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The Minimum Time Function with
Unbounded Controls*

F. Rampazzo C. Sartori

Abstract

The classical time—optimal problem is investigated with the sole
hypothesis on the controls that they are bounded in the L' norm. In
fact, we allow the controls to be unbounded in the L* norm and we
do not assume any of the growth conditions that prevent the exploita-
tion of larger and larger controls. An assumption of controllability
with zero energy (which means that only the bounded component of
the control is used to reach the target from a neighborhood of it) is
proved to be sufficient for the continuity of the time-optimal map.
Under the same assumption this map turns out to be the unique
solution of a suitable Bellman equation with boundary conditions
of mixed type. The result relies essentially on a reparameterization
technique, which, in particular, allows one to replace the (discontin-
uous) conventional Hamiltonian with a more regular one.
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1 Introduction

The minimum time problem has commonly been studied under the hypoth-
esis that the set of available velocities were bounded (seee.g. [1,2, 3,4, 5, 6],
[9, 10], [12], [17, 18], [51], [53, 55], [57] and the references therein). Alter-
natively, a growth condition has been assumed to make the use of large
controls disadvantageous. In fact, many applications show these assump-
tions to be quite reasonable, and both the boundedness of the controls and
the growth hypotheses imply that the problem has important regularity
properties. For example, the corresponding Hamiltonian turns out to be
continuous.

*Received September 15, 1996; received in final form February 10, 1997. Summary
appeared in Volume 8, Number 2, 1998.
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However, the mathematical models describing a certain class of appli-
cations lack both boundedness and growth. Examples of this can be found
in rational mechanics when holonomic constraints are used as controls (see
[15],[19], [43]). Further examples come from space navigation theory (see
[28], [31]) and from advertising modelling (see [23]). Indeed, these applica-
tions share the fact that the velocity field and the Lagrangian depend lin-
early on the derivative of a certain control parameter. When this derivative
is itself regarded as a control there are often no reasons to justify a bound-
edness assumption on it. Moreover, the linear (or sublinear) dependence
of both the dynamics and the Lagrangian rules out the growth hypothesis
as well. This situation represents the control-theoretic analogue of what
happens in calculus of variations with slow growth (see e.g [20]). For this
reason we refer to these problems as to slow growth control problems.

Slow growth control problems have been investigated since the early
sixties (see e.g. [41], [44], [46]). In the first approaches to the problem
the unbounded controls appeared linearly in both the dynamics and the
Lagrangian, and their coefficient did not depend on the state variable. Such
an hypothesis allowed for a measure theoretical interpretation of both the
equations of motion and the integral cost. In particular it was possible to
give a robust notion of solution corresponding to a control represented by
a measure.

More recently genuine nonlinear slow growth problems have been ad-
dressed (see e.g. [7], [11], [13], [14], [16], [22, 23, 24], [29, 30], [32, 33, 34,
35, 36, 37, 38, 39, 40], [44, 45], [47, 48, 49, 50]). We mean, for instance,
the case where the dynamics and the Lagrangian depend linearly on the
unbounded controls but the coefficients of the latter are functions of the
state as well. More generally one considers the case where the fields and
the Lagrangian depend sublinearly on the unbounded controls. It is known
(see [13]) that in these cases a measure theoretical interpretation of the dy-
namic equations leads to an ill-posed problem, for no definition of solution
exists having continuous dependence on a control which degenerates into a
measure. Actually a different approach, based on embedding into space—
time, suits the problem better. Here, according to this line of investigation,
we address the minimum time problem with unbounded controls.

More precisely we consider the control system

z = f(t,z,v,§) z(t) ==z (1.1)

where (t,z) € R'*" v is a standard—i.e., bounded— control, and & belongs
to a closed cone C' CR™. Given a closed target 7 CR", the goal of the
problem consists in choosing a control policy (v, £) so that the correspond-
ing trajectory reaches the target 7 in a time t;y — ¢ as short as possible.
Though we allow the control ¢ to have unbounded L* norm, we impose
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an L' bound on it. Namely we assume that

/ 7 et <K % (1.2)

where K > 0 and k € [0, K]. We can think of k£ as an initial condition
which prescribes the maximal amount K — k of energy available to the
control &.

Besides some regularity hypotheses we assume the following slow growth
condition on the field f: there exists a map f*° = f*®(¢,z,v,w), called the
recession map of f, with the same regularity as f, such that

w
foo(taxavaw) = lim f(t,fL',’U, —)’I”.
r—0 r
The existence of the recession map f* implies that f grows at most linearly

in ¢ as |£]| tends to infinity.
An obvious example of such an f is given by

m
fl(t,:v,v,f) = gg(t,m,v) + Zgi(tvxvv)fia
i=1
where gg,91,---,9m are vector fields with standard regularity properties.
Setting
= ) flt,z, v, X)wy if wy#0
t = wo
ft, 2,0, w0, ) { [t z,v,w) if we =0
we obtain

m
fi(t, 2, v, wo, w) = go(t, z,v)wo + Zgi(t,x,v)wi.

i=1

Further examples can be found in [38]. We remark that, due to the slow
growth assumption, it may happen that minimizing sequences of measur-
able controls (v, &,) do not converge to a measurable control (v,&) (note,
incidentally, that this phenomenon is not related to the lack of convexity:
it may occur even if convexity assumptions hold). For example &, could
converge to a distribution, say a delta function. As already remarked, in
that case the attempt to give a distributional sense to equation (1.1) fails
because of the nonlinear nature of the problem. Consider for example a
dynamics like f; above: if the vector fields g1, ..., g are independent of x
and v, it can be shown that a distributional approach still works (see [46],
[8]). As soon as the g;’s depend on (v, ), however, an obvious drawback
arises when one tries to define a trajectory corresponding to a control (v, £)
whose second component £ is a delta function.
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These kinds of problems have been thoroughly investigated in [38] and
[35] by embedding the system (1.1) in the following space—time differential
system:

ds — Wo
% = f(t,z,v,wpy,w) (1.3)
(t,z)(0) = (¢, 7),

where s is a pseudo—time parameter with respect to which the time ¢ is
a non-decreasing, Lipschitz continuous function. It is remarkable that as
soon as wy = 0 on an interval [sq, 2], the time variable remains equal to
a constant ¢ on this interval, while the space variable z evolves according
to the dynamics f(t,z,v,0,w) = f>({,z,v,w). In other words the jump
of z at f is determined by the values of the control w on the whole interval
[s1, 82] (while in the case where the distributional approach can be applied,
this jump depends only on the integral of w over [sy, s2]).

In the space-time formulation of the problem the integral constraint
(1.2) has to be replaced by the inequality

/01 lw(s)|ds < K — k. (1.4)

It can be shown that each space-time trajectory (¢,z)(s) can be ap-
proximated by (reparametrizations of) the graphs (¢, z,(t)) of trajectories
xn(t) of the original system (1.1). However, on the one hand it is not true
that each space—time trajectory reaching the target 7 can be approximated
by (the graphs of) trajectories of (1.1) that reach 7. On the other hand
such an approximability property is essential if one wishes to consider (1.3)
as an extension of (1.1) (see [56]). In fact, we shall assume the following
hypothesis: Hypothesis (H). For every R > 0 there exist vg > 0 and

or > 0 such that for every (t,2) € (R X(Zs \ T)) N Booy\(/,R) there
exists vy, € V' such that

x — m(x)

f(t>xyvt,:t>0) < —VR

o —n(2)]

for some w(x) € T such that |v — 7(z)| = dr(x), where dr(x) denotes the
distance between T and the point © €R™ and for each p > 0 7T, denotes
the open set {x €R"™ : dr(z) < p}.

Hypothesis (H) can be thought of as an assumption of controllability
with zero energy. This means nothing but a version of the classical inwards
pointing field condition for the vectogram f(t,z,v,0) at the points x € 07 .

