Journal of Mathematical Systems, Estimation, and Control © 1988 Birkhäuser-Boston Vol. 8, No. 1, 1988, pp. 1–?

Parameterized Linear Systems in the Behavioral Approach^�

Fabio Fagnani Sandro Zampieri

Abstract In the behavioral approach a dynamical system is essentially determined by a set of trajectories B, which is called behavior. There exist various ways for representing behaviors that are linear and shift-invariant: kernel representations, image representations and latent variable representations. In this paper we deal with families of parametrized linear shift-invariant behaviors and with the problem of representing such families in an efficient way. The representation of parametrized families of behaviors we propose is based on the algebraic properties of a class of rings that are called Jacobson rings. Also in this case parametrized kernel representations, parametrized image representations, and parametrized latent variable representations play an essential role. Finally, algorithms for passing from one representation to another are proposed. This also solves the parametrized latent variable elimination problem.

Key words: parametrized systems, behavioral approach, parametrized kernel and image representations, Jacobson rings, linear systems over rings, controllable systems, latent variable representations

AMS Subject Classifications: 93B25, 93C25, 93C55

1 Introduction

In the behavioral approach to systems theory [15, 16, 17], a dynamical system is defined as a triple Σ = (T, W, B), where T is the time set (in general R or Z), W is the set of signal variables and B ⊆ W^T , called behavior, is a set of time trajectories which describes

�Receives January 12, 1996; accepted January 13, 1997; received in final form March 5, 1997. Summary appeared in Volume 8, Number 1, 1998.

the way the system can interact with the external environment. Typically, B is represented as the solution set of a system of difference or differential equations in the signal variables. In this case B can be described as the kernel of the difference or differential operator associated to the difference or differential equation representing B. Therefore this way of representing the behavior B is called kernel representation.

However, in the modelling procedure it may come naturally, and sometimes even unavoidably, to introduce a set L of auxiliary variables, and to describe the behavior through a system of difference or differential equations involving both the variables in W and in L. Variables in L are usually called latent and the corresponding descriptions, latent variable representations [17, 20]. A special latent variable representation of independent interest is the image representation which corresponds to the situation when B is described as the image of a difference or differential operator acting on l-valued time functions. This type of representation provides an efficient way to parameterize the trajectories of a system and is, therefore, a useful instrument for simulation purpose. It can be seen, moreover, that image representations are more suitable for solving control problems [18, 19]. On the other hand, kernel representations are obviously very useful if we want to check whether an observed trajectory is in the behavior B and so in any fault detection process. It can be seen, moreover, that also in filtering kernel representations, latent variable representation and their relations play an essential role.

A basic problem, of evident theoretical and practical importance, is to study which systems admit such representations and how these different descriptions of a system are related to each other. When we restrict our attention to representations that are based on linear and constant coefficient difference or differential operators, this problem is completely understood. More precisely, let k be any field and let σ denote the backward shift operator on any of the spaces of bi-infinite sequences (k^r)Z. Every polynomial matrix ϕ ∈ k[u, u^{−1}]^{g×q} ϕ = n∑ i=m ϕ_iu^i, ϕ_i ∈ k^{g×q} naturally induces an operator

ϕ(σ, σ^{−1}) : (k^q )Z → (k^g )Z, (1.1) ϕ(σ, σ^{−1})w := n∑ i=m ϕ_i(σ^iw). The operators defined in this way are linear shift-invariant (namely, ϕ∘σ = σ ∘ ϕ) and are called shift operators.

One of the main results proved in [16] is that the class of systems admitting kernel representations through shift operators coincides with the class of systems having T = Z, W = k^q and the behavior B which is a linear shift-invariant and closed (with respect to the pointwise convergence topology: see Section 2) subspace of W^T . In other words, given a system Σ = (Z, k^q, B), where the behavior B is linear shift-invariant and closed, there exists a polynomial matrix ϕ ∈ k[u, u^{−1}]^{g×q} such that

B = ker ϕ(σ, σ^{−1}).

These systems are called linear autoregressive (AR) systems. Among all possible kernel representations of a given behavior B, we call minimal the ones which attain the minimum number of rows g in ϕ (and this happens if and only if the corresponding shift operator is onto).

It can be shown that the class of systems admitting image representations is strictly smaller than the class of systems admitting kernel representations. Indeed, [15, 16] on one hand, it can be seen that images of shift operators can always be expressed as kernels. On the other hand, the behavior B of an AR system can be expressed as the image of a shift operator B = im ψ(σ, σ^{−1})

if and only if it is controllable (see Section 2). Moreover, in this case the shift operator can be chosen to be injective: such image representations are called observable and are of evident importance.

The latent variable representation generalizes both the concepts of kernel and image representations presented above. In this case a latent variable representation is defined as follows: suppose we have polynomial matrices η ∈ k[u, u^{−1}]^{r×q} and ψ ∈ k[u, u^{−1}]^{r×p} and consider the difference equation η(σ, σ^{−1})w = ψ(σ, σ^{−1})l. (1.2) This difference equation describes an AR system with signal space k^q × k^p. However, we can also consider the system Σ = (Z, k^q, B), where

B := {w ∈ (k^q )Z | ∃l ∈ (k^p)Z, (w, l) satisfies (1.2)}.

The difference equation (1.2) is thus a latent variable representation of B. The most relevant example of latent variable representation is the state space representation. A basic result in [15, 16] is that Σ defined in this way is an AR system. Namely, there exists ϕ ∈ k[u, u^{−1}]^{g×q} such that B = ker ϕ(σ, σ^{−1}). The problem of obtaining a kernel representation from a latent variable representation is called latent variable elimination.

Another important problem solved in [15, 16] is how to obtain concretely one representation from another one. More specifically, given a kernel representation of B, B = ker ϕ(σ, σ^{−1}), there exists an efficient algorithm, based on the Smith canonical form, that allows us to check whether B is controllable and, if this is the case, allows us to obtain an observable image representation of B. Conversely, given an image representation B = im ϕ(σ, σ^{−1}), still computing the Smith canonical form of ϕ, a minimal kernel representation of B can be obtained. Observe that the problem of obtaining kernel representations from image representations is a particular case of the latent variable elimination. However, once we know how to pass from image representations to kernel representations, the general latent variable elimination problem can be solved easily. Actually, given a latent variable representation (1.2) of B, if ϕ is such that im ψ(σ, σ^{−1}) = ker ϕ(σ, σ^{−1}), then it follows easily that B = ker(ϕη)(σ, σ^{−1}).

The problems we address in this paper are the natural extension of the above ones for parameterized families of linear systems which we now introduce. For the sake of simplicity of notation, we will drop the more precise system notation as a triple, and we will simply consider behaviors. Behaviors coming from AR systems will be simply called linear or k-behaviors.

Let X be a set and let k be a field. Consider a subalgebra R of the algebra k^X of all the maps from X to k. Let ϕ ∈ R[u, u^{−1}]^{g×q} . Given x ∈ X, denote by ϕ_x ∈ k[u, u^{−1}]^{g×q} the polynomial matrix obtained by evaluating at x all the coefficients of ϕ. For every x ∈ X we can consider the linear behavior ker ϕ_x(σ, σ^{−1}). (1.3)

This will be called an R-family of k-kernels. Similarly, we can consider

im ϕ_x(σ, σ^{−1}) (1.4)

which instead will be called an R-family of k-images. Generally, (1.3) and (1.4) will be called R-families of k-behaviors.

The first question we address is to find the conditions under which an R-family of k-kernels is also representable as an R-family of k-images and vice versa. If R = k^X , the problem is trivial: it follows from previous considerations that a family of k-images is always a family of k-kernels while the converse holds if and only if each kernel is controllable. The interesting situation is when R is a proper subalgebra, since this gives restrictions on the way the polynomial matrices must depend on the parameters. The case on which we will focus our attention is when X is an affine k-variety and R is the algebra of polynomial k-valued maps on X. As we will see in this setting, new obstructions to this change of representation can come out. In case of obstructions, we will characterize subsets X_0 ⊆ X for which the change of representation can be achieved. Another interesting issue in this setting is constituted by minimality and observability: as we will see, even if a family of k-kernels can be represented as a family of k-images, it may not admit image representations in the class R which are observable at every point x ∈ X. Similar problems can occur regarding minimality of kernel representations.

Notice that, given an R-family of latent variable representations

η_x(σ, σ^{−1})w = ψ_x(σ, σ^{−1})l, (1.5)

where η ∈ R[u, u^{−1}]^{r×q} and ψ ∈ R[u, u^{−1}]^{r×p}, then it can be seen that also the parametrized latent variable elimination problem can be solved by obtaining an R-family of k-kernels from an R-family of k-images. More precisely, if there exists ϕ ∈ R[u, u^{−1}]^{g×q} such that

im ψ_x(σ, σ^{−1}) = ker ϕ_x(σ, σ^{−1}), ∀x ∈ X_0 ⊆ X,

then, for all x ∈ X_0, we have that the behavior represented by the parametrized latent variable representation (1.5) is represented by the parametrized kernel representation ker(ϕ_xη_x)(σ, σ^{−1}). For this reason on we will concentrate our attention only on kernel and image representations.

We will approach these problems by studying more general behaviors over rings. Notice indeed that ϕ ∈ R[u, u^{−1}]^{g×q} induces, exactly as in (1.1), a shift operator ϕ(σ, σ^{−1}) : (R^q )Z → (R^g)Z.

In analogy with the linear case, we can thus consider objects like

ker ϕ(σ, σ^{−1}), im ϕ(σ, σ^{−1}), (1.6)

which can be thought as behaviors over the signal variable set, respectively, R^q and R^g . Let us see how they are related to the families of k-behaviors introduced above. Let x ∈ X and consider η_x : R → k, the evaluation map at the point x (i.e. η_x(r) := r(x)). The map η_x admits a trivial extension to vectors which will be denoted in the same way while η^∞_x will denote the extension of η_x to sequences. Put B := ker ϕ(σ, σ^{−1}) and consider B_x := η^∞_x (B) ⊆ (k^q )Z. Clearly,

B_x ⊆ ker ϕ_x(σ, σ^{−1}). (1.7)

If we have equality in (1.7), this means that, in a certain sense, all the information about the family ker ϕ_x(σ, σ^{−1}) is contained inside ker ϕ(σ, σ^{−1}). More precisely, if equality holds in (1.7), given v ∈ ker ϕ_x(σ, σ^{−1}), we can find ṽ ∈ (R^q)Z such that η^∞_x ṽ = v, η^∞_y ṽ ∈ ker ϕ_y(σ, σ^{−1}) ∀y ∈ X.

This shows that also the single trajectories admit a sort of parametrization in the class R. Conditions under which equality in (1.7) holds will be studied in Section 2.

As far as families of images are concerned, it is clear that, if η_x is onto (very mild assumption which is true in the algebraic case), we always have that η^∞_x (im ϕ(σ, σ^{−1})) = im ϕ_x(σ, σ^{−1}).

Sections 3 and 4 will be devoted to studying the relation between behaviors in kernel and image representation, as (1.6), and generalizing many results known in the field case. Beside the importance for parameterized systems, such extensions have independent interest also considering the recent extensions of the theory of convolutional codes to group and ring setting [5]. Finally, in Section 5, we will come back to parameterized families of linear behaviors and show how the abstract results of Sections 3 and 4 can be specifically used in this setting. A number of illustrative examples will also be presented. A few of them are briefly introduced now. Example 1: Let k = R, X = R^2 and R = R[z_1, z_2]. Consider

ϕ := ( z_1u z_2 z_2 + 1 0 1 1 + z_1u ) ∈ R[u, u^{−1}]^{2×3}. The R-family of kernels ker ϕ_{(x,y)}(σ, σ^{−1}) admits the following observable image representation which can be obtained with the techniques of section 3.2 ker ϕ_{(x,y)}(σ, σ^{−1}) = im xyσ − 1 −xσ(1 + xσ) xσ ∀(x, y) ∈ R^2.

