Journal of Mathematical Systems, Estimation, and Control © 1998 Birkhäuser-Boston Vol. 8, No. 1, 1998, pp. 1–34

Optimality Conditions for Dirichlet Boundary Control Problems of Parabolic Type^�

Fausto Gozzi Maria Elisabetta Tessitore

Abstract This paper is devoted to the study of finite horizon optimal control problems with Dirichlet boundary control. The main difficulty to overcome is the discontinuity of the trajectories. We prove necessary and sufficient conditions for optimality of trajectory–control pairs. We formulate the necessary condition in terms of an Hamiltonian system for which we show an existence and uniqueness result. This yields a sufficient condition for optimality.

Key words: Boundary control, parabolic equations, Dirichlet boundary conditions, optimal controls, necessary and sufficient optimality conditions

AMS Subject Classifications: 49K20, 49J20, 49L10, 35K20

1 Introduction

In this paper we study the minimization of the functional

J(t_0, x_0; γ) = ∫_T t0 L(s, x(s; t_0, x_0, γ), γ(s))ds + ϕ(x(T ; t_0, x_0, γ)) , (1.1)

overall trajectory–control pairs {x, γ}, which are mild solutions of the infinite dimensional controlled system { x^′(t) + Ax(t) + F (x(t)) = A^β Bγ(t) x(t_0) = x_0 . (1.2)

The control space U and the state space X are two real Hilbert spaces. Here L and ϕ are real–valued smooth function, A : D(A) ⊂ X → X is a self– adjoint accretive operator, A^β is the β–fractional power of A, 3 4 < β < 1, �Received August 16, 1994; received in final form November 21, 1996. Summary appeared in Volume 8, Number 1, 1998.

F. GOZZI AND M.E. TESSITORE

B is a bounded linear operator, F : X → X is a Lipschitz continuous map and γ : [t_0, T ] → U is a measurable function. In addition if we consider B = D_β = A^{1−β} D, where D is the Dirichlet map, then system (1.2) is the abstract version of a parabolic equation that is controlled through a Dirichlet type boundary condition, see Section 2 for further details.

The main aim of the present paper is to state necessary and sufficient optimality conditions for boundary control problems (1.1)–(1.2). In the later years, boundary control problems have been studied by many authors. The Linear Quadratic problem has been extensively treated, see for instance [5], [19], [20]. As for nonlinear boundary control problems one of the first case to be studied was the convex problem, see [1], [18], where it is considered a linear state equation and a convex running cost. As for general nonlinear boundary control problems, most of the results that are available in the literature are concerned with necessary optimality conditions, see e.g. [13], [14] and [25]. The Dynamic Programming approach to nonlinear boundary control problems is more recent and uses viscosity solutions, see [9], [10] and [11]. We refer to [17] for second order sufficient conditions for boundary control problems.

In this paper, as it is done in [12] for the Neumann boundary control problem, the running cost L can be unbounded if we assume a coercivity condition of the form ∃λ_0 > 0, λ_1 ∈ lR : L(t, x, γ) ≥ λ_0|γ|^2 + λ_1, ∀t ∈ [0, T ], γ ∈ U . We consider the value function associated to the optimal control problem (1.1)–(1.2)

v(t_0, x_0) = inf_{γ(t)∈U} {∫_T t0 L(s, x(s; t_0, x_0, γ), γ(s))ds + ϕ(x(T ; t_0, x_0, γ)) } . (1.3) A control γ(·) is said to be optimal if the infimum in the above equation is attained at γ(·). The presence of the unbounded operator A^β acting on Bγ in the state equation, causes, in general, the discontinuity of the trajectories. In order to avoid this difficulty we follow the reasoning of [12] to prove a result of existence and boundedness of optimal controls. We prove more precisely that an optimal control γ satisfies: |γ(t)| ≤ C (T − t)^12^{−ε}

(1.4)

for a suitable constant C > 0 and for ε > 0 small (see Proposition 2.5). This allows us to consider continuous mild solutions of equation (1.2) for t < T and to prove that the value function enjoys the following regularity result (see [7] and Proposition 2.7). For every R > 0, α ∈ [0, 1) there exists a constant C_{R,α} > 0 such that |v(t, x)−v(t, y)| ≤ C_{R,α}|A^{−α}(x−y)| ∀|x|, |y| ≤ R, t ∈ [0, T − 1 R ]. (1.5)

Going back to our goal we use the previous results to state necessary conditions for optimality both in the classical version of the Pontryagin Maximum Principle, see Theorem 3.2, and in the Hamiltonian formulation, see Theorem 3.6. In the proof of the Maximum Principle we adapt the approach of [3] and [15]. Their results do not apply to problem (1.2)–(1.1) since they do not deal with the presence of the unbounded operator A^β . As in [6] for distributed control systems and as in [12] for Neumann boundary control problems, we derive that the superdifferential of the value function v along the optimal trajectory x(·) includes the co–state associated to the optimal pair (x(·), γ(·)).

We obtain sufficient conditions for optimality adapting the techniques contained in [12] showing that the Hamiltonian system x^′(t) = −Ax(t) − F (x(t)) − A^β D_pH(t, x(t), A^β p(t)) p^′(t) = Ap(t) + [DF (x(t))]^∗p(t) + D_xH(t, x(t), A^β p(t)) with the initial–terminal condition { x(t_0) = x_0 p(T ) = Dϕ(x(T )) (1.6)

has a solution which is an optimal trajectory. In the case when F = 0, substituting the initial–terminal condition above with particular initial–initial condition, we are able to prove that this solution is unique. Therefore, a stronger sufficient condition holds.

We briefly outline the paper. In §2 we recall the main assumptions on the data and the basic material on boundary control problems. In this Section we state some properties of the value function of problem (1.1)– (1.2). In §3 we derive necessary conditions for optimality through the Pontryagin Maximum Principle, see Theorem 3.2. Then we formulate its Hamiltonian version. In §4 we show an existence and uniqueness result for the Hamiltonian system (1.6) which is a sufficient condition for optimality, see Theorems 4.1 and 4.2.

2 Preliminaries

We begin by giving some notations. Let Y be a real Hilbert space. For a < b ∈ lR we denote by L^2(a, b; Y ) the space of all square integrable functions γ : [a, b] → Y . If Ω is a subset of another Hilbert space Z,

F. GOZZI AND M.E. TESSITORE

then C(Ω; Y ) will denote the set of all continuous functions f : Ω → Y . For p ∈ [1, +∞], L^p(Ω, Y ) will denote the set of all functions f : Ω → Y such that ‖f‖^p_Y is integrable on Ω. If Y = lR we will write simply C(Ω) and L^p(Ω). Finally L(Z; Y ) will denote the space of all bounded linear operators T : Z → Y .

Let X be a real Hilbert space with norm | · | and scalar product < ·, · > and let U be another real Hilbert space. Let x_0 ∈ X, T > 0, t_0 ∈ [0, T ), γ ∈ L^2(t_0, T ; U) and consider the infinite dimensional controlled system { x^′(t) + Ax(t) + F (x(t)) = A^β Bγ(t) x(t_0) = x_0

. (2.1)

In (2.1), A^β denotes the fractional powers of the operator A, see [23]. In the sequel we assume

(i) A : D(A) ⊂ X → X is a closed linear operator

such that A = A^∗ and < Ax, x >≥ ω|x|^2 for some ω > 0 and all x ∈ D(A);

(ii) the inclusion D(A) ⊂ X is dense and compact ; (iii) F : X → X , |F (x) − F (y)| ≤ K_F |x − y| , ∀x, y ∈ X for some K_F > 0; (iv) β ∈ (_3 4 , 1 ) ; (v) B ∈ L(U; D(A^ρ)) for some ρ > 0.

(2.2)

Remark 2.1

(i) We note that (i) and (ii) imply that −A is the infinitesimal generator of an analytic semigroup satisfying ||e^{−tA}|| ≤ e^{−ωt} for some ω > 0 and all t ≥ 0.

(ii) Assumption (iii) allows us to treat the case of linear continuous perturbations of A and the case of Nemitski operators associated to Lipschitz continuous functions.

(iii) Assumption (iv) is necessary in order to consider Dirichlet parabolic boundary control problems. In fact it could be enough to take β < 1.

(iv) Hypothesis (v) can be replaced by the weaker one: (v)-bis B ∈ L(U; X). All the results stated in this paper remain true with simple modifications. Hypothesis (v) allows us to simplify the exposition. Moreover it is verified in our motivating example, as we are going to see.

We recall two useful estimates related to the analyticity of the semigroup e^{−tA}. For every θ ∈ [0, 1] there exists a constant M_θ > 0 such that |A^θe^{−tA}x| ≤ M_θ t^θ |x|, ∀t > 0, ∀x ∈ X. (2.3) Moreover, let η ∈ (0, 1] and α ∈ (0, η). Then, a well–known interpolation inequality, see e.g. [23], states that for every σ > 0 there exists C_σ > 0 such that |A^αx| ≤ σ|A^η x| + C_σ |x|, ∀x ∈ D(A^η ). (2.4) System (2.1) is important in applications since it can be seen as the abstract formulation of the following. parabolic partial differential equation controlled by a Dirichlet datum at the boundary ∂x ∂t (t, ξ) = Δ_ξx(t, ξ) + f(x(t, ξ)) in (t_0, T ) × Ω

x(t_0, ξ) = x_0(ξ) on Ω x(t, ξ) = γ(t, ξ) on (t_0, T ) × ∂Ω (2.5)

where Ω ⊂ lR^n is open and bounded with a smooth boundary ∂Ω, T > 0, t_0 ∈ [0, T ]. Moreover Δ_ξ = ∑_N j=1 ∂2x ∂2ξ_j is the Laplace operator, x0 ∈

L^2(Ω), γ ∈ L^2(t_0, T ; L^2(∂Ω)) and f : lR → lR is Lipschitz continuous. See [5] for further details.