Under Hypothesis (H) and for a given amount K — k of maximal avail-
able energy we prove the following: if a space—time trajectory of (1.3)
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starting from a point (Z, ) reaches a point y € 7, then a point z € 7 near
y can be reached by a trajectory of the original system (1.1) starting from
T at t.

Let us denote by T(Z, %, k) the infimum of the times one needs to reach
the target starting from Z at time ¢ with energy less than or equal to
K — k. Let T.(f,z,k) be the analogous quantity —i.e. the infimum of
fol |wo(s)|ds— for the extended system (1.3). Under Hypothesis (H) we
prove that T = T,. This fact together with the above approximability
argument makes the extended minimum time problem a proper extension
of the original one.

The advantage of addressing 7, instead of 7' relies on the fact that
T. involves only bounded controls. This is the consequence of a suitable
combination of three facts: first, the extended system (1.3) is invariant
with respect to changes of the parameter s; secondly, each control must
satisfy the integral constraint (1.4); finally, under Hypothesis (H) the map
T.(=T) is locally bounded.

When Hypothesis (H) is in force, we prove (see Section 4) that T,
is continuous. Incidentally, this also provides an extension of the results
concerning the case with bounded controls, in that our field f depends on
the time variable as well. Actually, if f is Lipschitz continuous in (¢, z, ),
T. turns out to be Lipschitz continuous. Let us note that, unlike the
optimal time map for problems with bounded controls, 7, may happen to
be equal to zero even at points not belonging to the target 7. In Section
5 we establish a Bellman equation for T, which, unlike the formal Bellman
equation, involves a continuous Hamiltonian. The boundary conditions
satisfied by T, on 0 < k < K are of Dirichlet type, while, for k = K, T,
is a supersolution of the established Bellman equation. This latter fact is
not surprising in view of the results on constrained control problems (see
e.g. [52], [39]): actually, the integral constraint (1.4) can be interpreted as
a state constraint for the variable k(s) = k + fos |w(o)|do.

By means of a suitable Kruskov-type transformation of the dependent
variable we prove that T, is the unique (viscosity) solution of the established
boundary value problem. Two appendices, where some technical results are
proved, conclude the paper.

Notation: Throughout the paper we denote by B,[xg,7] the closed ball
of R™ with center in zy and radius r and by B,,(z¢,r) its interior. We
denote by || - ||co the sup norm. Given the set A we indicate by 0A its
boundary and by Int A its interior. For a closed set 7 CR", dr(x) denotes
the distance between 7 and the point & €R"™ and 7, denotes the open
set {x €R™ : dr(x) < p}. We call modulus each positive, continuous,
nondecreasing function from R to R which maps zer—t—zero. Finally by
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cone we mean a subset of a vector space closed under multiplication by non
negative scalars.

2 The Control System and the Minimum Time Func-
tion

We consider a control system of the form

{ i(t?) ];(?;fﬂ,vaf) (2.1)

where v is a conventional control which takes values in a compact set
V CR?, while the control ¢ is unbounded and takes values in a closed
cone C' CR™.

We assume the following hypotheses on the vector field f:

i) f e C(R*™ x V x C,R™) and for every compact subset Q CR'*"
there exists a positive constant L = Lg and a modulus w = wg satisfying

|f(t1,£l71,1),£) - f(t2,£l?2,’l),§)| < (1 + |£|)(L|$1 - $2| +w(|t1 - t2|))7
(2.2)

for all (tl,xlvvaf)) (tg,l’g,’l},f) € Q XV x Ca
ii) there exists a continuous nondecreasing function M (¢) > 0 such that

[f(t,2,0,8)] < M()(1+ [¢)(L + [«]) (2.3)

for every (t,z,v,£) ER'T" x V x C;
iii) (slow growth) there exists a map f* € C(R'™ x V x C, R"),
called the recession function of f, such that

lim Y f(t,z,v,7E) = f°(t, z,v,§) (2.4)

r—+00

uniformly on compact sets of R**™ x V x C.
We now introduce the set of controls

W) = {(v,6) € |J B(D, T,V xO)},

T>1

where B([a,b], E) denotes the set of Borel measurable functions from [a, b]
into a metric space E which are Lebesgue integrable. Let K > 0 be fixed,
and for every k € [0, K], let us set

R T —
W) = {(0,€) € WD) / €(s) ds < K — B,
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where, for every pair (v, £), the involved domain of integration [¢,T] coin-
cides with the domain of definition of (v, &).

The assumptions (2.2) and (2.3) ensure existence, uniqueness and ex-
ponential growth of the solution to (2.1) for every (v,£) € W(¢). Such a
solution will be indicated by zz z (v, &)(t).

Let 7 be a closed subset of R" . For every (£,z) €R'™™ and every
(v,€) € W(t) define

67 (0, €) = inf {t — ¢}, if x5 z(v,§)(t) € T for some t > ¢
BTN T o, if @75(v,€)(t) ¢ T for any ¢ > 1.
A control will be called admissible for (t,z) if 07 z(v,§) < +o0, and a
trajectory corresponding to an admissible control will be called admissible.
The minimum time function is then defined as

T(t,z,k) = inf 0z (v, .
Ca = nt (a6

A problem arises immediately. As it will be clear from Example 3.1
below, the lack of any L°-bound on the control £ and the slow growth as-
sumption possibly yield minimizing sequences of trajectories whose deriva-
tive are larger and larger in the L norm. In other words these trajectories
tend to a discontinuous map. To tackle this problem we follow the approach
already exploited e.g. in [32, 33, 34, 35, 36, 37, 38, 39, 40], that is, we embed
the dynamics of (2.1) into a new dynamics in which the variable ¢ is treated
as a space variable which is nondecreasing with respect to a new parame-
ter s. In this extended setting, as soon as the function 7" is bounded, the
minimizing trajectories are uniformly Lipschitz continuous provided that
the parameter s is suitably chosen (see Proposition 2.3).

For the sake of completeness we list here some definitions and results
from [40] which describe this embedding.

Definition 2.1. A space-time control is a triple belonging to the set T’
defined by
I'=B([r,00],V x [1,4+00) x C).

Moreover we set
1
I(k) = {('U,’U}(],’U}) el: / lw(s)|ds < K — k}
0

Definition 2.2. For every (t,z) €R'™™ and every triple (v, wo,w) € I we
set

- {f(t,m,v,wio)-wg if wo #0

ft,z,v,wy,w) =
( 0,) etz v,w) i we =0.

7
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The function f is therefore the continuous extension of the map
f(ta:v )wo to the set Dy =R'"™™ x V x [0, +00) x C.

We con51der now the new, extended system, also called space-time sys-
tem,

t'(s) = wo(s)
a'(s) = f(t(s), 2(s),v(s), wo(s), w(s)) (2.5)
£(0),2(0)) = (£, %),

where differentiation is done with respect to the new parameter s E [ 1.
A solution of this system will be indicated by either (¢ + fo wo (o) do,
x7 (v, wo, w)(s)) or (¢, )7z (v, wp,w)(s).

Let us define the sets

rt= {(v,wg,w) €' suchthat: wp(s)>0 forae se€]o, 1]}

and

T+ (k) = T N T(k).
Proposition 2.1. If (v,&) € B([1, 7],V x C), let us consider s : [0,1] —
([t,T) x C) such that s — (¢ (s), (s)) is any Lipschitz continuous parame-

u(s))
terization of the graph of t — u(t) = ft 7)dT with t'(s) > 0. Then, setting
wo(s) = t'(s), w(s) = u'(s) and v(s) = v ot( ), one has that z(t) is the
solution to (2.1) corresponding to (v, &) if and only if (t(s),x o t(s)) is the
solution to (2.5) corresponding to the control (v(s),wo(s),w(s)), the latter
belonging to T. Moreover, let (v,wo,w) € T't and let (t,z)zz(s) denote
the corresponding solution to (2.5). Then the position

- . w
(’U,f)(t) = (’U, _) ° S(t)v
wo
where s(+) is the inverse of t(-), defines almost everywhere in [t,T],T = t(1),
a control belonging to W (t) and the solution & to (2.1) corresponding to
(v,&) verifies

Zot(s) = z(s)

for every s € 0,1].