Example 2: Let k = R, X = S^1 = {(x, y) ∈ R^2 | x^2 + y^2 = 1} and R be the algebra of polynomial k-valued maps on X. It is known that R is isomorphic to R[z_1, z_2]/(1 − z^2_1 − z^2 ). Consider

ϕ := ( z_1u^2 + z_2 z_2 ) ∈ R[u, u^{−1}]^{1×2}.

The R-family of kernels ker ϕ_{(x,y)}(σ, σ^{−1}) admits the following observable parametrized image representation

ker ϕ_{(x,y)}(σ, σ^{−1}) = im ( −y xσ^{−2} ) ∀(x, y) ∈ S^1. Example 3: Let k = R, X = R and R := R[z]. Consider ϕ := ( zu z ) . We will show later that, in this case, the R-family of kernels ker ϕ_{(x,y)}(σ, σ^{−1}) does not admit a parametrized image representation.

2 Behaviors over Rings and Their Representations

2.1 Behaviors and shift operators

We now introduce some basic concepts and notations that will be needed in the sequel. If A is a commutative ring, denote by A^∗ the multiplicative group of units of A and by A^{g×q} the A-module of g×q matrices with entries in A. If ϕ ∈ A^{g×q} , ker ϕ and im ϕ denote the kernel and the image of ϕ thought as a homomorphism from A^q to A^g . If A is an integral domain, rk (ϕ) denotes the rank of ϕ in the field of fractions of A. The symbol ≃_A denotes isomorphism in the category of A-modules. Subscript A will be dropped whenever it is clear from the context. Finally Max(A) denotes the set of all maximal ideals of A.

In the sequel, R will always denote a Noetherian commutative ring with identity. Moreover, we will always assume that R is Jacobson [2], namely, that every prime ideal can be obtained as intersection (possibly infinite) of maximal ideals. Rings of polynomial functions on an affine variety as well the ring Z of integers are examples of Jacobson rings. Denote by R[u, u^{−1}] the ring of Laurent polynomials with coefficients in R. If V is any R-module, then the symbol V Z will denote the R-module of bi-infinite sequences over V . On V Z we can introduce a module structure over the ring R[u, u^{−1}] by defining for v ∈ V Z

(u · v)(t) := (σv)(t) := v(t + 1) ∀t ∈ Z. (2.1)

The operator σ is called the backward shift. From now on we will always assume that V is a finitely generated R-module equipped with the discrete topology and V Z with the corresponding product topology. It is clear that the topology just introduced on V Z is metrizable and a sequence v_n ∈ V Z converges to v ∈ V Z if and only if for every t ∈ Z, v_n(t) = v(t), for n sufficiently large. For this reason this topology is called pointwise convergence topology. If V is a finitely generated R-module, then an Rbehavior on V is any closed R[u, u^{−1}]-submodule B ⊆ V Z. In particular the R-behavior V Z is called the full R-behavior over V .

If I ⊆ Z, denote by B_{|I} the R-module of restrictions to I of the biinfinite sequences in B. We recall now the concept of memory [15, 16]. An R-behavior B is said to have memory n ∈ N if v ∈ V Z and v_{|[t,t+n]} ∈ B_{|[t,t+n]} ∀t ∈ Z ⇒ v ∈ B. B is said to have finite memory (or to be of finite type), if it has memory n for some n ∈ N . Let B ⊆ V Z be an R-behavior. B is said to be controllable [15, 16] if for all v_1, v_2 ∈ B, there exists n ∈ N and v ∈ B with

v(t) = v_1(t) ∀t < 0, (σ^nv)(t) = v_2(t) ∀t ≥ 0. (2.2)

It is shown in [21] that in our context every controllable R-behavior B satisfies a stronger notion of controllability in the sense that the number

n ∈ N in (2.2) can be chosen a priori for all pairs v1, v2 ∈ B. Moreover, if

B is a finite memory R-behavior, then there exists the largest controllable R-behavior contained in B which is denoted by B_c and which is called the controllable part of B. In this case it can be shown that B_c = B_f , where B_f is the submodule of B constituted by the finite supported trajectories in B and · means closure.

It follows from (2.1) that any polynomial p ∈ R[u, u^{−1}] can be interpreted as a continuous R[u, u^{−1}]-homomorphism p(σ, σ^{−1}) : RZ → RZ. In an analogous way, if V, W are R-modules, every ϕ ∈ Hom_R(V, W )[u, u^{−1}] naturally induces a continuous R[u, u^{−1}]-homomorphism ϕ(σ, σ^{−1}) : V Z → W Z. The homomorphisms defined in this way are called shift operators. In case V = R^q and W = R^l, we identify Hom_R(V, W )[u, u^{−1}] with R[u, u^{−1}]^{g×q} . In this case, corresponding shift operators are also called matrix shift operators. It can be shown that all continuous R[u, u^{−1}]-homomorphisms between full R-behaviors are given by shift operators [21].

In this paper we will focus our attention on R-behaviors which are kernels or images of matrix shift operators. It can be easily shown that if an R-behavior is a kernel of a matrix shift operator (called matrix kernel representation), it has finite memory. The converse is in general not true. Finite memory easily yields the existence of a kernel representation but not necessarily of matrix type. On the other hand, it has been shown in [21] that an R-behavior B ⊆ (R^q )Z is the image of a matrix shift operator (called matrix image representation) if and only if it is controllable. As we will see in the sequel, sometimes we will be forced to consider more general image representations through shift operators induced by objects of the type ϕ ∈ Hom(V, R^q )[u, u^{−1}], where V is usually a projective finitely generated R-module. An image representation is said to be observable if it is one to one.

When R = k is a field, all the previous properties become stronger. Every k-behavior has finite memory, which in this setting is equivalent to possessing matrix kernel representations: therefore linear behaviors considered in the introduction always admit a matrix kernel representation. If B is a k-behavior, B_f is then a free finite-dimensional k[u, u^{−1}]-module. Define the rank of B (denoted rk (B)) as the dimension of B_f . If B = ker ϕ(σ, σ^{−1}), ϕ ∈ k[u, u^{−1}]^{g×q} , is a kernel representation of B and B_c = im ψ(σ, σ^{−1}), ψ ∈ k[u, u^{−1}]^{q×r}, is an image representation of the controllable part B_c of

B, we have that q − rk (ϕ) = rk (ψ) = rk (B). (2.3)

Moreover, ker ϕ(σ, σ^{−1}) is a minimal kernel representation, as we have defined in the previous section, if and only if rk (ϕ) = g, while im ψ(σ, σ^{−1}) is an observable image representation if and only if rk (ψ) = r. Finally, if B_1 ⊆ B_2 are two k-behaviors and rk (B_1) = rk(B_2), then (B_1)_c = (B_2)_c. This will be used in the sequel.

2.2 Projection of behaviors over quotient rings

Let V be a finitely generated R-module and let L be an ideal in R. Consider the quotient module V/LV . As we will show in the sequel, it is interesting, particularly when dealing with parametrized systems, to investigate how a property of an R-behavior B ⊆ V Z is connected with the analogous property of the projection of B on the signal space (V/LV )Z.

To this aim consider the quotient projection p : V → V/LV . As mentioned above we can obtain from p the projection p^∞ : V Z −→ (V/LV )Z. Define B_L := p^∞(B).

Clearly, B_L is an (R/L)[u, u^{−1}]-submodule of (V/LV )Z, but it is not a priori clear that it is closed and so that it is an (R/L)-behavior. As we will see, this turns out to be true for a particular class of R-behaviors over R^q admitting matrix kernel representations that will be called regular.

Definition An R-behavior B ⊆ (R^q )Z is said to be regular if there exist ϕ_1 ∈ R[u, u^{−1}]^{q1×q}, ϕ_2 ∈ R[u, u^{−1}]^{q2×q1} , . . . , ϕ_n ∈ R[u, u^{−1}]^{qn×qn}�^1 such that the following sequence is exact 0 −→ B^i→ (R^q)Z^{ϕ1(σ,σ} �1_) −→ (R^{q1} )Z^{ϕ2(σ,σ} �1_) −→ · · ·^{ϕn(σ,σ} �1_) −→→ (R^{qn} )Z −→ 0, (2.4) where i is the injection map. We say that an R-behavior B ⊆ (R^q )Z is regular of order n if it is regular and if the exact sequence of minimum length associated to B has length n. We say that the full R-behavior (R^q)Z is regular of order 0. B = ker ϕ_1(σ, σ^{−1}) as in (2.4) is called a regular kernel representation of B.

If R is a principal ideal domains (PID), it follows from standard factorization results [7, 4] that if an R-behavior admits a matrix kernel representation, then it admits one that is onto, so it is regular of order 1. Moreover, we will show in the sequel that when R[u, u^{−1}] is Hermite, then a regular behavior has always order less than or equal to 1 (see Proposition

6). Regular behaviors of order strictly greater than 1, however, do exist (see Section 4).

For regular R-behaviors the following important technical result holds true.

Lemma 1 Assume that B ⊆ (R^q)Z is a regular R-behavior and let L be an ideal in R. Then B ∩ (L^q)Z = LB. (2.5)

Proof: It is trivial to verify that LB ⊆ B ∩ (L^q )Z. In order to prove the converse we need to verify something slightly stronger, that is the following: If v_1, . . . , v_m ∈ B and if there exist g_{ij} ∈ R such that

v_i = n∑ j=1 g_{ij} w_j ,

where w_1, . . . , w_n ∈ (R^q )Z, then there exist w̄_1, . . . , w̄_n ∈ B such that

v_i = n∑ j=1 g_{ij}w̄_j . We will show the assertion by induction on the regularity order of B. If B has order 0, then the assertion is trivial. Suppose that the assertion holds for R-behaviors of order n−1 and suppose that B is an R-behavior of order n. Consider the exact sequence of length n associated to B 0 −→ B^i→ (R^q)Z^{ϕ1(σ,σ} �1_) −→ (R^{q1} )Z^{ϕ2(σ,σ} �1_) −→ · · ·^{ϕn(σ,σ} �1_) −→→ (R^{qn} )Z −→ 0. (2.6) Then, B = ker ϕ_1(σ, σ^{−1}). Let v_1, . . . , v_m ∈ B and let

v_i = n∑ j=1 g_{ij} w_j ,

where w_1, . . . , w_n ∈ (R^q )Z and g_{ij} ∈ R. Then,

0 = ϕ_1(σ, σ^{−1})v_i = n∑ j=1 g_{ij} ϕ_1(σ, σ^{−1})w_j .