Going back to equation (2.1), we observe that it makes sense only in integral form as follows x(t) = e^{−(t−t0)A}x_0 − ∫_t t0 e^{−(t−s)A}F (x(s))ds + A^β ∫_t t0 e^{−(t−s)A}Bγ(s)ds . (2.6) We say that x is a mild solution of (2.1) if x ∈ L^2(t_0, T ; X) and it is a solution of the above integral equation. We denote such a solution by x(·; t_0, x_0, γ).

The following proposition studies the regularity properties of the solution of equation (2.6).

Proposition 2.2 Assume that (2.2) holds. Fix 0 ≤ t_0 < T and let γ : [t_0, T ] → U. Then for any x_0 ∈ X there exists a unique solution

x ∈ L^2(t_0, T ; D(A^{1−β+ρ})) where ρ is given by (2.2)-(v) (2.7)

such that A^{12 −β}x ∈ C(t_0, T ; X)), (2.8)

F. GOZZI AND M.E. TESSITORE and |A^{12 −β} x(t)| ≤ C_0[|x_0| + |F (0)| + ||γ||_L2_{(t0,T ;U)}] ∀t ∈ [t_0, T ] (2.9) for some C_0 > 0.

Moreover, if γ(·) is bounded x ∈ C([t_0, T ]; X)). (2.10) Finally, if x_0 ∈ D(A^{1−β} ) and γ(·) is bounded, then x ∈ C([t_0, T ]; D(A^{1−β} )). (2.11) Proof: We sketch the proof for the reader’s convenience. First we focus our attention on the term g(t) = A^β ∫_t t0 e^{−(t−s)A}Bγ(s)ds. By standard arguments (see e.g. [5]) we can show that: γ ∈ L^2(t_0, T ; U) =⇒ g ∈ L^2(t_0, T ; D(A^{1−β+ρ})) (2.12) and γ ∈ L^∞(t_0, T ; U) =⇒ g ∈ C([t_0, T ]; D(A^{1−β+ρ−ε})) (2.13) for small ε > 0.

Let (t_0, x_0) ∈ [0, T ] × X and consider the map Λ : L^2(t_0, T ; X) → L^2(t_0, T ; X) defined as follows Λx(t) = e^{−(t−t0)A}x_0 − ∫_t t0 e^{−(t−s)A}F (x(s))ds + A^β ∫_t t0 e^{−(t−s)A}Bγ(s)ds . (2.14) Recalling that the map t → e^{−(t−t0)A}x_0 belongs to C([t_0, T ]; X) and to L^2(t_0, T ; D(A^{12} )), see [22], by (2.12) and (2.13) we can see that, for small ρ Λ : L^2(t_0, T ; D(A^{1−β+ρ})) → L^2(t_0, T ; D(A^{1−β+ρ})) Λ : C([t_0, T ]; X) → C([t_0, T ]; X)) (2.15) and, if x_0 ∈ D(A^{1−β} ), taking ε < ρ in (2.13) Λ : C([t_0, T ]; D(A^{1−β} )) → C([t_0, T ]; D(A^{1−β} )). (2.16) The claims (2.7) (2.10) and (2.11) follow by (2.15), (2.16) and Contraction Mapping Principle. claim (2.8) follows by setting z(t) = A^{12 −β} x(t) and applying Contraction Mapping Principle to the equation for z. Finally estimate (2.9) follows by observing that for some C_1 > 0

|A^{12 −β} x(t)| ≤ C_1[|x_0| + |F (0)|] + K_F ∫_t t0 |x(s)|ds + |A^{12 −β} g(t)| and that, by a standard application of Gronwall inequality ∫_t t0 |x(s)|ds ≤ C_2[|x_0| + |F (0)|] + C_3||γ||_L2_{(t0,T ;U)} for some C_2, C_3 > 0.

Now let us consider the problem of minimizing the functional

J(t_0, x_0; γ) = ∫_T t0 L(t, x(t; t_0, x_0, γ), γ(t))dt + ϕ(x(T ; t_0, x_0, γ)) (2.17)

over all functions γ ∈ L^2(t_0, T ; U) (usually called controls), where the function x(·; t_0, x_0, γ) is the mild solution of (2.1). Here L : [0, T ] × X × U → lR and ϕ : X → lR are assumed to satisfy the following (i) L ∈ C([0, T ] × X × U); (ii) For some constant C_L > 0 : |L(t, x, γ) − L(t, y, γ)| ≤ C_L(1 + |x| + |y|)|x − y|, ∀t ∈ [0, T ], γ ∈ U, |x|, |y| ∈ X; (iii) L(t, x, ·) is strictly convex;

∃λ_0 > 0, λ_1 ∈ lR : L(t, x, γ) ≥ λ_0|γ|^2 + λ_1 ∀(t, x) ∈ [0, T ] × X, γ ∈ U and L(t, x, γ) − L(t, x, 0) ≥ λ_0|γ|^2 + λ_1, ; (iv) ϕ is bounded from below and ∀R > 0 ∃C_{ϕ,R} > 0 : |ϕ(x) − ϕ(y)| ≤ C_{ϕ,R}|A^{12 −β}(x − y)|, ∀x, y ∈ X such that |A^{12 −β}x|, |A^{12 −β} y| ≤ R.

(2.18)

Remark 2.3

(i) Assumption (ii) allows us to treat the case of quadratic growth with respect to x of the running cost L. In particular the linear–quadratic case is included in the above framework.

(ii) The strict convexity and the first inequality in hypothesis (2.18)–(iii) guarantee the existence and uniqueness of the optimal control, see

F. GOZZI AND M.E. TESSITORE

Remark 2.4. The second inequality hypothesis (2.18)–(iii) guarantee an estimate of optimal controls, see Proposition 2.5 which will be crucial in the sequel. Assumption (iii) is needed since γ ∈ L^2(t_0, T ; U). If we take γ bounded then we can avoid this hypothesis.

(iii) Assumption (2.18)–(iv) is useful in order to have a meaningful terminal cost. In fact if ϕ satisfies (2.18)–(iv) then ϕ(x) = ψ(A^{12 −β}x) for every x ∈ X and a suitable function ψ Lipschitz continuous on bounded subsets of X. Note also that (2.18)-(iv) implies that at every point x where ϕ is differentiable we have (see [7]) Dϕ(x) ∈ D(A^{β− 12} ). We define the value function of problem (2.17)–(2.1) as

v(t_0, x_0) = inf_{γ(t)∈U} {∫_T t0 L(t, x(t; t_0, x_0, γ), γ(t))dt + ϕ(x(T ; t_0, x_0, γ)) } . (2.19) A control γ^∗(t) ∈ U at which the infimum in (2.19) is attained, is said to be optimal, in other words if

v(t_0, x_0) = ∫_T t0 L(s, x(s; t_0, x_0, γ^∗), γ^∗((s))ds + ϕ(x(T ; t_0, x_0, γ^∗)).

Remark 2.4 From assumptions (2.2) and (2.18) we derive, for every t_0 ∈ [0, T ] and x_0 ∈ X the existence and uniqueness of the optimal control for problem (2.1)–(2.19) (see, e.g. [2]). Moreover the following property holds. Let R > 0. There exists C_1(R) > 0 such that if t_0 ∈ [0, T ], |x_0| ≤ R and γ is the optimal control for J(t_0, x_0; ·) then ‖γ‖_L2_{(t0,T ;U)} ≤ C_1(R). (2.20) Indeed, by (2.18)-(iii) it follows ∫_T t0 λ_0|γ(s)|^2ds + λ_1(T − t_0) ≤ ∫_T t0 L(s, x(s), γ(s))ds so that

λ_0 ∫_T t0 |γ(s)|^2ds ≤ J(t_0, x_0; γ) − ϕ(x(T )) − λ_1(T − t_0) ≤ J(t_0, x_0; 0) + K

for a suitable constant K depending on the lower bound of ϕ, see assumption (2.18)-(iv). Finally,

J(t_0, x_0; 0) ≤ ∫_T t0 L(t, x(t; t_0, x_0, 0), 0)dt + ϕ(x(T ; t_0, x_0, 0)) where, by a simple application of Gronwall inequality we have |x(t; t_0, x_0, 0)| ≤ e^{KF T} [|x_0| + |F (0)|(T − t)], which yields, by applying (2.18)-(ii) and (iv)

J(t_0, x_0; 0) ≤ C_1(|x_0|),

which gives the claim.

The following Proposition states the boundedness, on compact subsets of [t_0, T ), of the optimal control γ(·).

Proposition 2.5 Assume (2.2) and (2.18). Then, for any R > 0 there exists a constant M_R > 0 such that, for any t_0 ∈ [0, T ], x_0 ∈ X, with |x_0| ≤ R and any control γ ∈ L^2(t_0, T ; U), there exists γ ∈ L^2(t_0, T ; U) satisfying (i) J(t_0, x_0; γ) ≤ J(t_0, x_0; γ) (ii) |γ(t)| ≤ M_R (T − t)^12^{−ρ} ∀t ∈ [t_0, T ) (2.21)

where ρ is given in (2.2)–(v).

Proof: We follow the approach of [12].