Proof: The first part of the Proposition follows from the uniqueness of
the solution to (2.1) and (2.5). The same uniqueness property implies the

(
second part, provided (7,£)(-) belongs to W (t). To prove this latter fact,
set

o(s) = / “w(o)do, u(t) = o s(t).
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Since (wo,w) € T't, there exists a null subset V' C [1, 0] such that ¢(-) is
differentiable on [0,1] \ NV and

t'(s) =wo(s) >0 Vse[0,1]\N.

Moreover s(+) is absolutely continuous (see e.g. [20]). In particular there
exists a null subset M C [, 7] such that s(-) is differentiable on [¢, 7]\ M.
Let us set O = M UU(N) and let us observe that O is a null set, for #(-)
is absolutely continuous. Hence u(-) is differentiable almost everywhere,
namely on [£,7]\ O, and one has
u'(t) = wﬂ os(t) =£(t) Ve[, T]\O.
0

Since u(+) is absolutely continuous, it follows that (any extension to [¢,T]
of) £(+) is integrable. Since the L'— equivalence class of (,£)(-) contains
a Borel map, the Proposition is proved. a

Notice that a Lipschitz continuous parameterization (¢(s),u(s)) as in
the previous statement always e>t(ists. Indeed it is sufficient to consider the
inverse t(s) of the map s(t) = ffy‘l((llii((ss’,))))l‘ ds' and set u(s) = w o t(s).

In the sense specified by thetabove proposition the sets User W (t) and
Uzer W (%, k) can be identified with Tt and I'*(k), respectively, for every
k € [0, K]. For this reason the trajectories corresponding to I't will be
called regular. Let o : [0,1] — [0,1] be an increasing, surjective map,
continuous with its inverse, and (v,wp,w) € I'. The map (0,wp,w) =
(voo,(wgoo)o’,(woo)o’) defines almost everywhere a space-time control,
as it is easy to check.

Proposition 2.2. [40] We have

A A N

.’I}{@('U, wo, ’U)) o U(S) = mf,i(va wo, w)(s)
for every s € [0,1].

We recall now from [38] the notion of canonical parameterization. Let
(v, wp,w) € T and let o, be the map from [0,1] into itself defined by

sy = do 10w
Jo [(wo, w)|(s)ds
If (wp,w) =0 1in [0,1] we set (v°, w§, w®) = (v, wp,w) otherwise we set

do doe

ds 7o) = (0(s), wo(s),w(s)). (2.6)

(v¢ o oe, w500, - —, w00, -

In [36] the following Proposition was proved:

9
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Proposition 2.3. The relation (2.6) defines a measurable map (w§,w®)
on [0,1] so that |w§,w®|(s) = fol |(wo,w)|(s)ds a.e. in [0,1]. Moreover
(2.6) defines a univalued Borel measurable map v¢ almost everywhere in
[0,1]. Finally the equality

(t,a:)t—j(v,wg,w)(ogl({s})) = (t)x)t_,i(vcawg)wc)(s)
holds for every s € [0,1].

The triple (v, wg, w®) is called canonical parameterization of (v, wo,w).
In the next lemma we state some properties that f inherits from f:

Lemma 2.1. The function f is continuous in Dy. Moreover assumptions
(2.2) and (2.3) on f imply that f satisfies:

i) for every compact subset Q C R**™ there exist L = Lg and
w = wgsuch that

|?(t1,a;1,v,w0,w) —7(t2,1'2,1),’LU0,1U)| <
(wo + [w)(L|z1 — 22| + w(|t1 — £2])),
V(t1, x1,v, wy,w), (t2, 2, v, wo, w) € @ X V x [0, +00) x C;
i) | f(tz,v,wo, w)| < M(t)(wo + [w])(1 + |z|), V(t,z,v,w, w) € Dy,
where M (t) is the same as in (2.3);

iii)  f(t,x,v, awy, aw) = af(t,z,v,wo,w), Y(t,z,v,wy,w) € Dy,
Va € R.

Setting

M;, = max |f
? (v,w0,w)EV X(B14m[0,1]N([0,+00) xC))

(t, &, v, wo, w)| + V2,
by ii) of the previous lemma we have that
|f (£, 2,0, wo,w)| < M z - |(wo, w)|-
Moreover Gronwall’s Lemma gives
|27, (v, wo, w)(s)| < || + els MEENV2AwoR)IdS" g (3.7)
where t(s) = + [, wo(s') ds'.

Remark 2.1. It is clear that for ¢ belonging to a bounded set and for all
space-time controls (v, wp,w) such that fol wo(s)ds < S, where S is a given
positive constant, M (t+ fol wop(s) ds) is bounded. Therefore, for these same

controls, since fol |w(s)|ds < K, and for (¢,%) € @, Q compact, there exists
a compact (' containing all the extended trajectories (¢, )z z(v,wo,w)(s).

10
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Proposition 2.4. For every (f,z) €R'™™ the set of regular trajectories
issuing from (t,x) is dense in the set of space-time trajectories issuing from
the same initial data.

The previous proposition is based on the fact that given a control
(v, wp,w) € I'(k), for every n € N we define the new control (v, wy,,w)
by setting wop, = < + wy. The controls (v, wy, ,w) belong to I'" (k) and
the corresponding trajectories approximate in the sup-norm the trajectory
corresponding to (v, wp,w).

Finally we give a result of approximability of trajectories. It is a slight
modification of Proposition 3.1 of [39] and we will present its proof in
Appendix 1 just for the sake of self-consistency.

Proposition 2.5. Fiz § = (t,%,k) € R'™ x [0,K], (v,Wp,w) € T'(k)
and & > 0. Then there exists a modulus p(-) such that for every y =
(t,x,k) € Bayn(7,0) there exists a control (v, wy,w) € I'(k) with fol wpds <
fol wods + 6, fol lw|ds < fol |w|ds and

l42,2(V, W0, W) — 1,2(v, wo, w)lleo < p(6)- (2.8)

Moreover for every compact Q CRY™ and S > 0 one can choose p()
independent of (t,Z, k) and (v, Wy, W), provided (t,%) € Q and fol wy ds < S.

Proof: See Appendix 1. a

If we assume Hypothesis (L) below, then estimate (2.8) can be im-
proved. Hypothesis (L)For every compact subset Q CR!*™ there exists

a constant Lg such that

w1 w2
|f(tr, 1,0, ——)wo, — f(t2,22,v, —)wo,| <
Wo, Wo,

Lo(Jty — ta| + |21 — 2| + |wo, — wo, | + w1 — w2l),

for all (¢1, 21, v, wo,,w1), (t2, T2, v, wo,, w2) € Q@ X V x (0,4+00) x C.
For instance Hypothesis (L) is verified if f is affine with respect to £
and locally Lipschitz continuous with respect to (¢, z).

Corollary 2.1. Assume hypothesis (L). Fiz Q CR'Y"™ and S > 0. Then
there exists a positive constant Lg such that for every y = (t,7,k) y =

(t,z, k) with (t,%),(t,x) € Q and for every (v,wo,w) € T'(k) with
fol wo(s)ds < S, there exists (v, wy, w) € ['(k) with

1 1
/ wp(s) ds < / wy(s)ds + |t — i
0 0

11
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and f[)l lw(s)|ds < fol [wW(s)|ds such that

127,22, W0, ) — @1, (v, w0, w)l|oe < L7 — yl. (2.9)

Proof: See Appendix 1. a

3 The Extended Problem

In this chapter we define the minimum time function 7, for the extended
system (2.5). As already mentioned in the Introduction, T [resp.T,| besides

depending on (¢,z), is a function of k& through the constraint f{T |€] dt <
K — k [resp. fol |lw|ds < K — k].
Define

Relk] = {(, z) € R : 3(v,wp,w) € T(k) such that
z7z (v, wo,w)(s) € T, for some s € [0, 1]}

and
R[k] = {(,x) € R™" : 3(v,wp,w) € TT(k) such that
z7z(v,wo,w)(s) € T, for some s € [0, 1]}

Re[k] [resp.R[k]] is the controllable set with space-time controls [resp.
reqular space-time controls| having energy less than or equal to K — k. (In
some literature these kinds of sets are called reachable).