Let u_j := ϕ_1(σ, σ^{−1})w_j . Then, u_j ∈ im ϕ_1(σ, σ^{−1}) ⊆ (R^{q1} )Z, that is regular of order n − 1. Moreover, n∑ j=1 g_{ij} u_j = 0 i = 1, 2, . . . , m. (2.7)

The vectors u_j can be expressed as follows

u_j = u_{1j} . . u_{q1j} ,

where u_{ij} ∈ RZ. Define the R-module

M := {[a_1, . . . , a_n] ∈ R^{1×n} : n∑ j=1 a_j g_{ij} = 0, i = 1, 2, . . . , m}. Since M is finitely generated, let f_1, . . . , f_l ∈ R^{1×n} be its generators. Notice that, if f_k = [f_{k1}, . . . , f_{kn}], then n∑ j=1 f_{kj} g_{ij} = 0. (2.8)

Moreover, by (2.7), we have that [u_{i1}(t), . . . , u_{in}(t)] ∈ M for all t ∈ Z and so [u_{i1}, . . . , u_{in}] = ∑_l k=1 α_{ik} f_k, where α_{ij} ∈ RZ. Define

α_k := α_{1k} . . α_{q1k} ∈ (R^q1 )Z.

It is easy to verify that

u_j = l∑ k=1 f_{kj} α_k ∈ im ϕ_1(σ, σ^{−1}).

By induction, there exist ᾱ_1, . . . , ᾱ_l ∈ im ϕ_1(σ, σ^{−1}) such that

u_j = l∑ k=1 f_{kj}ᾱ_k. (2.9)

Therefore ᾱ_k = ϕ_1(σ, σ^{−1})ū_k. Put finally

w̄_j = w_j − l∑ k=1 f_{kj}ū_k. (2.10)

It is easy to verify both that w̄_j ∈ ker ϕ_1(σ, σ^{−1}) and that n∑ j=1 g_{ij}w̄_j = v_i.

Consider a polynomial matrix ϕ ∈ R[u, u^{−1}]^{g×q} and let L be an ideal in R. Using the projection p mentioned above, we can construct the polynomial matrix ϕ_L ∈ (R/L)[u, u^{−1}]^{g×q} in the obvious way. It can be easily seen that if an R-behavior B admits an image representation B = im ϕ(σ, σ^{−1}), ϕ ∈ R[u, u^{−1}]^{g×q} , then B_L = im ϕ_L(σ, σ^{−1}) and consequently if B is controllable, then B_L is controllable. It is possible to prove an analogous result for kernel representations only for regular R-behaviors as stated in the following theorem.

Theorem 2 Let B ⊆ (R^q)Z be a regular R-behavior and suppose that B admits the regular kernel representation B = ker ϕ(σ, σ^{−1}), where ϕ ∈ R[u, u^{−1}]^{g×q} . Then, for each ideal L in R

B_L = ker ϕ_L(σ, σ^{−1}).

Proof: Suppose that l_1, . . . , l_m is a set of generators for L. It is immediate to see that B_L ⊆ ker ϕ_L(σ, σ^{−1}). Suppose conversely that v̄ ∈ ker ϕ_L(σ, σ^{−1}) and let v ∈ (R^q)Z be any representative of v̄. Then, w := ϕ(σ, σ^{−1})v ∈ (L^q)Z ∩ im ϕ(σ, σ^{−1}). Since im ϕ(σ, σ^{−1}) is regular, then

im ϕ(σ, σ^{−1}) ∩ (L^q )Z = Lim ϕ(σ, σ^{−1})

and so there exist u_1, . . . , u_n such that w = m∑ i=1 l_iϕ(σ, σ^{−1})u_i. We can argue that ṽ := v − m∑ i=1 l_iu_i ∈ B and so v̄ ∈ B_L.

As mentioned above, given an R-behavior B ⊆ (R^q )Z, it is not always true that B_L is an R/L-behavior since, in general, it is not clear if it is closed. The direct consequence of the previous result is that if B is a regular R-behavior, then B_L admits a kernel representation, and so, in particular, it is an (R/L)-behavior.

3 From Kernel to Image Representations

In this section we will consider the problem of verifying whether a certain finite memory R-behavior B, given through a kernel representation, is controllable and, therefore, whether it can be expressed by an image representation. Moreover, we will also develop some techniques that allow to obtain concretely an image representation of B, starting from its kernel representation. Finally, we will consider some important extensions to non-controllable cases.

3.1 Controllability of behaviors admitting kernel representations

We start by analyzing the first part of the problem mentioned above, that is equivalent to find techniques that allow to check whether a certain Rbehavior B is controllable starting from its kernel representation. Given a polynomial matrix ϕ ∈ R[u, u^{−1}]^{g×q} , we introduce the following subset of Max(R)

U_c(ϕ) := {m ∈ Max(R) : ker ϕ_m(σ, σ^{−1}) is controllable},

U_o(ϕ) := {m ∈ Max(R) : ϕ_m(σ, σ^{−1}) is onto}, U_{co}(ϕ) := U_c(ϕ) ∩ U_o(ϕ). Moreover, we associate to ϕ two ideals of R[u, u^{−1}]: the ideal J_ϕ generated by all the g × g minors of ϕ (we put J_ϕ = (0) if q < g), and the ideal I_ϕ := {p ∈ R[u, u^{−1}] | ∃ψ ∈ R[u, u^{−1}]^{q×g} : ϕψ = pI}, where I is the identity matrix. It is easy to check the following inclusions J_ϕ ⊆ I_ϕ ⊆ √ J_ϕ, (3.1)

where √ · means the radical ideal. Standard linear theory shows that m ∈ U_{co}(ϕ) ⇔ I_{ϕm} = (R/m)[u, u^{−1}] ⇔ J_{ϕm} = (R/m)[u, u^{−1}]. Theorem 3 Let ϕ ∈ R[u, u^{−1}]^{g×q} . Then, the following facts are equivalent

1. B := ker ϕ(σ, σ^{−1}) is controllable and ϕ(σ, σ^{−1}) is onto.

2. J_ϕ = I_ϕ = R[u, u^{−1}].

3. U_{co}(ϕ) = Max(R).

Proof: 1.⇒3. Fix an m ∈ Max(R). The fact that ϕ_m(σ, σ^{−1}) is onto is obvious. On the other hand, it is clear that the controllability of B implies the controllability of B_m and so, since B_m = ker ϕ_m(σ, σ^{−1}) by Proposition 2, then ker ϕ_m(σ, σ^{−1}) is controllable.

3.⇒2. Suppose that I_ϕ ≠ R[u, u^{−1}]. Then, there exists a maximal ideal m̃ ∈ Max(R[u, u^{−1}]) such that I_ϕ ⊆ m̃. Let m = m̃ ∩ R. Since R is Jacobson, [2] it follows that m ∈ Max(R). Since mR[u, u^{−1}] ⊆ m̃, then I_ϕ + mR[u, u^{−1}] ⊆ m̃ ≠ R[u, u^{−1}]. This implies that I_{ϕm} ≠ (R/m)[u, u^{−1}].

2.⇒1. The fact that ϕ(σ, σ^{−1}) is onto is obvious. Let ψ ∈ R[u, u^{−1}]^{q×g} such that ϕψ = I. It is immediate to see that

B = im (I − ψ(σ, σ^{−1})ϕ(σ, σ^{−1})). (3.2)

Notice that Theorem 3 provides an almost direct way to construct an image representation, as shown in (3.2). The problem of constructing an image representation reduces to the problem of finding ψ such that ϕψ = I. Notice that, if r_1, . . . , r_s ∈ R[u, u^{−1}] are the g × g minors of ϕ, then the problem of finding ψ reduces to determining h_1, . . . , h_s ∈ R[u, u^{−1}] such that_s ∑ i=1 h_ir_i = 1. (3.3)

Actually, suppose that S_i is the selection matrix (i.e., a matrix in R^{q×g} with only zeros and ones) such that r_i = det(ϕS_i). Then, I = s∑ i=1 h_ir_iI = s∑ i=1 h_i(det ϕS_i)I = ϕ( s∑ i=1 h_iS_iAdj (ϕS_i)).

It is clear that we can let ψ := ∑_s i=1 h_iS_iAdj (ϕS_i). Note that, for a large class of Noetherian rings R, problems like checking if an ideal I generated by r_1, . . . , r_s ∈ R[u, u^{−1}] contains 1 and like determining h_1, . . . , h_s ∈ R[u, u^{−1}] such that (3.3) holds can be solved efficiently by Gröbner basis techniques [3, 11, 14].

3.2 Observable image representations

The drawback of the image representation (3.2) is that, in general, it is not observable. As we will see, for some rings, more refined constructions will yield observable image representations. The first important case is given when the ring R[u, u^{−1}] is Hermite. We recall that a ring A is called Hermite if given any onto ϕ ∈ A^{g×q} , there exists ϕ^′ ∈ A^{(q−g)×q} such that [ ϕ ϕ^′ ] is invertible in the ring A. Equivalently, A is Hermite if every finitely generated R-module V which is stably free (i.e. V ⊕ A^g ≃_A A^q for some g, q) is then free. The connection between the two definitions is given by considering V = ker ϕ [8]. It is difficult in general to determine if a certain ring is Hermite. There are, however, important examples: as a consequence of the Quillen-Suslin result [8] (Corollary 4.12) we have that, if R = A[z_1, . . . , z_n], where A is a PID, then both R and R[u, u^{−1}] are Hermite.

We have the following.

Proposition 4 Suppose that R[u, u^{−1}] is Hermite. Let ϕ ∈ R[u, u^{−1}]^{g×q} and let B := ker ϕ(σ, σ^{−1}). Assume that any of the equivalent conditions in Theorem 3 holds. Then, there exists ψ ∈ R[u, u^{−1}]^{q×(q−g)} such that B = im ψ(σ, σ^{−1}), where ψ(σ, σ^{−1}) is one–to–one and admits a continuous inverse on the image.

Proof: The assumptions imply that there exists ϕ^′ ∈ R[u, u^{−1}]^{(q−g)×q} such that [ ϕ ϕ^′ ] (3.4)

is invertible in R[u, u^{−1}]. Then, there exists ψ^′ ∈ R[u, u^{−1}]^{q×g} and ψ ∈ R[u, u^{−1}]^{q×(q−g)} such that [ ϕ ϕ^′ ] [ ψ^′ ψ ] = [ I 0 0 I ] . It is easy to verify that B = im ψ(σ, σ^{−1})

and that the matrix shift operator ψ(σ, σ^{−1}) is one to one. Now observe that the inverse of ψ(σ, σ^{−1}) on the image B is given by ϕ^′(σ, σ^{−1})_{|B} which is continuous.

The assumption that R[u, u^{−1}] is Hermite in Proposition 4 is crucial as we will see shortly. First notice that we can easily prove that if R[u, u^{−1}] is Hermite, than also R must be Hermite. Actually assume that R is not a Hermite ring. Then, there exists an onto R-homomorphism η : R^q → R^g such that V = ker η is not free. Clearly I_η = R[u, u^{−1}]. Since V is not free, it easily follows that V Z = ker η(σ, σ^{−1}) can not have observable image representation. There are plenty of Jacobson Noetherian rings which are not Hermite. An example is the ring of real polynomial functions on the 2-sphere: it possesses a stably free R submodule of R^3 or rank equal to 2 which is not free [8]. This example will be taken up again in Section 5.

This last example suggests the fact that we might look for more general image representations of shift operators which are not necessarily of matrix type. We are thinking of shift operators induced by elements in Hom(V, R^q )[u, u^{−1}], where V is a finitely generated, usually stably free, R-module. We start with a lemma which will also be used later.

Lemma 5 Let ϕ ∈ Hom(V, R^q )[u, u^{−1}], where V is a stably free finitely generated R-module, and assume that B := im ϕ(σ, σ^{−1}) ⊆ (R^q )Z is a regular R-behavior. The following conditions are equivalent:

1. ϕ(σ, σ^{−1}) is one–to–one;

2. ϕ_m(σ, σ^{−1}) is one to one for all m ∈ Max(R).