Let R > 0 and let t_0 ∈ [0, T ], |x_0| ≤ R and let γ ∈ L^2(t_0, T ; U). Due to assumption 2.18-(iii) and Remark 2.4 we can assume, without loss of generality, that ‖γ‖_L2_{(t0,T ;U)} ≤ C_1(R). Define, for any n ∈ lN,

I_n = { t ∈ [t_0, T ] : |γ(t)| > n (T − t)^12^{−ρ} }

and γ_n(t) = { γ(t) if t /∈ I_n 0 if t ∈ I_n. . Moreover, let us set

x(t) = x(t; t_0, x_0, γ) , x_n(t) = x(t; t_0, x_0, γ_n).

Then, denoting by |I_n| the Lebesgue measure of I_n, we have

J(t_0, x_0; γ_n) = J(t_0, x_0; γ) + ∫_T t0 [L(t, x_n(t), γ_n(t)) − L(t, x_n(t), γ(t))]dt

+ ∫_T t0 [L(t, x_n(t), γ(t)) − L(t, x(t), γ(t))]dt + [ϕ(x_n(T )) − ϕ(x(T ))]

F. GOZZI AND M.E. TESSITORE

≤ J(t_0, x_0; γ) + |λ_1| |I_n| − λ_0 ∫ I_n |γ(r)|^2dr +C_L ∫_T t0 (1 + |x_n(t)| + |x(t)|)|x_n(t) − x(t)|dt + C̃|A^{12 −β}(x_n(T ) − x(T ))|, where C̃ = C_{ϕ,max{|A} 1_2 �_{β xn(T )|,|A} 1_2 �_{β x(T )|}}. Now we use (2.9), (2.20) to see that C̃ depends only on ϕ, R, so that we can write C̃ = C̃_{ϕ,R}. Then by Schwarz inequality we obtain

J(t_0, x_0; γ_n) − J(t_0, x_0; γ) ≤ |λ_1| |I_n| − λ_0 ∫ I_n |γ(r)|^2dr

+C̃_{ϕ,R}|A^{12 −β}(x_n(T ) − x(T ))| +2C_L [∫_T t0 (1 + |x_n(t)|^2 + |x(t)|^2)dt

] 1_2 [∫_T t0 |x_n(t) − x(t)|^2dt ] 1_2 . (2.22) Now, recalling (2.6), |x_n(s) − x(s)| ≤ K_F ∫_s t0 |x_n(r) − x(r)|dr + | | |A^β ∫_s t0 e^{−(s−r)A}Bγ(r)χ_{In} (r)dr | | | (2.23)

where χ denotes the characteristic function of the set I_n. Let η(t) = ∫_t t0 |x_n(s) − x(s)|^2ds. Then, taking the square of (2.23) and integrating, η(t) ≤ K { K_F ∫_t t0 η(s)ds + ∫_t t0 ds | | | ∫_s t0 M_{β−ρ}|γ(r)| (s − r)^{β−ρ} χ_{In} (r)dr | | |^2 }

≤ KK_F ∫_t t0 η(s)ds + C(T, β, ρ) ∫ I_n |γ(r)|^2dr where K is a positive constant. Hence, by Gronwall’s inequality, η(t) ≤ e^{KKF T} C(T, β, ρ) ∫ I_n |γ(r)|^2dr =: C_2 ∫ I_n |γ(r)|^2dr. (2.24) From (2.6), (2.23), it follows that |A^{12 −β} (x_n(s) − x(s))| ≤ K_F ∫_s t0 |x_n(r) − x(r)|dr + | |A 1_2 ∫ s_{t0} e_{−(s−r)A}Bγ(r)χ_{In} (r)dr | |

DIRICHLET BOUNDARY CONTROL PROBLEMS

so that, by estimating ∫_s t0 |x_n(r) − x(r)|dr in the same way of η we obtain

|A^{12 −β} (x_n(s)−x(s))| ≤ C_3 ∫ I_n |γ(r)|dr+C_4 ∫ I_n |γ(r)| (s − r)^12^{−ρ} χ_{In} (r)dr (2.25)

for suitable constants C_3, C_4 > 0.

Now we estimate the state x. The same estimate will hold for x_n. By (2.6) it follows |x(t)| ≤ [|x_0| + |F (0)|(T − t_0)] + K_F ∫_t t0 |x(s)|ds + | | | |A^β ∫_t t0 e^{−(t−s)A}Bγ(s)ds | | | |

Set δ(t) = ∫_t t0 |x(s)|^2ds. Applying the same technique used to estimate η(t) we obtain |δ(t)| ≤ C_5 [ |x_0|^2 + |F (0)|^2 + ∫_t t0 |γ(s)|^2ds ] ≤ C_6(R). (2.26)

Putting (2.24), (2.25) (2.26) in (2.22) and recalling that ||γ||_L1_{(In)} ≤ c||γ||_L2_{(In)} for some positive constant c, we obtain,

J(t_0, x_0; γ_n) − J(t_0, x_0; γ)

≤ |λ_1| |I_n| − λ_0 ∫ I_n |γ(r)|^2dr + C_7 ∫ I_n |γ(r)| (T − r)^β dr + C_8 [∫ I_n |γ(r)|^2dr ] 1_2 . (2.27) Finally, we claim that the right–hand side of (2.27) is negative for sufficiently large n, which will yield the conclusion of the proof. Indeed, |λ_1| |I_n| − 1 3 λ_0 ∫ I_n |γ(r)|^2dr ≤ |λ_1| |I_n| − n^2λ_0 3T^{2β} |I_n| < 0 provided n is large enough, say n ≥ n_1. Furthermore,

C_7 ∫ I_n |γ(r)| (T − r)^β dr − 1 3 λ_0 ∫ I_n |γ(r)|^2dr

≤ C_7 ∫ I_n |γ(r)| (T − r)^β dr − nλ_0 3 ∫ I_n |γ(r)| (T − r)^β dr < 0 if n ≥ n_2. Finally

C_8 [∫ I_n |γ(r)|^2dr ] 1_2 − 1 3 λ_0 ∫ I_n |γ(r)|^2dr

F. GOZZI AND M.E. TESSITORE

≤ ( C_8 − nλ_0 3T^β ) [∫ I_n |γ(r)|^2dr ] 1_2 < 0. The claim follows and the proof is complete.

Remark 2.6 By Proposition 2.5 it follows that, if γ is optimal at (t_0, x_0) ∈ [0, T ] × X, then, for every (s, ζ) ∈ [t_0, T ] × X we have x(t; s, ζ, γ) ∈ C([0, T ); X) and, if (s, ζ) ∈ [t_0, T ] × D(A^{1−β} ), x(t; s, ζ, γ) ∈ C([0, T ); D(A^{1−β} )). More generally, if γ ∈ L^2(t_0, T ; U) and (s, ζ) ∈ [t_0, T ] × X, then, at every t ∈ (s, T ], t Lebesgue point of γ we have x(t; s, ζ, γ) ∈ D(A^{1−β} ). Moreover, A^{1−β} x is continuous in t and, in particular, t is a Lebesgue point for x and A^{1−β} x. Indeed, if t ∈ (s, T ] is a Lebesgue point of γ we have that γ is bounded on a neighborhood of t so that | | | |A ∫_t s e^{−(t−r)A}Bγ(r)dr | | | | ≤ | | |A ∫_{t−ε} s e^{−(t−r)A}Bγ(r)dr | | | + | | |A ∫_t t−ε e^{−(t−r)A}Bγ(r)dr | | | ≤ M_1 − ρ ε^{1−ρ} ‖γ‖_L2_{(t0,T ;U)} + ∫_t t−ε M_1 − ρ (t − r)^{1−ρ} esssup_{r∈[t−ε,t]}|γ(r)|dr from which the claim follows by standard arguments.

Let us now recall the definition of some generalized gradients which will be used in the sequel. Let O be an open subset of X. The superdifferential of a function w : O → lR at a point x_0 ∈ R is the (possibly empty) set

D^+w(x_0) = { p ∈ X : lim sup_{x→x0} w(x) − w(x_0)− < p, x − x_0 > |x − x_0| ≤ 0 } . (2.28) We denote by D^∗w(x_0) the set of all vectors p ∈ X for which there exists a sequence {x_n} of points of O such that

(i) x_n → x_0 as n → +∞ (ii) w is Fréchet differentiable at x_n, ∀n (iii) Dw(x_n) ⇀ p as n → +∞ (2.29)

If the function w is Lipschitz continuous in a neighborhood R_0 of x_0, then w is Fréchet differentiable on a dense subset of R_0 (see [24]). Hence, D^∗w(x_0) ≠ ∅. Assuming (2.2) and (2.18) the value function v is Lipschitz continuous with respect to the negative fractional powers of A. This fact yields a crucial property of the superdifferential of v (see [7], [9], [11]), which is stated in the following proposition.

Proposition 2.7 Assume (2.2), (2.18). Then, the value function v defined in (2.19) is continuous in [0, T ] × X. Moreover, for every R >^1_T and θ ∈ [0, 1) there exists a constant C_{θR} > 0 such that |v(t, x) − v(t, y)| ≤ C_{θR}|A^{−θ}(x − y)| ∀t ∈ [0, T − 1 R ], |x|, |y| ≤ R. (2.30) In particular v is sequentially weakly continuous in [0, T ) × X and

D^+_x v(t, x) ⊂ D(A^θ) ∀θ ∈ [0, 1) and for all |[0, T ) × X. (2.31)

Proof: Let x, y ∈ X, t ∈ [0, T ] and let γ be optimal for (t, x). We set x(·) = x(·; t, x, γ) and y(·) = y(·; t, y, γ). Then v(t, x) − v(t, y) ≤ ∫_T t [L(s, x(s), γ(s)) − L(s(y(s), γ(s)] + ϕ(x(T )) − ϕ(y(T ))

≤ ∫_T t C_L(1 + |x(s)| + |y(s)|)|x(s) − y(s)|ds + C̃|A^{12 −β}(x(T ) − y(T ))| (2.32) where C̃ = C_{ϕ,max{|A} 1_2 �_{β x(T )|,|A} 1_2 �_{β y(T )|}}. Now we estimate the state function using boundedness of optimal controls. Indeed, recalling (2.6) and (2.21) |x(s)| ≤ |x| + |F (0)|(T − t) + K_F ∫_s t |x(σ)|dσ + | | | ∫_s t M_β (s − σ)^{β−ρ} M_R (T − σ)^12^{−ρ} dσ | | | so that, by Gronwall inequality |x(s)| ≤ e^{KF T} [ |x| + |F (0)|(T − t) + C_1(R)) (T − s)^12^{−ρ} ] . (2.33)

Clearly, a similar estimate holds true for y(·).