For every (v,wp,w) € I' and every (¢,z) € R'*™ let us introduce

min{/gs wo(s)ds 5 €[0,1], 244 (v,wo,w)(5) € T}

01,2 (v; w0, w) = if33 € [0, 1] such that z, 4 (v, we, w)(3) € T

+00 if 33 € [0, 1] such that z; . (v, w, w)(3) € 7.

A space-time control (v,wp,w) will be called admissible for (¢,z) if
012 (v,wp,w) < 400, and the corresponding trajectory will be called an
admissible trajectory.

Remark 3.1. It is clear that the definition of §; , involves, for each space-
time control (v, wp,w), only the values of s up to the first instant when
the corresponding trajectory reaches the target. Hence, in view of the
parameter-free character of the extended system (see Proposition 2.2), we

12
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can restrict the class of admissible controls to those whose corresponding
trajectory reaches the target for s = 1 (obviously for these controls one has

etz ’U , Wo, W fo ’LU[)

For every (t,a;,k) RH‘" x [0, K] let us define

T.(t,z, k) = inf {Bt = (v, wo,w)}.
(v,wo,w)€r (k)

Hence the function T, is finite on the set

10, K1= | Rylk] x {k}
k€[0,K]
and it is equal to 400 on (R'™" x [0, K]) \ Re[0, K]. In view of Remark 2.1
the function T'(¢,x, k) can be now identified with
T(t,x, k) = inf {64,2(v, wo, w)}.

(v,wo,w)ET+ (k)

Setting

RI0K] = | RI x k),
k€[0,K]
the function T'(¢, z, k) is finite in R[0, K], while it is equal to 400 in (RT" x
0, K])\ R[0, K].

In general we have R[0, K] C R.[0, K]. The following simple example
shows that unless controllability conditions are assumed (see Section 4),
the inclusion is strict. Moreover it shows that at a point (£,7) € R[k], the
optimal control (when it exists) might belong only to the extended set T'.
This, together with the density result stated in Proposition 2.4, justifies
the space-time extension of the problem.

Example 3.1. Let us consider the autonomous system in [0, 1]

T =r+&

by =&

2(0) = (21, 22),
where r is a fixed positive real number. Let 7 = {(0,0)}, K = 1 and
C={(&,6):0<& <6}

It is easy to see that all the admissible trajectories are contained in the
cone {(z1,73) €ER? : 11 < 2 < 0} and that no admissible trajectory steers
points of the half-line z; = x5 < 0 to the origin. Therefore we have that
(t,(x1,22)) ¢ R[0] when z; = x5 except in the case 1 = x5 = 0. On the
other hand if we consider the extended system

0 = ante) + 105
z1(s) = rwo(s) +wy(s
2h(s) = wa(s) €01

t,:v)(O) = (07 (561,372))
13
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by taking the constant space-time control (0, (1/v/2,1/1/2)) one shows that
{(z1,22),21 = 2 and —1/\/5 <z <0} C RO

Consider now (z1,z2) = (—1,0) and the sequence of controls belonging
to W(0,0) given by

&n(t)=(m—7,0) for0<t<1/n.

The controls &, are admissible, in that z(_; )(£,)(1/n) = (0,0). Ac-
tually they are a minimizing sequence and T'(%,(—1,0),0) = 0 for every
t €R. However no optimal regular control exists, while the space-time
control (0, (1,0)) is optimal.

It is also worthwhile noting that at the points (¢,z,k) where both T
and T, are finite, T" might be strictly greater than T, as shown by the
following example.

Example 3.2. Let us consider the scalar control differential equation
t=¢x—1

with £ € [0, +00), K =2 and 7 = {1,3}. After a trivial computation one
obtains that T,.(¢,2,1) = 0 for every t €R, while T'(¢,2,1) = 1.

The next two theorems establish some relations between R[k] and R.[¥],
when no controllability (see Hypothesis (H) below) is assumed.

Theorem 3.1. If T CR"™ is a closed set, then for every k € [0, K] we have
Relk] C RIK].
Proof: If (t,z) € R.[k] \ (RxT) then there exists a control (v, wp,w) €
I'(k) such that
1 ~
<t+/ wods, :rt-j(v,wg,w)(l)) =(t,T)e RxT.
0

Consider now the control (v, wy , w™)(s) = (v, —wp, —w)(1—s). It is clear
that

1
<f—|—/ wods,mg’i(v_,wo,w_)(l)> = (t, 7).
0
Define

wy = ——+w,.
0 n 0

n

Consider the control (v, w, ,w™) and set

(tn, Tn) = (f-{—/o wy () ds,wm(v_,w[;n,w_)(l)).

14
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Clearly limy, . y oo (tn, z5) = (£, %) and indicating by wop, = —w, (1—s) one
has

1
(tn —l—/ Wo,, > Tty 2 (U, W0, , w)(1)) = (t,%) Vn € N.
0

This yields the thesis, in that (v,wp,,w) € Tt (k). O

Theorem 3.2. Let T €¢R"™ be a closed set such that either

)T =ZI\uT
or

i) T = 9QN\[Q=T\UQ

is verified. Then we have

Re[k] = IntRIk].
Proof: In view of Theorem 3.1 it is sufficient to show that R[k] C IntR[k].
We shall prove the assertion only under hypothesis i), for the proof assum-
ing ii) is quite similar. Let (¢, %) € R[k] and let (v, wo,w) € I'(k) be such
that (f+f01 wodS,a:t-@(v,wg,w)(l)) = (t1,21) = y1 € RxT. There exist
an open ball B = Byy,((t,z),7) and W neighborhood of y; such that the
map ¢ B — W defined by ¢(q,z) = (¢ + fol wods,zq, (v, wp, w)(1)) is a
homeomorphism. Hence for every o < r there exists (¢1,21) € B((£,z), 0)
such that ¢(q1,21) ERxIntT.

Let W, be a neighborhood of ¢(q1, z1) such that WNW; C (R xIntT).
The thesis follows from the fact that the subset ¢—1(W;) is a neighbor-
hood of (q1,21), and ¢~ (W1) C R[k]. Indeed, for every (q,z) € ¢~ 1(W1)
there exists § < 1, such that x4 .(v,wo,w)(s) ¢ IntT for s < § and
%y, (v, wo,w)(3) € OT. By definition of IntR[k], this implies that (¢, %) €
IntR[k]. O

4 Properness of the Extension and Continuity of the
Minimum Time Function

In this section we prove that under a controllability condition on the dy-
namics of (2.1) the function T coincides with T, and is continuous.

Let us state two Dynamic Programming Principles, the former for T'
and the latter for T,. The proofs rely on standard arguments combined
with obvious reparameterization techniques (see [37]). For this reason we
omit them.

15
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Dynamic Programming Principle. For every 7 = (£,7,k) € R0, K]
one has

T(y) = inf {/ wo(s')ds' +T(y(s))}, for every s € [0,1],
(v,wo,w)eT+(k) LJo
(DPP)
where
y(s) = (t(s),z(s),k(s)) =
¢+ [ wols)ds'sealo,wo,w)(e), F+ [ o] ds),
0 0
while for every 7 = (f, %, k) € R.[0, K] one has
T.(9) = inf {/ wo(s')ds’ +Te(y(s))}, for every s € [0,1],
(v,wo,w)€eT(k) L Jo
(DPP.)

where y(s) = (t(s),2(s), k(s)) = ( + [; wo(s") ds', z5,z(v, w0, w)(s), k +
Jo lw(s")| ds").