Proof: 1.⇒2. If v̄ ∈ (V/mV )Z is such that ϕ_m(σ, σ^{−1})v̄ = 0 and v ∈ V Z is a representative of v̄, then w := ϕ(σ, σ^{−1})v ∈ m(R^q)Z. Applying Lemma 1 we have that w ∈ mB. Therefore, if a_1, . . . , a_n ∈ R generate m, then there exist v_1, . . . , v_n ∈ V Z such that w = ϕ(σ, σ^{−1})v = n∑ i=1 a_iϕ(σ, σ^{−1})v_i. Since ϕ(σ, σ^{−1}) is one to one, then v = n∑ i=1 a_iv_i ∈ mV Z and so v̄ = 0.

2.⇒1. Denote B̄ := ker ϕ(σ, σ^{−1}). If v ∈ B̄, it follows from the assumption 2. that v ∈ (mV )Z for all m ∈ Max(R). Denote by K the Jacobson radical of R. Since V is stably free, it easily follows that

B̄ ⊆ (KV )Z. (3.5)

On the other hand, since im ϕ(σ, σ^{−1}) is regular, it easily follows that also B̄ is regular. Therefore, it follows from Lemma 1 that B̄ ∩ (KV )Z = KB̄ and, because of (3.5), we thus obtain B̄ = KB̄.

In particular,

B̄_{|[0,n]} = (KB̄)_{|[0,n]} = K(B̄_{|[0,n]}) ∀n ∈ N .

Since B̄_{|[0,n]} is finitely generated, then it follows from Nakayama’s lemma that B̄_{|[0,n]} = 0 ∀n ∈ N .

This clearly yields 1.

We can now state and prove the following result that generalize Proposition 4 to rings that are not Hermite.

Proposition 6 Let ϕ ∈ R[u, u^{−1}]^{g×q} and let B := ker ϕ(σ, σ^{−1}). Assume that any of the equivalent conditions in Theorem 3 holds and moreover that B_f is R-extended (i.e., there exists an R-module W such that B_f ≃ W [u, u^{−1}]). Then, there exist a stably free R-module V and a ψ ∈ Hom(V, R^q )[u, u^{−1}] such that B = im ψ(σ, σ^{−1}), where ψ(σ, σ^{−1}) is one–to–one and admits a continuous inverse on the image. Moreover, we have that V ≃ W .

Proof: Assume that I_ϕ = R[u, u^{−1}] and that B_f ≃ W [u, u^{−1}] for some finitely generated R-module W . We have an exact sequence 0 → W [u, u^{−1}]^j→ R[u, u^{−1}]^{q ϕ}−→ R[u, u^{−1}]^g → 0. Consider the splitting map ϕ^′ := j^{−1}(I − ηϕ), where η ∈ R[u, u^{−1}]^{q×g} is such that ϕη = I. It is easy to see that [ ϕ ϕ^′ ] ∈ Hom(R^q, R^g ⊕ W )[u, u^{−1}]

is invertible. Write the inverse as [ψ^′, ψ]. It is immediate to check that ψ has all the required properties and that W is stably free.

We want to prove now that ψ(σ, σ^{−1}) has a continuous inverse on the image. More precisely, we will prove that there exists ξ ∈ Hom(R^q , V )[u, u^{−1}] such that ξψ = I. It follows from Lemma 5 and the remark following it that ψ_m(σ, σ^{−1}) is one to one for every m ∈ Max(R). Hence, by standard linear theory, it follows that (ψ^∗)_m is onto for every m, where ψ^∗ ∈ Hom(V^∗, R^q ) denotes the dual homomorphism [6]. A standard argument using Jacobson property then shows that for every m̃ ∈ Max(R[u, u^{−1}]), the quotient homomorphism

(ψ^∗)_{m̃} : V^∗[u, u^{−1}]/m̃V^∗[u, u^{−1}] −→ R^q[u, u^{−1}]/m̃R^q[u, u^{−1}] is onto. Hence [2, II.3.3, Prop. 11] ψ^∗ is onto. Since V^∗[u, u^{−1}] is projective, there exists η ∈ Hom(V^∗, R^q )[u, u^{−1}] such that ψ^∗η = I. It is now sufficient to take ξ = η^∗. Notice that ψ yields an isomorphism B_f ≃ V [u, u^{−1}].

There are interesting examples [8] in which hypotheses of Proposition 6 may be satisfied without R being Hermite. We will present a couple of examples in Section 5.

Proposition 6 has another interesting consequence. Assume that R is such that there exists a stably free R[u, u^{−1}]-module M which is not R-extended. Consider ϕ ∈ R[u, u^{−1}]^{g×q} and ψ ∈ R[u, u^{−1}]^{q×g} such that ker ϕ ≃ M and ϕψ = I. Define B := ker ϕ(σ, σ^{−1}). Notice that B = im (I − ψ(σ, σ^{−1})ϕ(σ, σ^{−1})). It is immediate to check that B_f ≃ M. Proposition 6 implies that B does not possess observable image representations even of general type as discussed above. It remains the problem if such rings do exist and the answer is positive. It can be proven, but it is highly nontrivial, that if R is the ring of the complex polynomials on the 4-sphere, then R[u, u^{−1}]^3 possesses a stably free submodule of rank 2, which is not R-extended.

3.3 A remark on regularity in the Hermite case

An interesting consequence of Theorem 3 is the fact that, when R[u, u^{−1}] is Hermite, then all regular behaviors have order less than or equal to 1. Surprisingly enough, also the inverse holds true.

Proposition 7 R[u, u^{−1}] is Hermite if and only if every regular R-behavior B ⊆ (R^q)Z has at most order 1.

Proof: Suppose that R[u, u^{−1}] is Hermite and let B ⊆ (R^q )Z be a regular R-behavior. Suppose that 0 −→ B^i→ (R^q )Z^{ϕ1(σ,σ} �1_) −→ (R^{q1} )Z^{ϕ2(σ,σ} �1_) −→ · · ·^{ϕn(σ,σ} �1_) −→→ (R^{qn} )Z −→ 0 (3.6) is the exact sequence associated to B. Denote moreover

B_i := ker ϕ_{i+1}(σ, σ^{−1}) = im ϕ_i(σ, σ^{−1}).

Note that B_{n−1} = ker ϕ_n(σ, σ^{−1}) is controllable and that ϕ_n(σ, σ^{−1}) is onto. Therefore, by Theorem 3, there exists a polynomial matrix ψ̄_n such that ϕ_nψ̄_n = I. Since R[u, u^{−1}] is Hermite, this implies that there exists a polynomial matrix ϕ^′_n of suitable dimensions such that [ ϕ_n ϕ^′_n ] is a square unimodular polynomial matrix. Let [ψ_n ψ^′_n] be its inverse partitioned in a conform way and let ϕ̄_{n−1} := ϕ^′_nϕ_{n−1}.

First note that B_{n−2} = ker ϕ̄_{n−1}(σ, σ^{−1}). (3.7) “⊆” is evident. On the other hand, note that ϕ_nϕ_{n−1} = 0 and that

ψ_nϕ_n + ψ^′_nϕ^′_n = I. (3.8)

Hence ϕ_{n−1} = ψ_nϕ_nϕ_{n−1} + ψ^′_nϕ^′_nϕ_{n−1} = ψ^′_nϕ̄_{n−1}.

From this (3.7) immediately follows.

Moreover, note that

ker ϕ_n(σ, σ^{−1}) = im ψ^′_n(σ, σ^{−1}).

The inclusion “⊆” simply follows from ϕ_nψ^′_n = 0. On the other hand, let w ∈ ker ϕ_n(σ, σ^{−1}). Then, applying (3.8), we have that

w = ψ_n(σ, σ^{−1})ϕ_n(σ, σ^{−1})w + ψ^′_n(σ, σ^{−1})ϕ^′_n(σ, σ^{−1})w = = ψ^′_n(σ, σ^{−1})ϕ^′_n(σ, σ^{−1})w that implies that w ∈ im ψ^′_n(σ, σ^{−1}).

Therefore

im ϕ̄_{n−1}(σ, σ^{−1}) = ϕ^′_n(σ, σ^{−1})im ϕ_{n−1}(σ, σ^{−1}) = = ϕ^′_n(σ, σ^{−1}) ker ϕ_n(σ, σ^{−1}) = = ϕ^′_n(σ, σ^{−1})im ψ^′_n(σ, σ^{−1}) = (R^{qn}�^{1−qn} )Z.

Therefore it is possible to associate to B the exact sequence 0 → B^i→ (R^q )Z^{ϕ1(σ,σ} �1_) −→ (R^{q1} )Z· · · (R^{qn}�^2 )Z^{ϕ̄n}�^{1(σ,σ}

�1_) −→→ (R^{qn}�^{1−qn} )Z → 0, that is one step shorter than the exact sequence (3.6). By induction, this proves that it is always possible to associate to B a sequence of length less than or equal to 1.

Suppose, conversely, that every regular R-behavior B has at most order 1 and let ϕ ∈ R[u, u^{−1}]^{g×q} , ψ ∈ R[u, u^{−1}]^{q×g} be polynomial matrices such that ϕψ = I. Define the R-behavior B := im ψ(σ, σ^{−1}). Then it is easy to see that B = ker(I − ψ(σ, σ^{−1})ϕ(σ, σ^{−1})). Let ϕ̄ := I − ψϕ. Then, it is easy to see that the following sequence is exact 0 −→ B^i→ (R^q )Z^{ϕ̄(σ,σ} �1_) −→ (R^q )Z^{ϕ(σ,σ} �1_) −→→ (R^l)Z −→ 0.

Then, B is regular and so it is regular of order less than or equal to 1. Suppose that ϕ^′ ∈ R[u, u^{−1}]^l 0_{×q} such that B = ker ϕ^′(σ, σ^{−1}) and ϕ^′(σ, σ^{−1}) is onto. If we look at ψ and ϕ^′ as polynomial matrices with entries in the field of fractions of R[u, u^{−1}], then it is easy to verify that the range of ψ and the kernel of ϕ^′ coincide and so l^′ = rank ϕ^′ = q −rank ψ = q −l. Moreover, since B is controllable, then by Theorem 3, there exists ψ^′ ∈ R[u, u^{−1}]^{q×g} 0 such that ϕ^′ψ^′ = I. Moreover ϕ^′ψ = 0. Therefore we have that [ ϕ ϕ^′ ] [ ψ ψ^′ ] = [ I ∗ 0 I ] . This implies that [ ϕ ϕ^′ ]

is square and unimodular.

3.4 Loss of controllability and partial image representations

From the point–of–view of parametrized systems, the situation expressed in Theorem 3 corresponds to systems that remain controllable for all values of the parameters. In the following, we will deal with a more general situation in which we may lose controllability for some values of the parameters. We need some preliminary notations. If A is a ring we will consider on Max(A) the Zarisky topology whose closed sets are the subsets of Max(A) of the following kind V (I) := {m ∈ Max(R) | I ⊆ m}, where I is an ideal of A.

First we need to develop some new concepts. Since R is a Jacobson ring, the inclusion j : R → R[u, u^{−1}] induces [1, pag. 13] a continuous mapping

j^∗ : Max(R[u, u^{−1}]) → Max(R)

where j^∗(m̃) := m̃ ∩ R. Notice first of all that j^∗ is onto: indeed, if m ∈ Max(R), consider an m̃ ∈ Max(R[u, u^{−1}]) such that m[u, u^{−1}] ⊆ m̃. Clearly, j^∗(m̃) = m. Moreover, we have a canonical homeomorphism

(j^∗)^{−1}(m) ≃ Max((R/m)[u, u^{−1}]) (3.9)

obtained by associating to m̃ ∈ (j^∗)^{−1}(m) its projection into (R/m)[u, u^{−1}].