F. GOZZI AND M.E. TESSITORE

Now writing x and y in mild form and subtracting we get x(s) − y(s) = e^{−(s−t)A}(x − y) − ∫_s t e^{−(s−σ)A}[F (x(s)) − F (y(s))]ds. By (2.3) and Lipschitz continuity of F |x(s) − y(s)| ≤ M_α (s − t)^α |A^{−α}(x − y)| + K_F ∫_s t |x(σ) − y(σ)|dσ and by applying Gronwall inequality as in the proof of previous proposition, |x(s) − y(s)| ≤ [ C_2 (s − t)^α + C_3]|A^{−α}(x − y)| (2.34)

for constants C_2, C_3 > 0. Putting estimates (2.33) and (2.34) in (2.32) we have, for |x|, |y| ≤ R, v(t, x) − v(t, y) ≤ C_L|A^{−α}(x − y)|· ∫_T t ( 1 + C_4(R) [ 1 + 1 (T − s)^12^{−ρ} ]) [ C_2 (s − t)^α + C_3 ] ds

+C̃|A^{12 −β}x(T ) − y(T )|.

(2.35)

Now we recall that, if |x|, |y| ≤ R then, by (2.9) and Remark 2.4 we have |A^{12 −β}x(T )|, |A^{12 −β} y(T )| ≤ M(R), so that C̃ = C̃_{ϕ,R} as in the proof of Proposition 2.5. This yields together with (2.34) v(t, x) − v(t, y) ≤ C_{1,R}|A^{−α}(x − y)| + C_{2,R} [ K_1 T − t)^α + K_2 ] |A^{−α}(x − y)| (2.36) which yields (2.30). On the other hand (2.31) can be easily verified arguing as in [7].

Now, by standard arguments, we verify that the value function v satisfies an inequality related to the following Hamilton–Jacobi equation − ∂v ∂t (t, x) + H(t, x, A^β D_xv(t, x)) + < A^{1−β} x + A^{−β} F (x), A^β D_xv(t, x) >= 0 v(T, x) = ϕ(x) (2.37) where H(t, x, p) = sup_{γ∈U} [− < Bγ, p > −L(t, x, γ)] . (2.38) Theorem 2.8 Assume that (2.2) and (2.18) hold true. Then for every φ ∈ C([0, T ] × X) we have, (i) − ∂φ ∂t (t, x) + H(t, x, A^β D_xφ(t, x)) + < A^{1−β} x + A^{−β} F (x), A^β D_xφ(t, x) >≤ 0 for all (t, x) ∈ [0, T ) × D(A^{1−β} ) which are maximum points of v − φ at which φ is differentiable

(ii) lim_{t↓0} sup_{x∈X}[v(T − t, x) − ϕ(e^{−tA}x)]^+ = 0 where a^+ = max{a, 0}. (2.39) Proof: Fix (t_0, x_0) ∈ [0, T )×D(A^{1−β}) and a constant control γ(·) = γ in U. Set x(t) = x(t; t_0, x_0, γ). Now suppose that there exists φ ∈ C([0, T ] × X) differentiable in (t_0, x_0) such that

v(t_0, x_0) − φ(t_0, x_0) = max (v − φ) ≥ v(t, x(t)) − φ(t, x(t)). (2.40) By the Dynamic Programming Principle , we have

v(t_0, x_0) ≤ ∫_t t0 L(s, x(s), γ)ds + v(t, x(t)). Therefore φ(t_0, x_0) − φ(t, x(t)) t − t_0 ≤ v(t_0, x_0) − v(t, x(t)) t − t_0 ≤ 1 t − t_0 ∫_t t0 L(s, x(s), γ)ds. (2.41) Since φ is differentiable in (t_0, x_0) we have, by (2.40) and (2.31) D_xφ(t_0, x_0) ∈ D^+_x v(t_0, x_0) ⊂ D(A^β ), (2.42) so that φ(t_0, x_0) − φ(t, x(t)) t − t_0 = − ∂φ ∂t (t_0, x_0)− < A^β D_xφ(t_0, y_0),

A^{−β} (x(t) − x_0) t − t_0 > +ω(t − t_0). (2.43)

F. GOZZI AND M.E. TESSITORE

Here, and in the sequel of the proof, we denote by ω(·) a function such that ω(r) ↓ 0 as r ↓ 0. Recalling from Proposition 2.2 that if x_0 ∈ D(A^{1−β} ) and γ(·) = γ then x ∈ C([0, T ], D(A^{1−β} )), we get

A^{−β}(x(t) − x_0) t − t_0 = −A^{1−β}x_0 − A^{−β} F (x_0) + Bγ + ω(t − t_0).

Substituting the above equality in (2.43) and recalling (2.41) we have − ∂φ ∂t (t_0, x_0)− < A^β D_xφ(t_0, x_0), −A^{1−β} x_0 − A^{−β} F (y_0) + Bγ >

≤ L(t_0, x_0, γ) + ω(t − t_0).

Therefore 2.39 (i) follows from the definition of the Hamiltonian H, letting t → t_0 in the above estimate. We still have to prove 2.39 (ii). By definition of value function we have v(T − t, x_0) = inf_{γ(t)∈U} {∫_T T −t L(s, x(s), γ(s))ds + ϕ(x(T )) } , therefore, for any constant control γ(·) = γ v(T − t, x_0) − ϕ(e^{−tA}x_0) ≤ ∫_T T −t L(s, x(s), γ)ds + C|A^{12 −β} (x(T ) − e^{−tA}y_0)|, (2.44) where C is a positive constant depending on |x_0|. From (2.6) it follows that x(T ) = e^{−tA}x_0 − ∫_T T −t e^{−(T −s)A}F (x(s))ds + A^β ∫_T T −t e^{−(T −s)A}Bγds. (2.45) Substituting (2.45) in (2.44) we have v(T − t, x_0) − ϕ(e^{−tA}x_0) ≤ ∫_T T −t L(s, x(s), γ)ds

+C | | | | | −A^{12 −β} ∫_T T −t e^{−(T −s)A}F (x(s))ds + A^{12} ∫_T T −t e^{−(T −s)A}Bγds | | | | | . Since L and F are continuous, as t → 0 we conclude that

lim_{t↓0} sup_{x0∈X} [ v(T − t, x_0) − ϕ(e^{−tA}x_0) ]_+

≤ 0, (2.46)

which yields the conclusion.

Remark 2.9 The above theorem can be used to define viscosity subsolutions of (2.37). Similarly we can define viscosity supersolutions. Therefore we can state an existence result for viscosity solutions of equation (2.37). In order to obtain uniqueness results the definition of viscosity solution has to be modified, see [11].

3 Necessary Conditions

In this section we derive necessary conditions for the problem of minimizing J(t_0, x_0; γ) overall controls γ ∈ L^2(t_0, T ; U). Here J is defined in (2.17). In addition to hypotheses (2.2),(2.18), we will assume that

(i) F is continuously Fréchet differentiable;

(ii) L is continuously Fréchet differentiable with respect to x;

(iii) ϕ is continuously Fréchet differentiable and

Dϕ(A^{β− 12} ·) is continuous on X.

(3.1)

Remark 3.1 Notice that the above assumptions and (2.2)–(2.18) imply that DF is bounded on X and that |D_xL(t, x, γ)| ≤ 2C_L(1+|x|), ∀t, x, γ ∈ [0, T ] × X × U. Let γ ∈ L^2(t_0, T ; U), x(·) = x(·; t_0, x_0, γ) and p_T = Dϕ(x(T )). We recall that the co–state associated to the triplet {γ, x, p_T } is formally defined as the mild solution to the problem { p^′(t) = Ap(t) + [DF (x(t))]^∗p(t) − D_xL(t, x(t), γ(t)) , t ∈ [t_0, T ) p(T ) = p_T , (3.2) which is expressed through the following integral equation p(t) = e^{−(T −t)A}p_T + ∫_T t e^{−(T −s)A}[DF (x(s))]^∗p(s)ds

+ ∫_T t e^{−(T −s)A}D_xL(s, x(s), γ(s))ds. We note that assumption (3.1) (iii) is necessary to have a meaningful terminal datum p_T . Now we can state the main result of this section.

Theorem 3.2 Assume (2.2), (2.18), (3.1). Let {γ, x} be an optimal pair for problem (2.19) − (2.1), with starting point (t_0, x_0) ∈ [0, T ] × X. Moreover, set p_T = Dϕ(x(T )) and let p be the corresponding co–state. Then it satisfies the co–state inclusion

p(t) ∈ D^+_x v(t, x(t)) (3.3)

F. GOZZI AND M.E. TESSITORE for every t ∈ [t_0, T ] and the Maximum Principle − < Bγ(t), A^β p(t) > −L(t, x(t), γ(t)) = H(t, x(t), A^β p(t)) (3.4) for a.e. t ∈ [t_0, T ] Lebesgue point of γ, where H(t, x, p) = sup_{γ∈U}[− < Bγ, p > −L(t, x, γ)]. (3.5) We prove this result using the approach of [4] (see also [3] and [15]). We begin giving some preliminary results.