Remark 4.1. It is clear from the character of the extension f that R[K] =
R[K] and that in such set we haveT,(t,z, K) = T(t,z, K).

Hypothesis (H) below is the main assumption on the field at the bound-
ary of 7. It roughly states that at each point in a neighborhood of 07 and
for any t there exists an ordinary control v such that the dynamics points
towards 7, when the unbounded control £ is zero. Hence it is a standard
hypothesis of local controllability. If one thinks of the L! norm of ¢ as the
energy spent by the system, Hypothesis (H) can be seen as a controllability
condition with zero emergy. For standard problems, where only bounded
controls appear in the dynamics, it is a refinement of former hypotheses
which concerned a single point target (see [42]). In the form presented here,
it is an adaptation to the non-autonomous case of a condition introduced by
Cannarsa & Sinestrari in [18] (see also [25, 26, 27] and [53, 54] where similar
conditions are considered). Hypothesis (H). For every R > 0 there exist

vg > 0 and og > 0 such that for every (t,z) € (Rx(7T5, \7))NBy\(/,R)
there exists v; , € V such that

f(tawavt,xao) .
for some m(x) € 7 such that |z — n(z)| = dr(x).

16
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Since T'(¢, z, K) is nothing but the minimum time for the conventional
control system & = f(¢,z,v,0), Theorem 4.1 below is a slight extension of
a well known result to the case where f depends on ¢ as well and is locally
Lipschitz continuous in 2. Up to minor changes the proof is practically the
same as in the autonomous case with global Lipschitz continuity (see [18]).
We sketch it in the Appendix just for the reader’s convenience.

Theorem 4.1. Assume hypothesis (H). Then for all R > 0 there exist two
positive constants Cr and 6g, such that

T(t,x,K) < Crdr(x) V(t,z) € (R X Ts,,) N Boo\ (1, R). (4.6)
In particular the set R[K] contains a neighborhood of RxT .
Proof: See Appendix 2. a

Theorem 4.2. Assume hypothesis Then the sets R.[k] and R[k] co-

(H).
incide and are open, for every k € [0, K.
R

Proof: Let us prove that R.[k] C R[k]. Let ¢ > 0. If (£,7) €
let (v,0,w) € T'(k) be such that (£,7) = ( a;)t-—(v wg,ﬁ)(l)
Setting Wy, = Wo + + one has (v,W, , W) € I‘+(l_c and ||z7,z(7,
x7,z(T, W, ,W)||ce < €(n), with lim,, 4 €(n) = 0.

Put to(s) = I+ [, Wo, (s') ds'.an(s) = iV, Wo,,W)(s) and k(s) =
15+f05 [w]ds'. If n is sufficiently large, by Theorem 4.1 there exists a control
(v,wo,0) € T*H(K) such that 0y, (1) 4, (1)(v,wo,0) < +00. For such a value
of n, consider the control

o) (0(2r), 2w, (2r), 20(2r)) for 0<r<1/2
(9,19, w)(r) = (v(2r — 1), 2wo(2r — 1),0) for 1/2<r<1.
Clearly .
(9,9, w) € TT(k)
and

0{,@(’67 wﬂa ’J}) < tn(l) + etn(l),zn(l)(va Wo, 0) < +o0.
This implies that (£,Z) € R[k]. B
Let us prove that R.[k] is open. Let (,Z) € Re[k] and (v, W, W)
before. Given § > 0, by Proposition 2.5 for every (¢, z, k) € B((t,z
there exists a control (v, wp,w) in

N (v, wy,w) = {(’U,’IU[),’IU) € [(k) with

fol wo ds < fol wo ds + 6, fol lw| ds < fol [w] ds}

17
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and a modulus p such that
27,5 (0, Wo, W) — &1,2(v, w0, w)lo0 < p(6).

This implies that (¢, %) (v, we, w)(1) belongs to a p(6)—neighborhood of
Rx7T. By Theorem 4.1, for a sufficiently small § there exists a control
(v',wg,0) € TH(K) such that the control

. v(27r), 2w (21), 2w(2r for 0<r<1/2
(i) = { (27 20020), 2(2r) /
(v'(2r — 1),2wpy(2r — 1),0) for 1/2<r<1,
(belongs to I'(k) and) s steers x to a point of 7. Hence 6y (9,0, w) < +00.
It follows that B((,7,k),8) C R.[k], and therefore R.[k] is open. O

Corollary 4.1. Assume hypothesis (H). We have
R[OaK] = Re[ovK]

and

T(t,x, k) =Te(t,z, k)
for every (t,z,k) € R[0, K].

Proof: The first assertion is a trivial consequence of Theorem 4.2. Let us
prove that 7' =T, in R.[0, K]. Let ¢ > 0. If ({,Z) € R, [/c] let (v ’U)(], w) €
I'(k) be such that (¢, )s z(0,Wo,w)(1) ERXT and Te(t,z, k) > [, Wo ds—e.
Set Wy, = Wo + =, tn(s) =+ [J Wo, (s')ds', zn(s) mgf(ﬁ, Eg ,0)(8)
and k(s) = k + [ |w|ds’. In particular one has

“mf,i(ﬁa mOym) - 1‘{75(5,m0n,m)”00 S G(Tl)
with lim,_ 4 o €(n) = 0 and (v, Wy, ,w) € ['(k). Since the set

K= U {ﬂif,i(ﬁﬁomﬁ)(s): s € [07 1]} U{xg,i(ﬂ,ﬁo,ﬁ)(s), s € [07 1]}

neENN

is compact, there is an R > 0 such that £ C B(0, R). By Theorem 4.1,
there exist C'g and dg such that, if () < §r, for n > 7, we have

Te(tn(1), 2n(1), K) < Cre(n). (4.7)

Observe that T(t,(1), 2,(1), k(1)) < T(tn(1), zx(1), K). By (DPP), (4.7)

18
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and Remark 4.1, we have
B 1
T(E,z,k) < / o, (s) ds + T(ta(1), 2a(1), k(1))
0

S/ mon(S)dS+T(tn(1)7xn(1)7K)
0 (4.8)

1
g/ wo(s) ds + 1 + To(tn(1),2,(1), K)
0 n
|
<T.(t,z,k) + - + Cre(n) + e.

Taking the limit as n — +o0 on the r.h.s. of (4.8), we get, by the arbitrari-
ness of €, that T'(¢,z,k) < T.(t,z,k). The opposite inequality is obvious.
O

Observe that the proof of Corollary 4.1 implies that every admissible
trajectory of the extended system (2.5) can be approximated with regular
admissible trajectories. This fact and Corollary 4.1 say that the introduc-
tion of space-time controls is an actual extension of the original problem
(see [56]).

In what follows we always assume the controllability Hypothesis (H).
Hence, in view of Corollary 4.1, we can identify T with T, and R[0, K] with
R.[0, K].

In order to prove the continuity of 7' we begin by showing that it is
locally bounded.

Lemma 4.1. Assume hypothesis (H). Then the function T is bounded on
compact subsets of R[0, K.

Proof: Let § = (£,7,k) € R[k]. Consider B(y,é) for some positive §. Let
(v,wo,w) € I'(k) be such that z(1) = w7, (v, wo,w)(1) € T and T(f, z, k) >
fol wo(s) — €. In view of Proposition 2.5, for every y = (¢,z,k) € B(¥,0),
there exists a control in the set N (7, wy,w) defined in the proof of Theorem
4.2 such that ||z z(V, Wo, W) — x4, (v, wo, w)||x < p(6), where p is a suitable
modulus.

