Substituting estimate (4.9) for o = p in (4.6) and then exploiting (4.12) we
derive

T T
k/ﬂ (l2(®)7 +1g(t)1*)dt < /0 (IF=(OF) + 1 fo (1) ?)dt
T T
+C2LHCp/0 (=) + |Q(t)|2)dt+C2LHP/O (1A 2(8)]” + [A7q(1)[*)dt
T
< Co[LuC, +2C Lygp(kT + LgCs + 1)2]/ (|2 + |g(®))?)dt
0

T
H(CoLup+1) / (L) + | fo(B))dt

(4.13)
1
We set p = T LaCot 1 then C, < C1(kT + LgC> + 1). Therefore,
for T < 30,00, we derive

T T
/0 (= + la(®)P)dt < C(k) / ULOF + £, (4.14)

where
2

]{7(1 — 3LHC102T) — 3LHC1C2(1 + LHC'Q)

is positive for k big enough and C(k) — 0 as k — oc.
From (4.14) directly follows

C(k) =

T 5 T 2
| D OR + 0P < 0®) [T 0 + a0
(4.15)
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On the other hand,

]

T
/ TP (G2 + [p(t)[2)dt > / = (G2 + [B() )t
0 0

> et | (g1 + [B(t)*)dt

(4.16)
and the following holds
T 2
/ T (10, (O + gy (8)]?)dt
0
T 2
- / T2 g () 2(3(0) 2 + 5(0)]2)de
0

(4.17)

< <%> / TR0 + (0

< (%) % /, 3o + )Pt

In conclusion, from (4.15), (4.16) and (4.17) we get

s [T 2z (T
% [T (oo + o Par < o) (%) [ g + Pyt

From the above inequality we obtain
%
[ 00 + 0Py 0 as k- oo
0

and we conclude that |§(t)| = |5(t)] = 0 on [0, £]. Iterating this procedure
we obtain the result on [0,T]. [ |
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