Lemma 3.3 Let (t_0, x_0) ∈ [0, T ] × X and consider the control problem (2.1) and (2.19) starting at (t_0, x_0). Let γ(·) be an optimal control for this problem and define the function W : [t_0, T ] × X → lR W (s, ζ) = ∫_T s L(r, x(r; s, ζ, γ), γ(r))dr + ϕ(x(T ; s, ζ, γ)). (3.6) Then

(i) ∀ζ ∈ D(A^{1−β} ), W (·, ζ) is differentiable at every Lebesgue point of γ in [t_0, T ].

(ii) ∀s ∈ [t_0, T ], W (s, ·) is continuously Fréchet differentiable on X. Proof: We follow the approach of [15]. Let (s, ζ) ∈ [t_0, T ] × X and let x(t; s, ζ, γ) be the mild solution of x(t) = e^{−(t−s)A}ζ − ∫_t s e^{−(t−r)A}F (x(r))dr + A^β ∫_t s e^{−(t−r)A}Bγ(r)dr . Then, by the parameter dependent Contraction Mapping Principle (see [22]), applied to equation (2.14) it follows that x(t; s, ζ, γ) is Fréchet differentiable with respect to ζ. Moreover, see e.g. [7], if we set Ψ(t) =< D_ζ x(t; s, ζ, γ), z > for z ∈ X. (3.7) Then Ψ satisfies, in integral form, the following { Ψ^′(t) = −[A + DF (x(t; s, ζ, γ)]Ψ(t) Ψ(s) = z . (3.8) By classical results, (see [5], [22]), we have that Ψ is the unique mild solution of (3.8) and

Ψ ∈ C([t_0, T ]; X) ∩ L^2(t_0, T ; D(A^{12} )) ∩ L^1(t_0, T ; D(A^β)). (3.9)

Moreover, |Ψ(t)| ≤ M_1|z| where M_1 depends only on β, T and K_F . Exploiting (3.8) and setting x(t) = x(t; s, ζ, γ) then we can write, for z ∈ X < D_ζ W (s, ζ), z > = ∫_T s < D_xL(r, x(r), γ(r)), Ψ(r) > dr+ < Dϕ(x(T )), Ψ(T ) >. (3.10)

Then, by regularity properties of Ψ, L and Dϕ, (see (3.9), by Hypotheses (2.18), (3.1) and by Remark 3.1 and by estimate (2.33) we obtain | < D_ζ W (s, ζ), z > | ≤ K [∫_T s C|Ψ(r)|(1 + |x(r)|)dr + |Ψ(T )| ] ≤ KM_1|z| (3.11) where K does not depend on z. The above estimate yields the Gâteaux differentiability.

We now prove continuous Fréchet differentiability. Let ζ_n, ζ_0 ⊂ X and let ζ_n^{n→+∞}−→ ζ_0. Then, setting x_n(t) = x(t; s, ζ_n, γ), x_0(t) = x(t; s, ζ_0, γ), we obtain [x_n(t) − x_0(t)] = e^{−(t−s)A}[ζ_n − ζ_0] − ∫_t s e^{−(t−r)A}[F (x_n(r)) − F (x_0(r))]dr. Applying Gronwall inequality we get |x_n(T ) − x_0(T )| ≤ M|ζ_n − ζ_0|, (3.12) for some positive M. Now, define Ψ_n(t) =< D_ζ x_n(t), z > and Ψ_0(t) =< D_ζ x_0(t), z >. By equation (3.8) we obtain

[Ψ_n(t) − Ψ_0(t)] = ∫_t s e^{−(t−r)A}[DF (x_0(r))Ψ_0(r) − DF (x_n(r))Ψ_n(r)]dr so that, by Gronwall inequality |Ψ_n(t) − Ψ_0(t)| ≤ M_1e^{KF (t−s)}|z| ∫_t s |DF (x_0(r)) − DF (x_n(r))|dr. (3.13) Then we recall that, by (3.10), we have < D_ζ W (s, ζ_n) − D_ζ W (s, ζ_0), z > ≤ ∫_T s [<D_xL(r, x_n(r), γ(r)), Ψ_n(r)>−<D_xL(r, x_0(r), γ(r)), Ψ_0(r)>] dr + [< Dϕ(x_n(T )), Ψ_n(T ) > − < Dϕ(x_0(T )), Ψ_0(T ) >] . (3.14)

F. GOZZI AND M.E. TESSITORE

Putting estimates (3.12)–(3.13) in (3.14) we prove continuous Fréchet differentiability on X.

On the other hand, let ζ ∈ D(A^{1−β} ) and define y(t; s, ζ, γ) = A^{−β} x(t; s, ζ, γ). Then y satisfies y(t) = e^{−(t−s)A}ζ − ∫_t s e^{−(t−r)A}F (y(r))dr + A^β ∫_t s e^{−(t−r)A}Bγ(r)dr . (3.15) Then, by the parameter dependent Contraction Mapping Principle it follows that y(t; s, ζ, γ) is differentiable with respect to s. Setting Φ(t) = ∂_sy(t; s, ζ, γ), (3.16) we find that Φ satisfies in mild form { Φ^′(t) = −[A + DF (x(t))]Φ(t) Φ(s) = A^{1−β} ζ + A^{−β} F (ζ) − Bγ(s) = Φ_s (3.17) where the initial condition of (3.17) is satisfied for a. e. s ∈ [t_0, T ] (i. e. at every Lebesgue point of γ). By classical results we have that Φ the unique mild solution of (3.17) and

Φ ∈ C([t_0, T ]; X) ∩ L^2(t_0, T ; D(A^{12} )) ∩ L^1(t_0, T ; D(A^β)). Now we show that the scalar product < D_xL(r, x(r), γ(r)), A^β Φ(r) > is integrable. In fact ∫_T s < D_xL(r, x(r), γ(r)), A^β Φ(r) > dr ≤ ∫_T s C(1 + |x(r)|)|A^β Φ(r)|dr. Now recalling, from estimate (2.33) , that |x(s)| ≤ e^{KF T} [ |ζ| + |F (0)|(T − t) + C_1(|ζ|)) (T − s)^12^{−ρ} ]

and deriving that, for some positive C, |A^β Φ(r)| ≤ C [ |Φ_s| (r − s)^β + 1 ] , we can conclude the integrability of the term under consideration. Therefore, from (3.17) and assumption (3.1) it follows that for every ζ ∈ D(A^{1−β} ) the function W (·, ζ) is differentiable at every Lebesgue point of γ and ∂_sW (s, ζ) = ∫_T s < D_xL(r, x(r), γ(r)), A^β Φ(r) > dr −L(s, ζ, γ(s))+ < Dϕ(x(T )), A^β Φ(T ) > (3.18) which yields (i).

The following Corollary is a straightforward consequence of the previous Lemma and it can be proved arguing as in [3] and [15].

Corollary 3.4 Assume (2.2), (2.18), (3.1) and let ζ ∈ D(A^{1−β} ). Then, for every s ∈ [t_0, T ] and for a. e. Lebesgue point t ∈ [s, T ] of γ the function W is Fréchet differentiable at (t, x(t; s, ζ, γ)) ∈ [s, T ] × D(A^{1−β} ). Moreover we have −∂_tW (t, x(t))+ < A^β D_xW (t, x(t)), A^{1−β} x(t) + A^{−β}F (x(t)) − Bγ(t) > −L(t, x(t), γ(t)) = 0 (3.19) where x(t) = x(t; s, ζ, γ). In addition W (T, x(T ; s, ζ, γ)) = ϕ(x(T ; s, ζ, γ)). (3.20) Proof: Recall that, by the definition of W in (3.6) we have, for every t ∈ [s, T ] W (t, x(t)) = ∫_T t L(r, x(r), γ(r))dr + ϕ(x(T )) where x(r) = x(r; t, x(t), γ) = x(r; s, ζ, γ). Then, for h ∈ lR sufficiently small W (t + h, x(t + h)) − W (t, x(t)) = − ∫_{t+h} t L(r, x(r), γ(r))dr so that, if t is a Lebesgue point of the map r → L(r, x(r), γ(r)) (which is true for every Lebesgue point of γ, see Remark 2.6) we get

lim_{h→0} 1 h [W (t + h, x(t + h)) − W (t, x(t))] = L(t, x(t), γ(t)). (3.21) At this point observe that due to the optimality of γ we have v(t_0, x_0) = W (t_0, x_0) and also, by Dynamic Programming Principle (see [2]) v(t, x(t)) = W (t, x(t)) for every t ∈ [t_0, T ]. Since v(s, ζ) < W (s, ζ) for every (s, ζ) ∈ [t_0, T ] × X and W (t, ·) is Fréchet differentiable for every t ∈ [t_0, T ] (see Lemma 3.3 (ii)), then we have, as in (2.42) D_xW ∈ D^+_x v ⊂ D(A^β ). Moreover, if t is a Lebesgue point for γ then x(t) ∈ D(A^{1−β} ) (see Remark 2.6). By Lemma 3.3 (i) and (ii), it follows that W (·, x(t)) is differentiable so that d dt W (t, x(t)) 21

F. GOZZI AND M.E. TESSITORE = ∂_tW (t, x(t))+ < A^β D_xW (t, x(t)), −A^{1−β} x(t) − A^{−β} F (x(t)) + Bγ(t) > which gives the claim, together with (3.21).