Choose R such that By, (0, R) D {zt (v, we,w)(s), s € [0,1],V(¢,2,k) €
B(g,6), Y(v,wp,w) € N(v, Wy, w)}. Let 6g and Cgr be as in Theorem 4.1.
It is not restrictive to assume that p(6) < 6. Then we have

T(y) < / wo(s) ds + Cp(6)

1
g/ wo(s)ds + 68 + Crp(8) < T(y) + 6 + Crég + ¢,
0
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for every y € B(g,6) N R[0, K]. A trivial compactness argument concludes
the proof. O

Theorem 4.3. Assume hypothesis (H). Then the function T :R'T" x [0, K]

— RU {400} is continuous in R0, K].

Let @ be a compact subset of R[0, K]. We shall prove that T is uni-
formly continuous on @. By the previous lemma there exists S such that
T(Q) < S. Hence, on @, T coincides with the value map T of the problem
corresponding to controls (v, wp,w) such that fol wo(s)ds < S +1,ie.,

T(t,z, k)= T(t,a:,k) = inf {0t,2(v, wo, w)}.
(v,wo,w)EL(k)
J§ wo<S+1

In particular we can apply Proposition 2.5 to this subclass of controls. Let
€ > 0 and let us consider (¢;,z;,k;) € @, i = 1,2, such that |(¢1,z1,k1) —
(t2,22,k2)| < 5. Let us choose a space-time control (vi,wo,,w1) € T'(k;)
(with fol wo, < S+ 1) verifying x4, 4, (v1,wo,,w1)(s) ¢ T V[ € [1,00),
Tty oz, (V1,w0,,w1)(1) € T, and fol wo, < T(t1,z1,k1) + 5. By Proposi-
tion 2.5 there is a control (va, wo,,ws) € T'(k2) (with fol wp, < S+1) such
that fol Wo, < fol wo, + § and  |@y, a0, (vi, w0, w1)(1)—

Tty 2q (V2, Wo,, w2)(1)] < p(5) where p is a suitable modulus.

Let B14,[0, R] be so large to contain all the trajectories issuing from )
and corresponding to controls (v, wy, w) such that fol wy < S+1.Let 6 and
CRr be the corresponding constants whose existence is stated in Theorem
4.1. By taking e sufficiently small we obtain 24, 4, (ve, wo,, w2)(1) € Tsy, .

Hence in view of (DPP) and of Theorem 4.1 we obtain

1 1
T'(t2, 2, k2) S/ wo, +T<(tﬂx)t27962(v27w027w2)(1)7k2+/ |w2(8)|d5>
0 0
1
< [ w4 5+ (D (02,000, 02) (), K)
0

< Tt 21, k1) + € + Crp(=

2)'

By interchanging the roles of (¢1,x1,k1) and (t2, z2, k2) we obtain
~ ~ €
|T(t1, 1, k1) — T(t2, 22, k2)| <€+ CRP(E)

as soon as |(t1,z1, k1) — (t2, 2, k2)| < 5.

To conclude the proof we must show that if (yn)nen = (tn, Tn, k) is a
sequence belonging to R[0, K] and lim,, .\ oo ¥y = 7 = (£, Z, k) € R[0, K] \
R[0, K] then we have lim, 10, T'(y,) = 400. If not, there would be a
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subsequence, still denoted by (yy), such that lim,_ 4. T(y,) = T. Choose
a sequence of minimizing controls (v,,wy, ,w,) such that fol wo, (s)ds <
T(yn) + £ and 24, o, (vn,wo,,w,)(1) € 7. It is trivial to check that the

n
corresponding trajectories verify that

lim “mf,i(an Wo,, » wn) = Tty ,an (vn, Wo,, wn)HOO =0.
n—+4+o0o
With an argument analogous to the one exploited in the first part of the
proof we obtain that (f,%, k) € R[0, K], a contradiction. ad

The result can be improved as soon as one assumes Hypothesis (L)
introduced in section 2:

Corollary 4.2. Assume hypotheses (L) and (H). Then the function T is
locally Lipschitz continuous in R[0, K].

Proof: Let @ C R[0, K] be a compact subset. Then there exists S > 0
such that T'(¢t, z, k) < S, for every (¢, z,k) € Q. The set of trajectories from
points of @) is compact if we use space-time controls (v, wp,w) such that
fol wp(s) ds < S. Proceeding as in the proof of the continuity of 7' it is easy
to prove that (4.6) together with (2.9) (which now replaces (2.8)) implies
the local Lipschitz continuity of 7T m|

5 Hamilton-Jacobi Equation

The aim of this section is to recover the value map T as the unique so-
lution of a suitable boundary value problem. Because of the sublinearity
in the unbounded control the Hamiltonian turns out to be equal to —oo
at several points. Hence, analogously to what has been done for the Boltz
problem in [37], [39, 40], we regularize the problem by considering a contin-
uous Hamiltonian which is naturally connected with the extended control
system.
Let us consider the Hamiltonian

H(t,.’l},pt,pm,pk)i min H(t,m,pt,px,pk,’l),UJ(),W),
UGV,(wg,w)GS‘j,'L

where

H(t)x)ptap:tapkavawﬂaw) = wWo + ptWo + Pz '?(t)x>v)w07w) +pk|w|7
with

St =8,Nn{[0,+00) x C} and S, = {(wo,w) € R™ : |lwy,w| = 1}.
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Notice that, unlike the formal Hamiltonian of the problem, H is con-
tinuous. The reason of that relies on the fact that we have replaced a
minimization over an unbounded set (the cone [0,4+00) x C) with a min-
imization over the compact set S\ . As it will be clear later, the fact that
S does not contain the origin is essential in order to prove the uniqueness
of the corresponding boundary value problem (see also [37]).

Let us set VT = (V,T,V,T,V;T), where V,T,V,T,V; T denote the
gradients of 7" with respect to ¢,z and k, respectively. We will prove that
T is a viscosity solution of the Hamilton- Jacobi equation

—H(t,z,VT(t,z,k)) =0 (HJ)
in the open set
Q=RO,K)n(Rx(R"\T) x(1,K)),

where R(0, K') = Uye(o,) RIK] x {k}. Moreover we shall establish bound-
ary conditions on the sets:

00 = (RO]\ (R xT)) x {1}

and
Nk = (RIK]\ (R xT)) x {K}.

For the reader convenience we recall the notion of viscosity solution (see
e.g. [21]).

Definition 5.1. Let E be a subset of R"12.

A function v € C°(E) is a viscosity subsolution of (HJ) at (t,z,k) € E
if for any ¢ € C°( R"2) such that (t,z,k) is a local maximum of v — ¢
on E one has
v € C°(E) is a viscosity supersolution of (HJ) at (t,z,k) € E if for any
© € C°(R"?) such that (t,z,k) is a local minimum of v — ¢ on E one
has
v € C°E) is a viscosity solution of (HJ) at (t,z,k) € E if it is both a
viscosity subsolution and a viscosity supersolution.

Theorem 5.1. Assume hypothesis (H). Then
i) T is a viscosity solution of (HJ) in QU 00y,
it) T is a viscosity supersolution of (HJ) on 0Qk.