Let ϕ ∈ R[u, u^{−1}]^{g×q} . Let us remind that U_{co}(ϕ) = U_c(ϕ) ∩ U_o(ϕ) is the subset of Max(R) consisting of the maximal ideals m yielding I_{ϕm} = (R/m)[u, u^{−1}]. We have the following

Lemma 8 The following relations hold true:

1. U_{co}(ϕ) = j^∗(V (I_ϕ))^c;

2. (U_{co}(ϕ))^o = V (I_ϕ ∩ R)^c, where ( · )^o means the interior;

3. U_o(ϕ) = j^∗(V (I_ϕ)^c).

Moreover, if I_ϕ contains a bimonic polynomial (p = ∑_N i=n p_iu^i with p_n, p_N ∈ R^∗), then

4. U_{co}(ϕ) = V (I_ϕ ∩ R)^c.

Proof: 1. Let m̃ ∈ Max(R[u, u^{−1}]) and put m = m̃ ∩ R. Consider the commutative diagram (R/m)[u, u^{−1}]^{q ϕm}−→ (R/m)[u, u^{−1}]^p ↓ ↓ (R[u, u^{−1}]/m̃)^{q ϕm̃}−→ (R[u, u^{−1}]/m̃)^p. (3.10)

Now, if m̃ ∈ j^∗(V (I_ϕ)), we have that J_ϕ ⊆ m̃ and, consequently, ϕ_{m̃} is not onto. This then shows (3.10) that also ϕ_m can not be onto and this yields m ∉ U_{co}(ϕ). On the other hand, if m ∉ U_{co}(ϕ), ϕ_m is not onto and this implies that there exists m̄ ∈ Max((R/m)[u, u^{−1}]) such that the quotient of ϕ_m by m̄ is not onto. Let m̃ ∈ (j^∗)^{−1}(m) be the maximal ideal corresponding to m̄ through the identification (3.9). It is clear that ϕ_{m̃} is not onto and this implies that m̃ ∈ V (I_ϕ). This proves 1.

2. We will prove the equivalent fact that

U_{co}(ϕ)^c = V (I_ϕ ∩ R). (3.11)

Clearly, U_{co}(ϕ)^c = j^∗(V (I_ϕ)) = V (I),

for some ideal I in R. We have that √ I = ⋂ m⊇I m ⊆ ⋂ m̃⊇I_ϕ (m̃ ∩ R) = √ I_ϕ ∩ R ⊆ √ I_ϕ ∩ R.

Hence U_{co}(ϕ)^c ⊇ V (I_ϕ ∩ R). On the other hand, it follows from 1 that U_{co}(ϕ)^c ⊆ V (I_ϕ ∩ R) and this proves (3.11) and hence 2.

3. Arguing as in the proof of 1, we can easily see that m ∈ U_o(ϕ) if and only if there exists m̃ ∈ (j^∗)^{−1}(m) such that ϕ_{m̃} is onto. From this 3 easily follows.

4. The assumption made easily implies that R[u, u^{−1}]/I_ϕ is an integral extension of R/(I_ϕ ∩ R). This implies [13] that

j^∗_{|V (Iϕ )} : V (I_ϕ) → V (I_ϕ ∩ R)

is surjective.

An example where U_{co}(ϕ) is not open is not hard to find and will be given in Section 5.

Given a behavior B, we would like to find an image representation whose behavior coincides with the the given one ‘in as many as possible maximal ideals’. More precisely, we would like to find ψ ∈ R[u, u^{−1}]^{q×g} such that

B_m = im ψ_m(σ, σ^{−1})

for all m ∈ U_c(ϕ). Of course, this is the best we can hope, but, as it will be shown in Section 5, this is in general not possible. It will be proven in the sequel that it is possible if we restrict instead to U_{co}(ϕ). For the moment, however, we will limit ourselves to something less ambitious considering maximal ideals in V (I_ϕ ∩R)^c. It follows from Lemma 8 that this constitutes a consistent part of U_{co}(ϕ).

Let a_1, . . . , a_n be a family of generators for the ideal I_ϕ ∩ R and let ψ_i ∈ R[u, u^{−1}]^{q×g} be such that ϕψ_i = a_iI. It is easy to see that

im (a_iI − ψ_i(σ, σ^{−1})ϕ(σ, σ^{−1} )) ⊆ ker ϕ(σ, σ^{−1}),

(V (I_ϕ ∩ R))^c = n⋃ i=1 V ((a_i))^c,

where (a_i) is the ideal generated by a_i. If m ∈ (V (I_ϕ ∩ R))^c, then m ∈ V ((a_i))^c for some i and it easily follows that

ker ϕ_m(σ, σ^{−1}) = im (a_iI − ψ_iϕ)_m(σ, σ^{−1}).

The disadvantage of this type of representation is that it has to be changed according to the open set in which we are considering the maximal ideals. If R is a PID, however, this will indeed provide a global image representation over all (V (I_ϕ ∩ R))^c. Moreover, this is a possible way to find observable image representations. Indeed, consider the ring

R_i := { r a^k_i | r ∈ R, k ∈ N }. The polynomial matrix ϕ, as a matrix in R_i[u, u^{−1}]^{q×g} , will be denoted by ϕ_i. Put B_i := ker ϕ_i(σ, σ^{−1}). It follows that I_{ϕi} = R_i[u, u^{−1}]. Since R_i is still a Jacobson ring [2], it follows that Theorem 3 holds true for ϕ_i and B_i. If m ∈ V ((a_i))^c and we denote by m_i the maximal ideal in R_i obtained by extending m, we have that

(B_i)_{mi} = B_m (ϕ_i)_{mi} = ϕ_m

under the canonical identification R_i/m_i = R/m. This shows that if we can find an observable image representation for B_i, we are done. If R_i[u, u^{−1}] is Hermite, then everything goes through. Notice that if R is a PID, also R_i is a PID and therefore R_i[u, u^{−1}] is Hermite. However in general R_i[u, u^{−1}] may well not be Hermite even if R[u, u^{−1}] was such. More specific considerations will be taken up in Section 5.

3.5 Alternative methods for finding image representations

We now present an alternative method that has general validity and which permits to find more general image representations. First we have the following lemma.

Lemma 9 Let ϕ ∈ R[u, u^{−1}]^{q×g} and consider B := ker ϕ(σ, σ^{−1}). Let ψ ∈ R[u, u^{−1}]^{q×r} be any polynomial matrix whose columns generate the R[u, u^{−1}]-submodule

ker ϕ = {x ∈ R[u, u^{−1}]^q : ϕx = 0}. (3.12)

Then the controllable part of B is given by

B_c = im ψ(σ, σ^{−1}).

Proof: Put F := ((R^q )Z)_f . Then B_f = ψ(σ, σ^{−1})(F). This yields

B_c = B_f = ψ(σ, σ^{−1})(F) ⊇ ψ(σ, σ^{−1})(F) = im ψ(σ, σ^{−1}).

On the other hand, since B_c is controllable, there exists [21] ψ̂ ∈ R[u, u^{−1}]^{q×s} such that B_c = im ψ̂(σ, σ^{−1}).

We have that ψ̂(σ, σ^{−1})(F) ⊆ B_f = ψ(σ, σ^{−1})(F) and so there exists a polynomial matrix Y of suitable dimensions such that ψ̂ = ψY and so B = im ψ̂(σ, σ^{−1}) ⊆ im ψ(σ, σ^{−1}).

The proof is thus complete.

Notice that Gröbner basis techniques can be of some use also for finding ψ ∈ R[u, u^{−1}]^{g×q} whose columns generate the submodule (3.12) [10].

This is our more general result regarding image representations.

Theorem 10 Let ϕ ∈ R[u, u^{−1}]^{g×q} and let B = ker ϕ(σ, σ^{−1}). If ψ ∈ R[u, u^{−1}]^{q×r} is such that B_c = im ψ(σ, σ^{−1}), then for all m ∈ U_o(ϕ)

(B_m)_c = (ker ϕ_m(σ, σ^{−1}))_c = im ψ_m(σ, σ^{−1}).

Proof: Consider the exact sequence 0 → B_f → R[u, u^{−1}]^{q ϕ}−→ R[u, u^{−1}]^g. Localization at m̃ ∈ V (I_ϕ)^c yields another exact sequence

0 → (B_f )_{(m̃)} → (R[u, u^{−1}]_{(m̃)})^{q ϕ}−→ (R[u, u^{−1}]_{(m̃)})^g → 0, (3.13)

which implies that (B_f )_{(m̃)} is a projective R[u, u^{−1}]_{(m̃)}-module, hence free, of dimension exactly q − g. But,

dim_{R[u,u}�1_{](m̃)} (B_f )_{(m̃)} = dim_{R[u,u}�1_{]/m̃} [ (B_f )_{(m̃)}/m̃(B_f )_{(m̃)} ] = (3.14)

= dim_{R[u,u}�1_{]/m̃} [B_f /m̃B_f ] . (3.15) It follows from (3.13) that

m̃(B_f )_{(m̃)} = (B_f )_{(m̃)} ∩ m̃(R[u, u^{−1}]_{(m̃)})^q . (3.16)

This implies that m̃B_f = B_f ∩ m̃R[u, u^{−1}]^q . (3.17) Indeed, if v ∈ B_f ∩ m̃R[u, u^{−1}]^q, it follows from (3.16) that there exists a ∈ R[u, u^{−1}] \ m̃ such that av ∈ m̃B_f . Since B_f /m̃B_f is an R[u, u^{−1}]/m̃- vector space, it follows that v ∈ m̃B_f . It follows from (3.14) and (3.17) that dim_{R[u,u}�1_{]/m̃} [ B_f /(B_f ∩ m̃R[u, u^{−1}]^q ) ] = q − g. (3.18) Let now m = m̃ ∩ R. It easily follows from (3.18) that (B_f )_m is a free (R/m)[u, u^{−1}]-module of dimension q − g. Hence, (B_c)_m has rank q − g. Consider now m ∈ U_o(ϕ) and let m̃ ∈ V (I_ϕ)^c such that m = m̃ ∩ R. We have the inclusions

(B_c)_m ⊆ (B_m)_c ⊆ (ker ϕ_m(σ, σ^{−1}))_c.

By previous considerations they all have the same rank, hence they are equal. This clearly proves the result.

4 From Image to Kernel Representations

In this section we will study conditions under which a controllable Rbehavior B, given by an image representation, admits a kernel representation. Moreover, we will see how to develop a procedure that provides constructively a kernel representation for B starting from its image representation. Many of the results are symmetric to the ones presented in Section 4. Many proofs are omitted or only sketched.

4.1 Regularity of behaviors admitting image representations

First we set some more notation. Given ϕ ∈ R[u, u^{−1}]^{q×g} , we define the ideal Ĵ_ϕ generated by all the g × g minors of ϕ (we put Ĵ_ϕ = 0 if q < g) and the ideal Î_ϕ := {p ∈ R[u, u^{−1}] | ∃ψ ∈ R[u, u^{−1}]^{g×q} : ψϕ = pI}. Clearly, Ĵ_ϕ = J_ϕt and Î_ϕ = I_ϕt as previously defined. Define U_i(ϕ) := {m ∈ Max(R) | ϕ_m(σ, σ^{−1}) is one–to–one}.