Proof of Theorem 3.2: For the reader’s convenience we divide the proof in three steps.

Step I Let (t_0, x_0) ∈ [0, T ] × D(A^{1−β} ) be the starting point and let {γ, x} be an optimal pair associated to it. We recall that x(t) = x(t; t_0, x_0, γ). Let p ∈ C([t_0, T ]; X) be the mild solution of the co–state equation (3.2) associated to the optimal pair {γ, x}. We argue as in [15], [3] to show that p(t) = D_xW (t, x(t)). Take z ∈ D(A), τ ∈ [t_0, T ] and let ζ = x(τ) = x(τ; t_0, x_0, γ). Let Ψ ∈ C([t_0, T ]; D(A)) be the solution of { Ψ^′(t) = −[A + DF (x(t))]Ψ(t) Ψ(τ) = z, (3.22) where, we set x(t) = x(t; τ, ζ, γ).

By equation (3.2) we have, for every ξ ∈ D(A) < p^′(t), ξ >=< p(t), (A + DF (x(t)))ξ > − < D_xL(t, x(t), γ(t)), ξ > . Now, being Ψ ∈ C([t_0, T ]; D(A)) we get, for every t ∈ [t_0, T ] < p^′(t), Ψ(t) > =< p(t), (A + DF (x(t)))Ψ(t) > − < D_xL(t, x(t), γ(t)), Ψ(t) > . Hence, recalling that, by uniqueness, x(t; τ, ζ, γ) = x(t), from (3.22) and the previous formula we get ∂_t < p(t), Ψ(t) >=< p^′(t), Ψ(t) > + < p(t), Ψ^′(t) > = − < D_xL(t, x(t), γ(t)), Ψ(t) >. (3.23)

Now integrating from τ to T we derive < p(T ), Ψ(T ) > − < p(τ), Ψ(τ) >= − ∫_T τ < D_xL(t, x(t), γ(t)), Ψ(t) > dt (3.24) which yields < p(τ), z >= ∫_T τ < D_xL(t, x(t), γ(t)), Ψ(t) > dt+ < p_T , Ψ(T ) > . (3.25) On the other hand, by arbitrariness of z ∈ D(A), by density of D(A) in X and by (3.10), it is easy to see that p(t) = D_xW (t, x(t)).

Step II Let x(t) = x(t; t_0, x_0, γ) be the optimal state. By reasoning as in the proof of the previous Corollary we obtain that v(t, x(t)) = W (t, x(t)) for every t ∈ [t_0, T ] and v(t, ζ) ≤ W (t, ζ) for every (t, ζ) ∈ [t_0, T ] × X. Since x_0 ∈ D(A^{1−β} ) and γ(t) is bounded on [0, T ) then (see Remark 2.6) x ∈ C([t_0, T ); D(A^{1−β})) and so for every t ∈ [t_0, T ) the pairs (t, x(t)) belong to [t_0, T ) × D(A^{1−β}) and are maximum points of v − W , which yields (3.3). By Corollary 3.4 we can use W as a test function in inequality (2.39) (i) in Theorem 2.8 since D_xW ∈ D^+_x v ⊂ D(A^β ). Therefore we derive that for a.e. t ∈ [t_0, T ] −∂_tW (t, x(t))+ < A^β D_xW (t, x(t)), A^{1−β} x(t) + A^{−β} F (x(t)) > +H(t, x(t), A^β D_xW (t, x(t))) ≤ 0. (3.26)

We recall that from (3.19) and from (2.38) for every s ∈ [t_0, T ] and for a. e. t such that t_0 ≤ s ≤ t ≤ T , we have −∂_tW (t, x(t))+ < A^β D_xW (t, x(t)), A^{1−β} x(t) + A^{−β} F (x(t)) > +H(t, x(t), A^β D_xW (t, x(t))) ≥ 0. (3.27)

Comparing inequalities (3.27) and (3.26) we obtain −∂_tW (t, x(t))+ < A^β D_xW (t, x(t)), A^{1−β} x(t) + A^{−β} F (x(t)) > +H(t, x(t), A^β D_xW (t, x(t))) = 0. (3.28)

Thus, from (3.19) and (3.28) we find − < A^β D_xW (t, x(t)), Bγ(t) > −L(t, x(t), γ(t)) = H(t, x(t), A^β D_xW (t, x(t))) = sup_{γ∈U} { − < A^β D_xW (t, x(t)), Bγ > −L(t, x(t), γ) } . (3.29)

Therefore the maximum principle holds if the starting point (t_0, x_0) ∈ [0, T ] × D(A^{1−β} ).

Step III Now we show that the maximum principle holds if the starting point (t_0, x_0) ∈ [0, T ] × X. Let γ(·) be an optimal control for problem (2.19)–(2.1) and let x(t) = x(t; t_0, x_0, γ) be the corresponding optimal trajectory. Since x(t) ∈ L^2(t_0, T ; D(A^{1−β})), we can find a sequence t_n → t_0 as n → ∞ such that x(t_n) = x(t_n; t_0, x_0, γ) ∈ D(A^{1−β} ). Setting x_n(t) = x(t; t_n, x(t_n), γ) we have, by Dynamic Programming Principle, that x_n is an optimal trajectory for the problem with the starting point

F. GOZZI AND M.E. TESSITORE

(t_n, x(t_n)) ∈ [0, T ] × D(A^{1−β} ). Then, if p_n is the mild solution of the problem

−p^′_n(t) = −[A + [DF (x_n(t))]^∗]p_n(t) + D_xL(t, x_n(t), γ(t)) for t ∈ [t_n, T )

p_n(T ) = Dϕ(x_n(T ))

(3.30)

by Step I and Step II, p_n satisfies the maximum principle (3.4) for a.e. t ∈ [t_n, T ] and the co–state inclusion (3.3) for every t ∈ [t_n, T ].

Recalling that, by uniqueness, x(t) = x(t; t_n, x(t_n), γ) = x_n(t) for every t ∈ [t_n, T ], we obtain that, for every n ∈ lN and t ∈ [t_n, T ], p_n(t) = p(t), where p is the mild solution of equation (3.2). Then p satisfies the maximum principle (3.4) for a.e. t ∈ [t_n, T ] and the co–state inclusion (3.3) for every t ∈ [t_n, T ]. Since t_n → t_0 the result follows for a.e. t ∈ [t_0, T ].

Remark 3.5 From assumption (2.2), (2.18) and (3.1) H is Gâteaux differentiable with respect to p. Then by (3.4) and (3.5) for any v ∈ D(A^β ) we easily derive < D_pH(t, x(t), A^β p(t)), A^β v >= − < Bγ(t), A^β v > . Then we obtain γ(t) = −B^∗D_pH(t, x(t), A^β p(t)) (3.31) for a.e. t ∈ [t_0, T ]. The above equation and (3.3) yield the feedback law γ(t) ∈ −B^∗D_pH(t, x(t), A^β D^+_x v(t, x(t))) (3.32) for a.e. t ∈ [t_0, T ].

Next, by standard procedure, we reformulate the Pontryagin Maximum Principle in terms of an Hamiltonian system (see e.g.[6]).

Theorem 3.6 Assume (2.2), (2.18), (3.1). Let {γ, x} be an optimal pair for problem (2.19)−(2.1), with starting point (t_0, x_0) ∈ [0, T ]×X. Moreover set p_T = Dϕ(x(T )) and let p be the corresponding co–state. Then H is Gâteaux differentiable with respect to (x, p) at (x(t), p(t)), for a. e. t ∈ [t_0, T ]. Moreover the pair (x(t), p(t)) is a mild solution of the Hamiltonian system x^′(t) = −Ax(t) − F (x(t)) − A^β D_pH(t, x(t), A^β p(t)) p^′(t) = Ap(t) + [DF (x(t)]^∗p(t) + D_xH(t, x(t), A^β p(t)) (3.33)

with the initial–terminal condition { x(t_0) = x_0 p(T ) = Dϕ(x(T )) .

4 Sufficient Conditions

The next result may be directly derived following the same reasonings contained in [6], Theorem 5.9.

Theorem 4.1 Assume (2.2), (2.18), (3.1). Suppose that for all R > 0, |D_xH(t, x, p) − D_xH(t, y, q)| + |D_pH(t, x, p) − D_pH(t, y, q)| ≤ C_R[|x − y| + |p − q|] for some constant C_R > 0 and all x, y, p, q ∈ X satisfying |x|, |y| ≤ R. Let (t_0, x_0) ∈ [0, T ] × X and p_0 ∈ D^∗_xv(t_0, x_0). Then, the system x^′(t) = −Ax(t) − F (x(t)) − A^β D_pH(t, x(t), A^β p(t)) p^′(t) = Ap(t) + [DF (x(t))]^∗p(t) + D_xH(t, x(t), A^β p(t)) (4.1)

with the initial–terminal condition { x(t_0) = x_0 p(T ) = Dϕ(x(T )) has a solution (x, p) such that x is an optimal trajectory for problem (2.19)− (2.1) corresponding to some control γ. Moreover, p is the co–state associated to γ and satisfies p(t_0) = p_0.