Proof: The proof of this result, besides involving some standard argu-
ments, is mainly based on the fact that f is homogeneous in (wq,w) and
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that we can canonically parameterize the space-time controls. Let us show
that T is a subsolution of (HJ) in QU Q. Let y = (£,7,k) € QU IQg and
let ¢ be a function of C>°(R"*?), such that

T(y) —p(y) < T(y) — ¢(7),

for every y = (¢,z,k) in (QU Qo) N B(y, 7o), where 7y is sufficiently small.
Let w = (wo, w1, .., wm,) € S;t[0,1] and v € V. Then the control

for 0<s<
(5, W0, T)(s) = (v, wy, w)(s), or 0<s<e
(v, wgp,0)(s), for e<s<1,
belongs to I'(k) as soon as we choose € > 0 sufficiently small. Moreover
setting y(s) = (t + [, Wo do, 27, (v, W, w)(s), k + [, [W|do), there exists
5 > 0 such that g(s) € B(g,rp) for each s € [0, 3]. By (DPP) we have

o) — (y(s)) < T(y) —T(y(s)) < Jo Wo(s)ds

Taking the limit as s — 0 we get

Vt(p(?j) + Vz(ﬂ(g) : f([) z,v,wo, ’LU) + Vk(p(?j)|UJ| > —wp
and since (v, wy,w) was arbitrary in V x S;% we deduce that

—inf H(f,ﬁ:,Vtap(gj),wa(gj),vkap(gj),v,wo,w) S 0.
veV,(wo,w)EST

We prove now that T is a supersolution in QU Qo UdQx. Let (£,%,k) = ¢
and let ¢ be a map in C*°(R"*?) such that § is a local minimum for T'— ¢
on QUOINY UIN k. We can suppose that T'(§) = ¢(7). Hence there exists rg
such that T'(y)—p(y) > 0is verified for every y € B(¥, r9)N(QUIN, UMK ).

By (DPP) for every s we can choose a sequence (v,,wy, ,w,) € I'(k)
such that denoting by yn(s) = (tn(s),2n(s),kn(s)) = (£ + [; wo, (s') ds’,
x7,z(Vn, o, , wy)(8), /_c+fos |wn(s")| ds'), we have fos wy, (8") ds'+T (yn(s)) <
T(j)+ . We can suppose z,,(1) = @7z (vn, wo, ,wy)(1) € T andz,(s) ¢ T
for every s < 1. By (2.7) there exists § € [0,1] such that for every s < 3
and every n € N we have y,(s) € B(y,ro) and therefore
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For an n sufficiently large, set s = L in (5.1). Then one has

[ w8 + o) - o) < .
that is
[ M09, (5, Tt (9,205, b (9), 061w, () () s < .
(5.2)

It is not restrictive to assume that the space-time controls (v, wq,, , w,) are
canonically parameterized (see Proposition 2.3), which implies that

|wo,, , wn|(s / [(wo,, , wp)(0)| do Vs € [0,1].

We shall prove that there exists A > 0 such that

/0 [(wo,, , wy)|(0)do > A (5.3)

for all n € N. Since all the functions are continuous, taking the limit as
s — 0 inside the integral of (5.2), we get that there exists a sequence €(n)
with lim, 4+ €(n) = 0 such that

> n/ [(wo,, , wy)| )da/ min  H(t, %, V(t, Z, k), v, w, w) do
0 (wo,w)veSnt
veE

> AH(L, 7,V (5,5,F)).

The above expression gives the required inequality once we consider the
limit of both sides as n — +o0.

Let us conclude by proving the claim that (5.3) holds true. If for every s
and every sequence of the above controls (v, wo, ,wy) (5.3) does not hold,
then there would be a subsequence, still denoted by (v, wo, , wy) such that
lim,— 4 oo fol |(wo,, ,wn)|(0) do = 0. Since all the trajectories (t,, z,)z,z, are
contained in a compact set (), by setting L = Lg, we have

(tn @n)ee — (F,7)|oo < ML~ (f o (s)wn (9] ds _ 1>

where Mg ; is the constant appearing after Lemma 2.1.
In particular we would obtain Z € 7, a contradiction. O
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We are now in position to provide an uniqueness theorem. We will
use a comparison theorem due to M. Bardi and P. Soravia (see [5], [6])
which gives uniqueness of viscosity solutions that satisfy mixed boundary
conditions: that is, Dirichlet conditions and conditions of sub or super
viscosity solution, also called constrained conditions at the boundary of (.
In our case T is a viscosity supersolution of (HJ) on 0Q k, while it satisfies
classical Dirichlet conditions on 7. We will make use of a Kruskov-type
transform which allows to convert the condition that on R[/,K] \ R/, K]
the minimum time function is 400 into a classical Dirichlet condition.

Finally we have to remark that the main difference with a system with
bounded controls is that the function 7' is allowed to be equal to zero even
at points that do not belong to the boundary of the target.

Theorem 5.2. Assume hypothesis (H). Let f be locally Lipschitz continu-
ous in (t,z) and such that |f(t,z,v, we,w)| < C(1+|(t,z)|)(wo+|w|). Then
T is the unique, continuous and lower bounded function in R[0, K], which
is a viscosity solution of (HJ) in Q and satisfies the following boundary
conditions:

T(y) =0 Vye Rx0T x [1,K],
T(y) = +00 Vy € R[/v K] \R[I:Iqa

BC
T is a viscosity supersolution of (HJ) ondQk, (BO)
T is a viscosity solution of (HJ) ondQy.
Proof: Let us consider the map
_ =Tt k) +k
St k) = 1—e for (t,z,k) € R[?,K],
1 for (t,z,k) e (R x [0, K]) \ R[0, K].

By the second boundary condition, S turns out to be continuous in R+ x
[0, K]. Note that S is bounded and it is straightforward to prove that S is
a viscosity solution of

S— min (1+ViS—" _4y,g. LTV w)
(wo,w)ESH, wo + |w| wo + |w|
vev (5‘5)
|w]
Vip§——) =0
A w0+|w|)

in R x [0,K]\ ( RxT x [1,K]).
We introduce the Hamiltonian
F(t,m,r,pt,pm,pk)ir—l- max f(t7m7pt7p.’tapk7v7w03w)

(wo,w)ESH
veEV
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where

Wo

f(t)x;ptapzvpkavawﬂyw) = _(1+ptm +
f(t,m,U,HJ(),W) |1U|
. + Dy,
ST TR
so that we can write (5.5) as
F(t,z,S,VS)=0. (HT)

The boundary conditions (BC) are transformed into

S(t,x,k)=1—¢e*  for (t,z,k) € Rx 9T x[1,K],
S is a viscosity supersolution of (HJ’) in R'™ x {K}, (BC)
S is a viscosity solution of (HJ’) in R'*"™ x {0}.

In order to apply the comparison theorem of [6] we have to prove that,
given a compact Q CR'™, setting

P = (Pt, P> Pk)

and
q = (qt, qo- ) € R"*?,

there exists a constant C such that

|F(t1,.’171,7",p) _F(t2,$2,r,q)| S C(1+ |(t1,.’171)|) |p_q| +
Lalql|(ty, 1) — (t2, 22|

for every (ti,z1,7,p), (t1,72,7,q) € Qfo”'?’. The sublinear growth of f
in (¢,x) implies that |f(t,z,v,wo,w)| < C(1 + |(t,z)|)(wo + |w]). Choose
(v,wo, w) € V x St such that F(ta, za,7,q) = r + F(t2, x2,q,v,wo, w). We
have

F(ta,2,7,q) — F(t1,21,7,p) <

Wwo |
— Pt —qt| + . — qr| +
wo + |w| |pt l]t| ||pk Qk|

w
wo + |w

+|?(t1,$1,1},ﬂ)0,ﬂ))‘ _f(tQ,.’I,'Q,U,HJ(),W)‘

_ Pz I
wo + |w|_ wp + |w|
< Lol(t1,21) — (t2, 2)|lge| + C(1 + [t1, 1)) [Pz — ga| + 2|p — g
< Lol(t1,@1) — (t2,x2)llq] + C(1 + [t1, z1])|p — g

where C' = C' + 2.