Standard linear theory shows again that m ∈ U_i(ϕ) ⇔ Î_{ϕm} = (R/m)[u, u^{−1}] ⇔ Ĵ_{ϕm} = (R/m)[u, u^{−1}]. Theorem 11 Let ϕ ∈ R[u, u^{−1}]^{q×g} and suppose that B := im ϕ(σ, σ^{−1}). Then, the following facts are equivalent

1. B is regular and ϕ(σ, σ^{−1}) is on–t–one;

2. B is regular of order less than or equal to 2 and ϕ(σ, σ^{−1}) is on–to– one;

3. Î_ϕ = Ĵ_ϕ = R[u, u^{−1}]; 4. U_i(ϕ) = Max(R).

Proof: 2.⇒1. Obvious.

1.⇒4. Direct consequence of Lemma 5.

4.⇒3. follows from Theorem 3 since U_i(ϕ) = U_{co}(ϕ^t). 3.⇒2. Let ψ ∈ R[u, u^{−1}]^{g×q} be such that ψϕ = I. Then, it is clear that ϕ(σ, σ^{−1}) is one to one. We have that im ϕ(σ, σ^{−1}) = ker(I − ϕ(σ, σ^{−1})ψ(σ, σ^{−1})) and moreover that im (I − ϕ(σ, σ^{−1}) ker(σ, σ^{−1})) = im ψ(σ, σ^{−1}).

Therefore the following sequence is exact 0 −→ B^i→ (R^q )Z^{ϕ̄(σ,σ} �1_) −→ (R^q )Z^{ψ(σ,σ} �1_) −→→ (R^l)Z −→ 0, where ϕ̄ := (I − ϕψ). This shows that B is regular of order less than or equal to 2.

Assume that ϕ ∈ R[u, u^{−1}]^{q×g} is such that Î_ϕ = R[u, u^{−1}] and that B = im ϕ(σ, σ^{−1}). Then there exists ψ ∈ R[u, u^{−1}]^{g×q} such that ψϕ = I. It is immediate to see that B = ker(I − ϕ(σ, σ^{−1})ψ(σ, σ^{−1})). (4.1) The problem of finding ψ has been already discussed in Section 3.

4.2 Minimal kernel representations

As it could be expected in analogy with Section 3, if R[u, u^{−1}] is Hermite, it is possible to construct matrix kernel representations which are onto, as illustrated in the following result which can be proven as Proposition 4.

Proposition 12 Suppose that R[u, u^{−1}] is Hermite. Let ϕ ∈ R[u, u^{−1}]^{q×g} and let B := im ϕ(σ, σ^{−1}). Assume that any of the equivalent conditions in Theorem 11 holds. Then there exists ψ ∈ R[u, u^{−1}]^{(q−g)×q} such that

B = ker ψ(σ, σ^{−1})

where ψ(σ, σ^{−1}) is onto and open.

It follows from the proof of Proposition 7 that if R[u, u^{−1}] is not Hermite, there exist cases of R-behaviors B = im ϕ(σ, σ^{−1} ), where ϕ(σ, σ^{−1}) is one-to-one and B is regular of order strictly greater than 1. This shows that the assumption that R[u, u^{−1}] is Hermite in Proposition 12 can not be weakened.

In analogy to Section 4 we now show how a more general result can be obtained if we allow kernel representations with final space which is no longer free. We have an analogue of Proposition 6 that can be proved along the same lines.

Proposition 13 Let ϕ ∈ R[u, u^{−1}]^{q×g} and let B := im ϕ(σ, σ^{−1} ). Assume that any of the equivalent conditions in Theorem 11 holds and that R[u, u^{−1}]^q /B_f is R-extended. Then, there exist a stably free R-module V and a ψ ∈ Hom(R^q , V )[u, u^{−1}] such that

B = ker ψ(σ, σ^{−1}),

where psi is such that ψη = Ifor some η ∈ Hom(V, R^q)[u, u^{−1}]. Moreover, we have that R[u, u^{−1}]^q/B_f ≃ V [u, u^{−1}].

4.3 Loss of observability and partial kernel representations

From the point–of–view of parametrized systems, the situation expressed in Theorem 11 corresponds to families of k-behaviors which admit image representations that remain observable for all values of the parameters. In the following, we will deal with a more general situation in which we may loose observability for some values of the parameters.

Notice that, given ϕ ∈ R[u, u^{−1}]^{q×g} , by Lemma 8 we have that U_i(ϕ)^o = V (Î_ϕ ∩R)^c. Analogously to what we did in section 3.4, we show how to find kernel representations for maximal ideals in V (Î_ϕ ∩ R)^c. Let a_1, . . . , a_n be a family of generators for the ideal Î_ϕ ∩ R and let ψ_i ∈ R[u, u^{−1}]^{q×g} such that ψ_iϕ = a_iI. It is easy to see that im ϕ(σ, σ^{−1}) ⊆ ker(a_iI − ϕ(σ, σ^{−1})ψ_i(σ, σ^{−1})). Write

V (Î_ϕ ∩ R)^c = n⋃ i=1 V ((a_i))^c.

If m ∈ (V (Î_ϕ ∩ R))^c, then m ∈ V ((a_i))^c for some i and it easily follows that im ϕ(σ, σ^{−1})_m = ker(a_iI − ϕψ_i)_m(σ, σ^{−1}).

We now present an alternative method to find image representation which is, in a certain sense, the dual of the one discussed in section 3.5. If B ⊆ (R^q)Z is an R-behavior, consider B^⊥ := {r ∈ R[u, u^{−1}]^{1×q} | r(σ, σ^{−1})B ≡ 0} which is clearly a finitely generated R[u, u^{−1}]-module. Conversely, given an R[u, u^{−1}]-submodule M of R[u, u^{−1}]^{1×q} , we can consider M^⊥ := {v ∈ (R^q)Z | r(σ, σ^{−1} )v = 0, ∀r ∈ M}. Since M is finitely generated, M^⊥ is a finite memory R-behavior and indeed a kernel representation of it can be obtained in the following obvious way. Fix a set of generators r_1, . . . , r_g of M and put

ψ = r_1 . . r_g .

Then, M^⊥ = ker ψ(σ, σ^{−1}).

Clearly, given an R-behavior B ⊆ (R^q)Z, we have that B ⊆ B^{⊥⊥} and we have equality if and only if B itself admits a matrix kernel representation.

The following is the most general result regarding kernel representations we will present.

Theorem 14 Assume that R is a domain. Let ϕ ∈ R[u, u^{−1}]^{q×g} and let B = im ϕ(σ, σ^{−1}). If ψ ∈ R[u, u^{−1}]^{r×q} is a polynomial matrix whose rows generate B^⊥, then for all m ∈ U_i(ϕ),

im ϕ_m(σ, σ^{−1}) = B_m = ker ψ_m(σ, σ^{−1}).

Proof: We only need to prove that, if m ∈ U_i(ϕ), then ker ψ_m(σ, σ^{−1}) ⊆ B_m.

This will be proven by showing that

1. ker ψ_m(σ, σ^{−1}) is controllable; 2. rk B_m = rk ker ψ_m(σ, σ^{−1}).

Let us start with 1. It will follow from the following stronger result rk ψ_{m̃} = q − g ∀m̃ ∉ V (Ĵ_ϕ). To see this consider the exact sequence 0 → R[u, u^{−1}]^{g ϕ}→ R[u, u^{−1}]^q → R[u, u^{−1}]^q /im ϕ → 0. Localization at m̃ ∉ V (Ĵ_ϕ) gives 0 → (R[u, u^{−1}]_{(m̃)})^{g ϕ(m̃)}→ (R[u, u^{−1}]_{(m̃)})^q → (R[u, u^{−1}]_{(m̃)})^q /im ϕ_{(m̃)} → 0. By the way we have chosen m̃, ϕ_{(m̃)} splits. Hence (R[u, u^{−1}]_{(m̃)})^q /im ϕ_{(m̃)} ≃ (R[u, u^{−1}]_{(m̃)})^{q−g} .

This implies that

((im ϕ)^⊥)_{(m̃)} ≃ ((im ϕ)_{(m̃)})^⊥) = (im ϕ_{(m̃)})^⊥ ≃ (R[u, u^{−1}]_{(m̃)})^{q−g} . Since B = im ϕ, we thus obtain rk ψ_{(m̃)} = q − g, which also yields rk ψ_{m̃} = q − g.

This proves 1. We now come to point 2. Since by previous considerations rk ψ_m = q − g and ϕ_m(σ, σ^{−1}) is injective, it follows that rk ker ψ_m(σ, σ^{−1}) = g = rk B_m.

This proves 2.

5 Parameterized Linear Systems

Let X ⊆ k^n be an affine variety, namely the common zeroes of a set of polynomials in k[z_1, . . . z_n]. Denote by I(X) the ideal of all the polynomials which are zero on X and let R = k[X] := k[z_1, . . . z_n]/I(X) be the k-algebra of polynomial functions on X. On X we will consider the Zarisky topology whose closed sets are exactly the affine varieties inside X. They can be represented in the following way: let I be an ideal in R. Then define V (I) := {x ∈ X | p(x) = 0 ∀p ∈ I}. Notice now that if x ∈ X, then

m_x := {p ∈ R | p(x) = 0} ∈ Max(R). (5.1)

If ϕ ∈ R[u, u^{−1}]^{g×q} , we recall that ϕ_x ∈ k[u, u^{−1}]^{g×q} is obtained from ϕ by evaluating in x all the coefficients. It is easy to see that under the canonical identification of R/m_x and k, we have that ϕ_x = ϕ_{mx} . This clearly shows how the representation problems for families of linear behaviors are connected to the problems considered in the previous sections.

Denote by k̄ the algebraic closure of k and by X̄ the closure of X inside k̄n. Denote moreover R̄ := k̄[X̄] = R ⊗_k k̄. The advantage of working in the algebraically closed situation is that, in this case, by the Hilbert’s Nullstellensatz all the maximal ideals of R̄ are of the type m_x as above with x ∈ X̄. This permits an identification of X with Max(R̄) which is a homeomorphism if both are equipped with the Zarisky topologies. We will assume this identification in the sequel.

5.1 From families of kernels to families of images

Let ϕ ∈ R[u, u^{−1}]^{g×q} . Analogously to what we did in Section 3, we introduce some important sets connected to ϕ:

U_c(ϕ) := {x ∈ X | ker ϕ_x(σ, σ^{−1}) is controllable},

U_o(ϕ) := {x ∈ X | ϕ_x(σ, σ^{−1}) is onto}, U_{co}(ϕ) := U_c(ϕ) ∩ U_o(ϕ). We start with the following result.

Theorem 15 Let X be a k-affine variety and let R = k[X]. Let ϕ ∈ R[u, u^{−1}]^{g×q} be such that U_{co}(ϕ̄) = X̄. Then 1. ker ϕ_x(σ, σ^{−1}) = B_x, ∀x ∈ X, where B := ker ϕ(σ, σ^{−1}).

2. There exists ψ ∈ R[u, u^{−1}]^{q×r} such that ker ϕ_x(σ, σ^{−1}) = im ψ_x(σ, σ^{−1}), ∀x ∈ X.

Proof: Since R̄ is a Jacobson Noetherian ring [2], everything immediately follows from the above considerations and Theorems 2 and 3.

In the case the field k is not algebraically closed, the result expressed by Theorem 15 is not very satisfactory since it can not be applied if we have only that U_{co}(ϕ) = X. This drawback will be overcome in a little while.