The above theorem gives, in some sense, a sufficient condition for optimality. This condition would be more useful if one could guarantee uniqueness of solutions for (4.1). Uniqueness results for problem (4.1) have been obtained in the linear case, see [16] and in [21], [8]. In the next theorem we adapt the reasoning of [12] to the present case to show an existence and uniqueness result for the solution of an Hamiltonian system of kind (4.1). As in [12], we replace the terminal co–state datum with an initial one. We consider the case when F = 0. Set y(t) = A^{−β}x(t) as in (3.15). Then the Hamiltonian system (4.1) becomes

y^′(t) = −Ay(t) − D_pH(t, A^β y(t), A^β p(t)) , y(0) = y_0 = A^{−β} x_0

p^′(t) = Ap(t) + D_xH(t, A^β y(t), A^β p(t)) , p(0) = p_0 (4.2)

Theorem 4.2 Assume (2.2), (2.18) and (3.1). Suppose that |D_xH(t, x, p) − D_xH(t, y, q)| + |D_pH(t, x, p) − D_pH(t, y, q)| ≤ L_H [|x − y| + |p − q|]

F. GOZZI AND M.E. TESSITORE

for some constant L_H > 0 and all x, y, p, q ∈ X. Let (t_0, y_0) ∈ [0, T ] × D(A^{12} ) and p_0 ∈ D^∗_xv(t_0, y_0). Then the Hamiltonian system (4.2) has a unique solution (y, p) such that y, p ∈ C([t_0, T ]; D(A^{12} )) ∩ L^2(t_0, T ; D(A)) ∩ W^{1,2}(t_0, T ; X).

Proof: The existence part is a straightforward consequence of the previous Theorem. Without loss of generality we set t_0 = 0. Let (y_1(t), p_1(t)) and (y_2(t), p_2(t)) be two distinct solutions to system (4.2) and consider ỹ(t) = y_1(t) − y_2(t) and p̃(t) = p_1(t) − p_2(t). Then ỹ(t) and p̃(t) satisfy the system ỹ^′(t) = −Aỹ(t) − D_pH̃(t, A^βỹ(t), A^βp̃(t)) , ỹ(0) = 0 p̃^′(t) = Ap̃(t) + D_xH̃(t, A^βỹ(t), A^βp̃(t)) , p̃(0) = 0

(4.3)

where D_pH̃(t, A^βỹ(t), A^βp̃(t)) = D_pH(t, A^β y_1(t), A^β p_1(t)) − D_pH(t, A^β y_2(t), A^β p_2(t)), and D_xH̃(t, A^βỹ(t), A^βp̃(t)) = D_xH(t, A^β y_1(t), A^β p_1(t)) − D_xH(t, A^β y_2(t), A^β p_2(t)) Let θ ∈ C^1(lR) be a function such that

θ(t) = 1 0 ≤ t ≤ T 2 0 t = T and |θ^′(t)| ≤ 4 T .

We set y(t) = θ(t)ỹ(t) and p(t) = θ(t)p̃(t). Then y(t) and p(t) satisfy the system y^′(t) = −Ay(t) − D_pH(t, A^β y(t), A^β p(t)) + g_x(t) , y(0) = 0 p^′(t) = Ap(t) + D_xH(t, A^β y(t), A^β p(t)) + g_p(t) , p(0) = 0

(4.4)

where g_x(t) = θ^′(t)ỹ(t) and g_p(t) = θ^′(t)p̃(t) and D_pH(t, A^β y(t), A^β p(t)) = θ(t)D_pH̃(t, A^βỹ(t), A^βp̃(t)) D_xH(t, A^β y(t), A^β p(t)) = θ(t)D_xH̃(t, A^βỹ(t), A^βp̃(t)). Now we set z(t) = e^{k(t} �T )^2_2 y(t) and q(t) = e^{k(t}

�T )^2_2 p(t), then z(t) and q(t) satisfy the system z^′(t) = −Az(t) + k(t − T )z(t) − D_qH(t, A^β z(t), A^β q(t)) + f_z(t) , z(0) = z(T ) = 0 q^′(t) = Aq(t) + k(t − T )q(t) + D_zH(t, A^β z(t), A^βq(t)) + f_q(t) , q(0) = q(T ) = 0 (4.5) where f_z(t) = e^{k(t}

�T )^2_2

g_x(t) and f_q(t) = e^{k(t}

�T )^2_2 g_p(t) and D_qH(t, A^β z(t), A^β q(t)) = e^{k(t} �T )^2_2 D_pH(t, A^β y(t), A^β p(t)) D_zH(t, A^β z(t), A^β q(t)) = e^{k(t} �T )^2_2 D_xH(t, A^β y(t), A^β p(t)). Then multiplying the first equation of system (4.5) by z^′(t) and the second equation by q^′(t) we get |z^′(t)|^2 = − < Az(t), z^′(t) > + < k(t − T )z(t), z^′(t) > − < D_qH(t, A^β z(t), A^β q(t)), z^′(t) > + < f_z(t), z^′(t) > and |q^′(t)|^2 =< Aq(t), q^′(t) > + < k(t − T )q(t), q^′(t) > + < D_zH(t, A^β z(t), A^β q(t)), q^′(t) > + < f_q(t), q^′(t) > . The above equalities can be rewritten as

|z^′(t)|^2 = 1 2 d dt {− < Az(t), z(t) > +k(t − T )|z(t)|^2} − k 2 |z(t)|^2 − < D_qH(t, A^β z(t), A^β q(t)), z^′(t) > + < f_z(t), z^′(t) > and |q^′(t)|^2 = 1 2 d dt {< Aq(t), q(t) > +k(t − T )|q(t)|^2} − k 2 |q(t)|^2 + < D_zH(t, A^β z(t), A^β q(t)), q^′(t) > + < f_q(t), q^′(t) > . Integrating on [0, T ], recalling that z and q vanish at initial and terminal points, we get ∫_T 0 (|z^′(t)|^2 + k 2 |z(t)|^2)dt

F. GOZZI AND M.E. TESSITORE

≤ ∫_T 0 |z^′(t)|^2dt + 1 2 ∫_T 0 (|D_qH(t, A^β z(t), A^β q(t))|^2 + |f_z(t)|^2)dt and ∫_T 0 (|q^′(t)|^2 + k 2 |q(t)|^2)dt ≤ ∫_T 0 |q^′(t)|^2dt + 1 2 ∫_T 0 (|D_zH(t, A^β z(t), A^β q(t))|^2 + |f_q(t)|^2)dt. Therefore these estimates yield k ∫_T 0 (|z(t)|^2 + |q(t)|^2)dt ≤ ∫_T 0 (|f_z (t)|^2 + |f_q(t)|^2)dt

+ ∫_T 0 (|D_qH(t, A^β z(t), A^β q(t))|^2 + |D_zH(t, A^β z(t), A^β q(t))|^2)dt . (4.6)

In [12] the last two terms of the left hand–side of the above inequality are estimated, using the interpolation inequality (2.4), by the quantity C[|A^{12} z(t)|^2 + |A^{12} q(t)|^2],

for some positive constant C. In this case, since β > 1 2 , from the interpolation inequality (2.4) it follows for β < γ ≤ 1 and for any σ > 0 |D_qH(t, A^β z(t), A^β q(t))| = e^{k(t} �T )^2_2 |D_pH(t, A^β y(t), A^β p(t))| ≤ e^{k(t} �T )^2_2

θ(t)|D_pH(t, A^β y_1(t), A^β p_1(t)) − D_pH(t, A^β y_2(t), A^β p_2(t))| ≤ L_H e^{k(t} �T )^2_2 θ(t) [ |A^β (y_1(t) − y_2(t))| + |A^β (p_1(t) − p_2(t))| ]

= L_H [|A^β z(t)| + |A^β q(t)|] ≤ L_H σ[|A^γ z(t)| + |A^γ q(t)|] + L_H C_σ [|z(t)| + |q(t)|] (4.7) and |D_zH(t, A^β z(t), A^βq(t))| ≤ L_H σ[|A^γ z(t)| + |A^γ q(t)|] + L_H C_σ [|z(t)| + |q(t)|] (4.8)

where C_σ =

C_1 σ , for some positive constant C_1. Notice that from estimates (4.7) and (4.8) it follows |D_qH(t, A^β z(t), A^β q(t))|^2 + |D_pH(t, A^β z(t), A^βq(t))|^2 ≤ 2C_2L_H σ[|A^γ z(t)|^2 + |A^γ q(t)|^2] + 2C_2L_H C_σ [|z(t)|^2 + |q(t)|^2]

(4.9) for some positive constant C_2. Let θ be such that 2β − 1 < θ ≤ 1. Then, multiplying by A^θz(t) the first equation of (4.5) and integrating, we obtain ∫_T 0 |A^{θ+12} z(t)|^2dt ≤ kT ∫_T 0 |A^{θ2} z(t)|^2dt

+ 1 2 ∫_T 0 (|D_q H(t, A^β z(t), A^βq(t))|^2 + |f_z(t)|^2)dt + ∫_T 0 |A^θz(t)|^2dt. Similarly, multiplying by −A^θq(t) the second equation of (4.5) and integrating, we obtain ∫_T 0 |A^{θ+12} q(t)|^2dt ≤ kT ∫_T 0 |A^{θ2} q(t)|^2dt

+ 1 2 ∫_T 0 (|D_zH(t, A^β z(t), A^β q(t))|^2 + |f_q(t)|^2)dt + ∫_T 0 |A^θq(t)|^2dt. Adding the two above inequalities we get ∫_T 0 (|A^{θ+12} z(t)|^2 + |A^{θ+12} q(t)|^2)dt ≤ kT ∫_T 0 (|A^{θ2} z(t)|^2 + |A^{θ2} q(t)|^2)dt

+ 1 2 ∫_T 0 (|D_qH(t, A^β z(t), A^β q(t))|^2 + |D_zH(t, A^β z(t), A^βq(t))|^2)dt

+ 1 2 ∫_T 0 (|f_z(t)|^2 + |f_q(t)|^2)dt + ∫_T 0 (|A^θz(t)|^2 + |A^θq(t)|^2)dt. (4.10) Choosing γ = θ + 1 2 in (4.9) and applying the interpolation inequality (2.4) to the first and to the last term of the right hand side of (4.10) it follows ∫_T 0 (|A^γ z(t)|^2 + |A^γ q(t)|^2)dt ≤ + 1 2 ∫_T 0 (|f_z (t)|^2 + |f_q(t)|^2)dt

+σ(kT + L_H C + 1) ∫_T 0 (|A^γ z(t)|^2 + |A^γ q(t)|^2)dt

+ C_σ 2 (kT + L_H C_2 + 1) ∫_T 0 (|z(t)|^2 + |q(t)|^2)dt.