The inequality holds true in absolute value once we exchange (t1,1)
with (¢2,z2). We apply Theorem 1.2 of [6] and Corollary 1.5 to get unique-
ness for the solution of (HJ’) that satisfies (BC’). Using the inverse trans-
formation T'(¢,z,k) = k — log(1 — S(t,x, k)) we recover uniqueness for the
solution of (HJ) and (BC).
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We point out that Theorem 1.2 in [6] is proved under a condition weaker
than Lipschitz continuity on (¢, ) but of global nature. It is not difficult to
prove that the theorem still holds if we assume local Lipschitz continuity
and sublinear growth on (¢,z). ad

Appendix 1

Here we present the proof of Proposition 2.5, which is a variation of The-
orem 3.1 in [39]. We need some definitions and notations. Fix a compact
Q CR'™™ and S > 0. Let us introduce

p(w) = max{|7(y,v,wo, )~ Fly, v,w0,0)],
(A1)
for (y,v,wp) € Q xV x [O,S+K]}

and

’(/J(?U()) = max{ﬁ(y,v,ﬁo + U)(),U)) _?(yﬂvam()aw”:
(A.2)
for (y,v,wo,w) € Q xV X BH_m[O,S—{—K]}.

Lemma A.1. Let wy(-) € L*([0,1],[0, S+ K]) and w € L(]0,1], B,,,[0, S +
K]). Then ¢ ow(-) and o wy(-) belong to L'([0,1],R) and there exist two
modulus ¢(-) and ¥(-), defined in [0,S + K], such that

/d) ds<¢)/ |w|(s)ds) and 1/)w0 ds<¢(/1w0()ds)

Moreover if we assume hypothesis (L) then we have

1 1 1
/d) ds<NQ/ |lw|(s)ds and /Ol/J(wg)dSSNQ/O wo(s) ds,

for a suitable Ng depending only on Q).

Proof: Indicate by p the modulus of continuity of the restriction of f to
Q XV x B14m[0, S+ K] with respect to the w variable and by g the one with
respect to the wy variable. Then we have |p(w;) — ¢(w2)| < p(jwr — wsl)
and (1o, ) — (o, )| < pio(lw, — wn, ). The map w — p(fw]) is bounded,
continuous at w = 0 and verifies 1(0) = 0. Hence it is well known that the
superposition operator w — p o w acts from L'([0,1], B,,[0, S + K]) with
values in L*(]0, 1], R) and it is continuous at zero. Therefore fol |wy —wa| <
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6 yields fol |p(w1) — Pp(ws)] < fo (Jwy — w2|) < €. This implies that the
operator w — ¢ o w, defined in Ll([O 1],B,[0,S + K]) with values in
L'([0,1], R) is unlformly continuous. If we define ¢ to be its modulus of
continuity, we get the first inequality of the thesis. Analogously we obtain
the second inequality, as soon as v is the modulus of continuity of the
operator wy — 1 o wy.

It is clear that if hypothesis (L) is assumed, then p(Jw; — wo|) and
wo(|wo, — wo,|) can be replaced by Ng|wi — w2| and Ng|we, — wo,|, re-
spectively, for a suitable Ng. O

Proof of Proposition 2.5: If ¢ > { define s = min{s € [0,1] : ¢ +
s Wo do = t}and

w(s) = {0 for s E [2, 3]

while if ¢ < ¢ define

wo(s) =wo(s) + (t —1).
Set #(s) =t + [, Wo(c) do and t(s) =t + [, wo(c) do. Notice that in both
cases we have [t(s) — ( )< |t —t.

Now define 5 = max{s €0,1]: [, [w(o)|do < K — k} and introduce

{E(s) for s€[0,3]

This implies that @(s) = w(s) in the case k < k. Notice that fol [@—w|do <
[k — k| and [ |w|do < [} [@|do. Finally define Z(s) = a7 (v, Wo, w)(s)
and z(s) = @ z(v, wo,w)(s). If (t,2,k) € Bpia(y,06), these trajectories
are contained in a compact set Q' C R". Let us set L = Lo/, M =

max |f|, and let us consider the maps ¢ and 9 introduced
Q' xVx[0,1]X(Bm[0,1]NC)

in (A.1) and (A.2), with S = fo s)ds + 1 and @ replaced by @'. The
following estimates hold (see Lemma 3 1 of [39] for details): if t > ¢

If(sl) (s)] < | — x| + [y ¥(wo(o))do + M|t —t| + |k — k|)+
+ [z d(w(0)) do + w(|f - #) fo wo(0)+lw( )|) do+
+L [ (@o(0) + [@(0)])|Z(0) — x(0)| do
while, if ¢ < £,
[Z(s) —z(s)] < |2 — 2| +

o[£~ 1] (
+L [3 (wo(0) + [0(0))[(0) - ()] do.
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In both cases using Gronwall’s lemma we get
(o) — ()] < (Jo = ol + M= o+ 6 = K) + B — ) + B0k~ k) +

1 —
+u(JE— ) / (@o(0) + [@(o)] + [ — ) da) o 3 olo) o) +/T—t]) do
0
(A.3)

where 9(+) and ¢(-) are the same as in Lemma A.1. Hence we obtain (2.8)
for a suitable choice of p. Moreover in view of the above arguments the
second part of the thesis is trivial. O

Proof of Corollary 2.1: If we assume hypothesis (L), the estimate (A.3)
yields (2.9) since, by the last part of Lemma A.1, we can replace ¢(|f — t|)
and @(|k — k|) by Ng/|t —t| and Ng/|k — k|, respectively. Taking the value
of the r.h.s. of (A.3) for s =1 we get (2.9). O

Appendix 2

Proof of Theorem 4.1. As mentioned in Section 4, this proof mimics
the proof of Proposition 2.2 in [18], where the autonomous case with global
Lipschitz continuity, is investigated. We outline it just for the sake of
self-consistency. We first prove (4.6) under the additional assumption that
T is bounded, that f is globally Lipschitz continuous with respect to x
with constant L, and that there exists M > 0 such that |f(¢,z,v,0)| <
M for every (t,z,v,0). Then v and o in Hypothesis (H) can be chosen
independently of R. Suppose M > v; set § = min{o, %} and C = % +

\/ == + 1 Fix (to,z0) € R x (75 \ T) and inductively define a sequence
(tj,a:j) by setting xr1 = X, tj = ﬁd(xj)ﬂ'j = Ei;t tr and Tjy1 =
Tr;(Vry,0;,0)(¢;) for j > 1, where vy, ,; is given by (H). With the same
arguments exploited in [18], one can prove that dr(z;11) < K’dr (=), for
j >0, where K = /1 — (ﬁ)‘z and t = 2’:; tr < Cdr(zp). Therefore the
sequence x; converges to a point £ € 7. Define the control

U(t) = vr 0y for 75 <t <740

We have x4, 4,(7,0)(¢) = Z and therefore T'(to, o, K) < Cdr (o).

Next we have to prove (4.6) for general f and 7. For any R > 0 define
Try =7 NB\[,€R], Lr = Lp,[0,2r), Mr = max{|f(t,z,v,0)| : (t,z,v) €
B14+1[0,2R] x V}, and

t,x,v,0 .
M37‘§Et7x7v7og‘ if |f(t,x,v,0)| > Mg.

fr(t,z,v,0) = {
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Consider the control system obtained by substituting f and 7 with fr and
7(r)y and denote by Tk the corresponding minimum time function. By the
first part of the proof, there exist §p = min{og, AL/[—;:} and Cg such that

Tr(t,z, K) < Crdr(z) forevery (t,x)€ [-2R,2R] x (s, NB\[1, €R]).

Choose §gCrMpg < R. For such a choice of 6g, we may assume that for e
small enough the e-optimal trajectories starting at points (¢, z) € [-R, R] %
(Tsr NB\[1, R]), that is z¢ . (v,0)(t) with 6; »(v,0) < Tr(t,z, K)+¢, remain
inside B,[0,2R] and t + Tg(t,z, K) + € < 2R. Therefore these trajecto-
ries are admissible for the original control system and we can deduce that
T(t,z,K) <Tg(t,z,K) < Crdr(z).

Finally, to prove the claim about the reachable set R[K] observe that
if (¢, %) belongs to R[K] and is sufficiently close to Rx7 then (4.6) implies
that there exists a ball of suitable radius around (£, ) on which T'(-, -, K)
is bounded, that is R[K] contains a neighborhood of RxT.

O
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