Next example, on the other hand, shows that the assumption U_c(ϕ̄) = X̄ is not sufficient to obtain an image representation. Example 3 (cont.): Let k = R, X = R and R := R[z]. Consider ϕ := ( zu z ) . Clearly, U_c(ϕ̄) = C and U_{co}(ϕ̄) = C \ {0}. Assume by contradiction that there exists ψ ∈ R[u, u^{−1}]^{q×r} such that ker ϕ_x(σ, σ^{−1}) = im ψ_x(σ, σ^{−1}), ∀x ∈ R. (5.2) It then follows from (2.3) that rk (ψ_0) = rk (ker ϕ_0(σ, σ^{−1})) = 2.

Hence rk (ψ_x) ≥ 2 for x in an open set containing 0. However, this is not possible since by (5.2) and (2.3) we have that rk (ψ_x) = rk (ker ϕ_x(σ, σ^{−1})) = 1, if x ∈ R \ {0}.

We discuss now the observability. Observable image representations are guaranteed in certain cases.

Theorem 16 Assume that X = k^n. In the same assumptions of Theorem 15, there exists ψ ∈ R[u, u^{−1}]^{q×(q−g)} such that ker ϕ_x(σ, σ^{−1}) = im ψ_x(σ, σ^{−1}), ∀x ∈ X, where ψ_x(σ, σ^{−1}) is one–to–one for all x ∈ X.

Proof: It follows from the assumptions and from Theorem 3 that J¯_ϕ = R̄[u, u−1]. It is easy to see that this implies J_ϕ = R[u, u−1]. The result then easily follows from Proposition 4 since R = k[X] = k[z_1, . . . , z_n] is Hermite.

Notice that the construction of the image representation suggested in Proposition 4 is computable when the Hermite ring is k[z_1, . . . , z_n] [9].

In certain cases more general results can be obtained using Proposition 6, if we allow more general image representations induced by a ψ ∈ Hom(V, R^q )[u, u^{−1}], where V is a stably free R-module. To such a ψ we can indeed associate a sort of generalized family of k-images by considering im ψ_{mx} (σ, σ^{−1}), where m_x is the maximal ideal (5.1) associated to the point x ∈ X. We can give a nice geometric interpretation of this generalized family of images. In fact, the module V , being stably free, can be interpreted as the R-module of global polynomial sections of a certain algebraic vector bundle [12] π : E → X. Namely,

V = k[X, E] := {s : X → E polynomial with π ∘ s = i_{|E}},

where i is the identity map on X. E can be constructed in a canonical way, so that the fibers E_x, with x ∈ X, are identified with V/m_xV . Let us write ψ = ∑ ψ_iu^i, with ψ_i ∈ Hom(V, R^q ). Each ψ_i gives rise to a bundle morphism ψ^∗_i : E → k^q given, if v ∈ E_x, by ψ^∗_i (v) = (ψ_i)_{mx} (v).

Consider ψ^∗ := ∑ ψ^∗_i u^i. Then ψ^∗_{|Ex} = ∑ (ψ_i)_{mx} u^i = ψ_{mx} .

{ψ_{mx} (σ, σ^{−1})} can be thus interpreted as a family of linear shift operators polynomially parameterized by x, but whose initial space is not a fix vector space k^g but the fiber E_x of a vector bundle E on X.

Example 1 (cont.): Consider the R-family of kernels introduced in Example 1 in the introduction. It is immediate to check that J¯_ϕ = C [u, u^{−1}] so that, by Theorem 3, U_{co}(ϕ̄) = C^2. According to Theorem 16, the Rfamily of kernels ker ϕ_{(x,y)}(σ, σ^{−1}) admits an observable image representation which can easily be found with the techniques of Section 3.2. First complete ϕ to a square polynomial matrix with determinant equal to 1:

ϕ̃ := z_1u z_2 z_2 + 1 0 1 1 + z_1u −1 0 z_2 .

The last column of the inverse of ϕ̃ is

ψ := z_1z_2u − 1 −z_1u(1 + z_1u) z_1u .

Hence,

ker ϕ_{(x,y)}(σ, σ^{−1}) = im xyσ − 1 −xσ(1 + xσ) xσ ∀(x, y) ∈ R^2.

Example 2 (cont.): Consider the R-family of kernels introduced in Example 2 in the introduction. It is immediate to check that U_{co}(ϕ̄) = X̄. By Theorem 15, the R-family of kernels ker ϕ_{(x,y)}(σ, σ^{−1}) admits a matrix image representation. Actually, it admits an observable one for the following general argument which is worth illustrating. Put B = ker ϕ(σ, σ^{−1}). Since R is a Dedekind domain, it follows from [8] (Corollary 4.12 chapter 2) that B_f is the R-extension of a stably free R-module M of rank 1. Since M is stably free of rank 1, it must be free [8] (Theorem 4.11 chapter 1). This shows, by Proposition 6, that our R-family of kernels, admits an observable matrix image representation which can be obtained as in Example 3 completing the matrix ϕ:

ϕ̃ := ( z_1u^2 + z_2 z_2 −z_2 + z_1u^{−2} z_1u^{−2} )

and considering the second column of the inverse:

ψ := ( −z_2 z_1u^{−2} ) .

Example 4: Let k = R, X = S^2 = {(x_1, x_2, x_3) ∈ R^3 | x^2_1 + x^2 + x^2_3 = 1} and R = R[S^2] = R[z_1, z_2, z_3]/(1 − z^2_1 − z^2 − z^2_3 ). Consider

ϕ := ( z_1u + z_2 z_2 z_3 ) .

Again, U_{co}(ϕ̄) = X̄. Put B = ker ϕ(σ, σ^{−1}) and consider the R-module

M = ker ( z_1 z_2 z_3 ) .

We have a natural R[u, u^{−1}]-isomorphism g : M ⊗_R R[u, u^{−1}] → B_f given, if w = (w_1, w_2, w_3)^T ∈ M, by

g(w ⊗ u^j ) := u^{−1} 0 0 −u^{−1} 1 0

0 0 1 w_1u^j w_2u^j w_3u^j .

It is easy to realize that M is the R-module of sections of the tangent bundle of S^2 which is not trivial (not even topologically). Hence M is not free [8]. Consequently, it follows from Proposition 6 that we can not find in this case an observable matrix image representation of the R-family of kernels. At this point there are two alternatives. If we want a matrix image representation in the class R valid for all points of the sphere, we have to drop observability and, indeed, we can find one with initial space R^3 as follows. Put

ψ := u^{−1} 0 0 −u^{−1} 1 0 0 0 1 z_2 z_3 0 −z_1 0 z_3 0 −z_1 −z_2

. (5.3)

Then, it is straightforward to verify that

ker ϕ_{(x1,x2,x3)}(σ, σ^{−1}) = im ψ_{(x1,x2,x3)}(σ, σ^{−1}), ∀(x_1, x_2, x_3) ∈ S^2.

Note that, by using condition (3.2), we would find a different ψ. The image representation (5.3) can easily be found using Lemma 9, the map g and observing that the image of the matrix at right in (5.3) is exactly M. On the other hand, if we do not want to lose observability we are forced to consider an image representation which has as initial space not a fixed vector space but the linear fiber of dimension 2 of the tangent bundle T S^2 of S^2. Since T S^2 can be trivialized on S^2 deprived of a point, it follows that we can find observable matrix image representations which hold on the all sphere minus one point. Using for instance the stereographic projection from the point (0, 0, 1), a straightforward computation shows that, if (x_1, x_2, x_3) ≠ (0, 0, 1), T S^2_{(x1,x2,x3)} can be represented as the image of the matrix

[(1 − x_3)^2 − x^2_1 + x^2] −2x_1x_2 −2x_1x_2 [(1 − x_3)^2 + x^2_1 − x^2] 2(1 − x_3)x_1 2(1 − x_3)x_2 .

Hence, if we consider

ψ := u^{−1} 0 0 −u^{−1} 1 0 0 0 1

[(1 − z_3)^2 − z^2_1 + z^2 ] −2z_1z_2 −2z_1z_2 [(1 − z_3)^2 + z^2_1 − z^2 ] 2(1 − z_3)z_1 2(1 − z_3)z_2 we have that

ker ϕ_{(x1,x2,x3)}(σ, σ^{−1}) = im ψ_{(x1,x2,x3)}(σ, σ^{−1}), ∀(x_1, x_2, x_3) ∈ S^2\{(0, 0, 1)}.

Something similar can be done outside of (0, 0, −1) so that we can represent our R-family of kernels with two observable image representations.

Example 5: Let k = R, X = S^2 and R = R[S^2]. Consider

ϕ := ( u + 1 z_1 z_2 z_3 ) .

Again, U_{co}(ϕ̄) = X̄. Put B = ker ϕ(σ, σ^{−1}). It is easy to verify that B_f ≃ (R ⊕ M) ⊗_R R[u, u^{−1}], where M is defined as in Example 4. On the other hand, it follows from the definition of M that R ⊕ M ≃ R^3. Hence, there exists in this case an observable matrix image representation which can be found with the usual techniques. Notice indeed that we can explicitly complete ϕ to a square invertible matrix

ϕ := u + 1 z_1 z_2 z_3 −z_3 z_2 −z_1 0 −z_1 0 z_3 −z_2 −z_2 z_3 0 −z_1 .

From this, by passing to the algebraic adjoint, we can again find the desired image representation. We omit the long but straightforward calculations.

We now pass to examine more general cases when controllability may be lost for certain values of the parameters. We have the following nice result.

Theorem 17 Assume that X = k and let R = k[z]. Let ϕ ∈ R[u, u^{−1}]^{g×q} and assume that I_ϕ ∩ R ≠ {0}. Then

1. V (I_ϕ ∩ R)^c = U_{co}(ϕ);

2. There exists ψ ∈ R[u, u^{−1}]^{q×(q−g)} such that

ker ϕ_x(σ, σ^{−1}) = im ψ_x(σ, σ^{−1}) ∀x ∈ U_{co}(ϕ), (5.4)

where ψ_x(σ, σ^{−1}) is one–to–one for all x ∈ U_{co}(ϕ).

Proof:

1. Since V (I¯_ϕ ∩ R̄)^c is a non-empty open set, it is equal to k̄ deprived of a finite number of points. Since, by Lemma 8, V (I¯_ϕ ∩ R̄)^c is the interior of U_{co}(ϕ̄), it immediately follows that they must be equal. From this, 1 easily follows.

2. Let f be a generator of I_ϕ ∩ R and let R_f := {r/f^i : r ∈ R, i ∈

N }. It follows from 1 and the considerations in section 3.4 that there

exists ψ ∈ R_f [u, u^{−1}]^{q×(q−g)} satisfying the requirements of the proposition. Multiplying ψ by a suitable power of f we obtain the result. Remark: Notice that, in general, the inclusion V (I_ϕ ∩ R)^c ⊆ U_{co}(ϕ) (5.5) may be proper. In fact, U_{co}(ϕ) may well not be open as shown in the following example. Let X = X̄ = C^2 and R = C [z_1, z_2]. Take ϕ = (z_1, 1 + z_2u). It is easy to see that U_{co}(ϕ)^c = {(x_1, x_2) ∈ X | x_1 = 0 x_2 ≠ 0}, while V (I_ϕ ∩ R) = {(x_1, x_2) ∈ X | x_1 = 0}.

A straightforward application of the results in Section 3 gives the following general result.

Theorem 18 Let X be a k-affine variety and let R = k[X]. Let ϕ ∈ R[u, u^{−1}]^{g×q} . Then 1. (ker ϕ_x(σ, σ^{−1}))_c = (B_x)_c, ∀x ∈ U_o(ϕ), where B := ker ϕ(σ, σ^{−1}).