(4.11)

F. GOZZI AND M.E. TESSITORE

So setting σ = 1 2(kT + L_H C_2 + 1)

, recalling C_σ =

C_1 σ , in the above inequality we obtain ∫_T 0 (|A^γ z(t)|^2 + |A^γ q(t)|^2)dt ≤ + 1 2 ∫_T 0 (|f_z (t)|^2 + |f_q(t)|^2)dt

+2C_1(kT + L_H C_2 + 1)^2 ∫_T 0 (|z(t)|^2 + |q(t)|^2)dt. (4.12)

Substituting estimate (4.9) for σ = ρ in (4.6) and then exploiting (4.12) we derive k ∫_T 0 (|z(t)|^2 + |q(t)|^2)dt ≤ ∫_T 0 (|f_z (t)|^2) + |f_q (t)|^2)dt

+C_2L_H C_ρ ∫_T 0 (|z(t)|^2 + |q(t)|^2)dt + C_2L_H ρ ∫_T 0 (|A^γ z(t)|^2 + |A^γ q(t)|^2)dt

≤ C_2[L_H C_ρ + 2C_1L_H ρ(kT + L_H C_2 + 1)^2] ∫_T 0 (|z(t)|^2 + |q(t)|^2)dt

+(C_2L_H ρ + 1) ∫_T 0 (|f_z(t)|^2) + |f_q(t)|^2)dt . (4.13) We set ρ = 1 kT + L_H C_2 + 1

, then C_ρ ≤ C_1(kT + L_H C_2 + 1). Therefore,

for T < 1 3L_H C_1C_2 we derive ∫_T 0 (|z(t)|^2 + |q(t)|^2)dt ≤ C(k) ∫_T 0 (|f_z(t)|^2 + |f_q(t)|^2)dt , (4.14)

where C(k) = 2 k(1 − 3L_H C_1C_2T ) − 3L_H C_1C_2(1 + L_H C_2) is positive for k big enough and C(k) → 0 as k → ∞.

From (4.14) directly follows ∫_T 0 e^{k(t−T )2} (|y(t)|^2 + |p(t)|^2)dt ≤ C(k) ∫_T 0 e^{k(t−T )2} (|g_x(t)|^2 + |g_p(t)|^2)dt . (4.15)

On the other hand, ∫_T 0 e^{k(t−T )2} (|y(t)|^2 + |p(t)|^2)dt ≥ ∫ T_2 0 e^{k(t−T )2} (|ỹ(t)|^2 + |p̃(t)|^2)dt

≥ e^{k T 24} ∫ T_2 0 (|ỹ(t)|^2 + |p̃(t)|^2)dt (4.16) and the following holds ∫_T 0 e^{k(t−T )2} (|g_x(t)|^2 + |g_p(t)|^2)dt

= ∫_T 0 e^{k(t−T )2} |θ^′(t)|^2(|ỹ(t)|^2 + |p̃(t)|^2)dt

≤ ( 4 T )_2 ∫_T T 2 e^{k(t−T )2} (|ỹ(t)|^2 + |p̃(t)|^2)dt

≤ ( 4 T )_2 e^{k T 24} ∫_T T 2 (|ỹ(t)|^2 + |p̃(t)|^2)dt .

(4.17)

In conclusion, from (4.15), (4.16) and (4.17) we get e^{k T 24} ∫ T_2 0 (|ỹ(t)|^2 + |p̃(t)|^2)dt ≤ C(k) ( 4 T )_2 e^{k T 24} ∫_T T 2 (|ỹ(t)|^2 + |p̃(t)|^2)dt . From the above inequality we obtain ∫ T_2 0 (|ỹ(t)|^2 + |p̃(t)|^2)dt → 0 as k → ∞

and we conclude that |ỹ(t)| = |p̃(t)| = 0 on [0,^T_2 ]. Iterating this procedure we obtain the result on [0,T].

Acknowledgements

We thank Professor P. Cannarsa from second University of Rome for suggesting the problem to us.

F. GOZZI AND M.E. TESSITORE

References

[1] V. Barbu, Boundary control problems with convex cost criterion, SIAM J. Control and Optim., 18 (1980), 227–254.

[2] V. Barbu and G. Da Prato. Hamilton-Jacobi Equations in Hilbert Spaces. Boston: Pitman, 1982.

[3] V. Barbu, E.N. Barron and R. Jensen. The necessary conditions for optimal control in Hilbert spaces, J. Math. Anal. Appl., 133 (1988), 151–162.

[4] E.N. Barron and R. Jensen. The Pontryagin maximum principle from the dynamic programming and viscosity solutions to first order partial differential equations, Trans. Amer. Math. Soc., 298 (1986), 635– 641.

[5] A. Bensoussan, G. Da Prato, M.C. Delfour and S.K. Mitter. Representation and Control of Infinite Dimensional Systems. Boston: Birkhäuser, vol. to I, 1992, vol. II, 1993.

[6] P. Cannarsa and H. Frankowska. Value function and optimality conditions for semilinear control problems, Applied Math. Optim., 26 (1992), 139–169.

[7] P. Cannarsa and H. Frankowska. Value function and optimality conditions for semilinear control problems, II: parabolic case, Applied Math. Optim. 33 (1996), 1-33.

[8] P. Cannarsa and F. Gozzi. On the smoothness of the value function along optimal trajectories, IFIP Workshop on Boundary Control and Boundary Variation, Sophia Antipolis (Ottobre 1991); Lecture Notes in Control and Information Sciences, Heidelberg: Springer–Verlag, 1991.

[9] P. Cannarsa, F. Gozzi and H.M. Soner. A dynamic programming approach to nonlinear boundary control problems of parabolic type, J. Funct. Anal. 115 (1993), 25–61.

[10] P. Cannarsa and M.E. Tessitore. Cauchy problem for the dynamic programming equation of boundary control, Proceedings IFIP Workshop on Boundary Control and Boundary Variation. Amsterdam: Marcel Dekker, 1993.

[11] P. Cannarsa and M.E. Tessitore. Infinite dimensional Hamilton–Jacobi equations and Dirichlet boundary control problems of parabolic type, SIAM J. Control Optim., (to appear).

[12] P. Cannarsa and M.E. Tessitore. Optimality conditions for boundary control problems of parabolic type, Proceedings International Conference on Distributed Control System: Nonlinear Problems, International Series of Numerical Mathematics, vol. 118. Basel: Birkhauser Verlag, 1994.

[13] H.O. Fattorini. Boundary control system, SIAM J. Control Optim., 6 (1968), 349–385.

[14] H.O. Fattorini. A unified theory of necessary conditions for nonlinear nonconvex control systems, Appl. Math. Opt., 15 (1987), 141– 185.

[15] H.O. Fattorini and S.S. Sritharan. Necessary and sufficient conditions for optimal controls in viscous flow problems, Proceedings of the Royal Society of Edinburgh, Series A, 124A (1994), 211–251.

[16] A. Favini and A. Venni. On a two–point problem for a system of abstract differential equations, Numer. Funct. Anal. and Optimiz., 2(4) (1980), 301–322.

[17] H. Goldberg and F. Tröltzsch. Second–order sufficient optimality conditions for a class of nonlinear parabolic boundary control problems, SIAM J. Control and Optim., 31(4) (1993), 1007–1025.

[18] V. Iftode. Hamilton–Jacobi equations and boundary convex control problems, Rev. Roumaine Math. Pures Appl., 34(2), (1989), 117–127.

[19] I. Lasiecka and R. Triggiani. Differential and algebraic equations with application to boundary control problems: Continuous theory and approximation theory, Lecture Notes in Control and Information Sciences. New York: Springer–Verlag, 1991, p 164.

[20] J.L. Lions. Optimal Control of Systems Described by Partial Differential Equations. Wiesbaden: Springer–Verlag, 1972.

[21] J.L. Lions and B. Malgrange. Sur l’unicité rétrograde dans les problèmes mixtes paraboliques, Math. Scand. 8 (1960), 277–286.

[22] A. Lunardi. Analytic Semigroups and Optimal Regularity for Parabolic Problems. Basel: Birkhäuser, 1995.

[23] A. Pazy. Semigroups of Linear Operators and Applications to PDE’s.

New York: Springer–Verlag, 1983.

[24] D. Preiss. Differentiability of Lipschitz functions on Banach spaces, J.

Funct. Anal., 91 (1990), 312–345.

F. GOZZI AND M.E. TESSITORE

[25] F. Tröltzsch. On the semigroup approach for the optimal control of semilinear parabolic equations including distributed and boundary control, Zeitschrift für Analysis und ihre Anwendungen Bd., 8 (1989), 431–443.

Dipartimento di Matematica, Università di Pisa Via F. Buonarroti 2, 56127 Pisa, Italy

Dipartimento di Matematica, Università di Roma “La Sapienza”, Piazzale A. Moro 2, 00185 Roma, Italy

Communicated by Hélène Frankowska