2. There exists ψ ∈ R[u, u^{−1}]^{q×r} such that (ker ϕ_x(σ, σ^{−1}))_c = im ψ_x(σ, σ^{−1}), ∀x ∈ U_o(ϕ).

This has an important consequence which permits to overcome the drawback of Theorem 15.

Corollary 19 Let X be a k-affine variety and let R = k[X]. Let ϕ ∈ R[u, u^{−1}]^{g×q} be such that U_{co}(ϕ) = X. Then 1. ker ϕ_x(σ, σ^{−1}) = B_x ∀x ∈ X, where B := ker ϕ(σ, σ^{−1}).

2. There exists ψ ∈ R[u, u^{−1}]^{q×r} such that ker ϕ_x(σ, σ^{−1}) = im ψ_x(σ, σ^{−1}), ∀x ∈ X.

Example 6 Let k = R, X = R and R = R[z]. Consider

ϕ := ( (1 − z)u 1 0 0 zu z(z − 1) ) . It is easy to check that U_{co}(ϕ) = R \ {0, 1}. Working in the ring R̃ := {p/(z(z − 1))^i : p ∈ R[z], i ∈ N } = R[z, z^{−1}, (1 − z)^{−1}], we complete ϕ to an invertible matrix

ϕ̃ :=

(1 − z)u 1 0 0 zu z(z − 1) z^{−1}(1 − z)^{−1} 0 0 .

Taking the last column of the inverse and simplifying, we obtain that

ker ϕ_x(σ, σ^{−1}) = im ψ_x(σ, σ^{−1}), ∀x ∈ R \ {0, 1},

where

ψ := 1 −(1 − z)u u .

Example 7 Let k = R, X = R and R = R[z]. Consider

ϕ := ( z + u zu − 1 ) .

It is immediate to verify that U_{co}(ϕ) = R, while U_{co}(ϕ̄) = C \ {i, −i}. An observable matrix image representation for x ∈ R can be obtained in this case, by considering ψ := ( 1 − zu z + u ) . Indeed, it is clear that, if x ∈ R,

im ψ_x(σ, σ^{−1}) ⊆ ker ϕ_x(σ, σ^{−1})

and equality holds by standard rank considerations. Example 8 Let k = R, X = R^2 and R = R[z_1, z_2]. Consider

ϕ := ( z_1u^2 + u − 2 z_1u + z_2 ) .

It is easy to see that U_o(ϕ) = R^2. We want to characterize U_{co}(ϕ). It is clear that (x, y) ∈ U_{co}(ϕ) if and only if xu^2 + u − 2 and xu + y do not have non-trivial common factors and this can be easily checked by using elimination theory. Indeed, consider the resultant of the two polynomials

Γ := det

−2 1 z_1 z_2 z_1 0 0 z_2 z_1

= −z_1[−2z_1 + z_2(1 − z_2)].

Hence U_{co}(ϕ) := (({0} ⊕ R) ∪ {(x, y) | 2x = y(1 − y)})^c. Consider now ψ := ( −z_1u − z_2 z_1u^2 + u − 2 ) . Arguing like in Example 7, it follows that im ψ_{(x,y)}(σ, σ^{−1}) = ker ϕ_{(x,y)}(σ, σ^{−1}), ∀(x, y) ∈ U_{co}(ϕ). Example 9 Let k = R, X = R^3 and R = R[z_1, z_2, z_3]. Consider

ϕ := ( z_1u + z_2 z_2 z_3 ) .

Formally, it is the same polynomial matrix than in Example 4. We have that U_{co}(ϕ) = R^3 \{(0, 0, 0)}. A matrix image representation out of (0, 0, 0) is exactly given by (5.3) and it is clear, by the arguments developed in Example 4 that there are not observable matrix image representations.

5.2 From families of images to families of kernels

An analogous application of the results in Section 4 provides a number of results on the representation of a family of images as a family of kernels. We here present them without further comments.

If ϕ ∈ R[u, u^{−1}]^{q×g} , define

U_i(ϕ) := {x ∈ X | ϕ_x(σ, σ^{−1}) is one to one}.

The following theorems are immediate consequences of Theorem 11 and Propositions 12 and 13.

Theorem 20 Let X be a k-affine variety and let R = k[X]. Let ϕ ∈ R[u, u^{−1}]^{q×g} be such that U_i(ϕ̄) = X̄. Then there exists ψ ∈ R[u, u^{−1}]^{r×q} such that im ϕ_x(σ, σ^{−1}) = ker ψ_x(σ, σ^{−1}), ∀x ∈ X.

Theorem 21 Let X = k^n. In the same assumptions of Theorem 20, there exist ψ ∈ R[u, u^{−1}]^{(q−g)×q} such that such that

im ϕ_x(σ, σ^{−1}) = ker ψ_x(σ, σ^{−1}), ∀x ∈ X,

where ψ_x(σ, σ^{−1}) is onto for all x ∈ X.

If U_i(ϕ̄) ≠ X̄ we have partial kernel representations.

Theorem 22 Assume that X = k and let R = k[z]. Let ϕ ∈ R[u, u^{−1}]^{q×g} and assume that Î_ϕ ∩ R ≠ {0}. Then,

1. V (Î_ϕ ∩ R)^c = U_i(ϕ).

2. There exists ψ ∈ R[u, u^{−1}]^{(q−g)×q} such that

im ϕ_x(σ, σ^{−1}) = ker ψ_x(σ, σ^{−1}), ∀x ∈ U_i(ϕ),

where ϕ_x(σ, σ^{−1}) is onto for all x ∈ U_i(ϕ).

Theorem 23 Let X be an irreducible k-affine variety and let R = k[X]. Let ϕ ∈ R[u, u^{−1}]^{q×g} . Then, there exists ψ ∈ R[u, u^{−1}]^{r×q} such that

im ϕ_x(σ, σ^{−1}) = ker ψ_x(σ, σ^{−1}), ∀x ∈ U_i(ϕ).

This allows us to improve Theorem 20.

Corollary 24 Let X be an irreducible k-affine variety and let R = k[X]. Let ϕ ∈ R[u, u^{−1}]^{q×g} be such that U_i(ϕ) = X. Then, there exists ψ ∈ R[u, u^{−1}]^{r×q} such that

im ϕ_x(σ, σ^{−1}) = ker ψ_x(σ, σ^{−1}), ∀x ∈ X.

Completely analogous examples to the ones developed in previous subsection can be easily presented in this context. Here instead we illustrate a simple application to a more classical system theoretic setting. Example 10: Consider a k-affine variety X and put R = k[X]. Consider then matrices A ∈ R^{n×n}, B ∈ R^{n×q1} , C ∈ R^{q2×n}, D ∈ R^{q2×q1} to which we can associate, as x varies in X, the family of classical input/state/output system σl = A_xl + B_xu y = C_xl + D_xu. (5.6)

We wonder if it is possible to ‘eliminate’ the variable l and to get difference equations involving u and y only, whose coefficients are still polynomials in x ∈ X. This can be interpreted in the behavioral context as follows. Consider

B_x := {(u, y) ∈ (k^{q1+q2} )Z | ∃l ∈ (R^n)Z : (u, l, y) satisfies (5.6)}.

Clearly, (5.6) is a latent variable representation of B_x. To use the results of this section, we first rewrite (5.6): ( B_x 0 D_x −I ) ( u y ) = ( σI − A_x −C_x ) l. Consider now ϕ := ( uI − A −C ) ∈ R[u, u^{−1}]^{(n+q2)×n}.

If U_i(ϕ̄) = X̄, then there exists ψ ∈ R[u, u^{−1}]^{r×(n+q2)} such that

im ϕ_x(σ, σ^{−1}) = ker ψ_x(σ, σ^{−1}), ∀x ∈ X.

Then,

B_x = ker ψ_x(σ, σ^{−1}) ( B_x 0 D_x −I ) , (5.7)

which is the desired difference equation representation of B_x. Note that the condition that U_i(ϕ̄) = X̄ is equivalent to the fact that the pair (A_x, C_x) is observable for every x ∈ X̄.

References

[1] M.F Atiyah and I.G. MacDonald. Commutative Algebra. London:

Addison-Wesley, 1969.

[2] N. Bourbaki. Commutative Algebra. Elements in Mathematics. London: Addison-Wesley, 1972.

[3] B. Buchberger. Gröbner basis: An algorithmic method in polynomial ideal theory, Multidimensional Systems Theory, (N.K. Bose, ed.). pp 184–232. Amsterdam: D. Reidel, 1985.

[4] F. Fagnani and S. Zampieri. Difference equations, shift operators and systems over Noetherian factorial domains, to appear J. Pure Appl. Algebra, 1996.

[5] F. Fagnani and S. Zampieri. Dynamical systems and convolutional codes over finite abelian groups, IEEE Trans. Inf. Theory, 42 (1996), 1892–1912.

[6] T.W. Hungerford. Algebra. Berlin: Springer-Verlag, 1974.

[7] S. Kung, B. Lévy, M. Morf, and T. Kailath. New results in 2D systems theory. part 1, Proceedings of IEEE, 65 (1977), 861–872.

[8] T.Y. Lam. Serre’s Conjecture, volume 635 of Lecture notes on Mathematics. Berlin: Springer, 1978.

[9] A. Logar. Algorithms for Quilen-Suslin theorem, Journal of Algebra, 145 (1992), 231–239.

[10] H.M. Möller and F. Mora. New constructive methods in classical ideal theory, Journal of Algebra, 100 (1986), 138–178.

[11] F. Pauer and M. Pfeifhofer. The theory of Gröbner bases. L’ Enseignement Mathématique, 34 (1988), 215–236.

[12] J.P. Serre. Modules projectifs et epaces fibrés á fibre vectorielle, Technical Report 23, Seminaire Dubreil-Pisat, 1957/58.

[13] I.R. Shafarevich. Basic Algebraic Geometry. Berlin: Springer Verlag, 1972.

[14] S. Stifter. Gröbner bases of modules over reduction rings, Journal of Algebra, 159 (1993), 54–63.

[15] J.C. Willems. From time series to linear systems, part I: Finite dimensional linear time invariant systems, Automatica, 22 (1986), 561–580.

[16] J.C. Willems. Models for dynamics. Dynamics Reported, 2 (1988), 171–269.

[17] J.C. Willems. Paradigms and puzzles in the theory of dynamical systems. IEEE Trans. Aut. Contr., AC-36 (1991), 259–294.

[18] J.C. Willems. LQ-control: a behavioral approach, in Proc. of the IEEE Conf. on Decision and Control, pp. 3664–3668, San Antonio, Texas, 1993.

[19] J.C. Willems. Control in a behavioral setting, in Proc. of the IEEE Conf. on Decision and Control, pp. 1824–1829, Kobe, Japan, 1996.

[20] J.C. Willems. Modelling using manifest and latent variables, in Proc.

of the IEEE Conf. on Decision and Control, pp. 197–198, Kobe, Japan, 1996.

[21] S. Zampieri and S.K. Mitter. Linear systems over Noetherian rings in the behavioural approach, Journal of Math. Systems, Est., and Cont., 6 (1996), 235–238.

Scuola Normale Superiore, Piazza dei Cavalieri 7, 56100 Pisa, Italy

Dipartimento di Elettronica ed Informatica, Università di Padova, via Gradenigo 6/a, 35131 Padova, Italy

Communicated by Clyde F. Martin