Journal of Mathematical Systems, Estimation, and Control © 1998 Birkhäuser-Boston Vol. 8, No. 2, 1998, pp. 1–34

The Minimum Time Function with Unbounded Controls^�

F. Rampazzo C. Sartori

Abstract

The classical time–optimal problem is investigated with the sole hypothesis on the controls that they are bounded in the L^1 norm. In fact, we allow the controls to be unbounded in the L^∞ norm and we do not assume any of the growth conditions that prevent the exploitation of larger and larger controls. An assumption of controllability with zero energy (which means that only the bounded component of the control is used to reach the target from a neighborhood of it) is proved to be sufficient for the continuity of the time–optimal map. Under the same assumption this map turns out to be the unique solution of a suitable Bellman equation with boundary conditions of mixed type. The result relies essentially on a reparameterization technique, which, in particular, allows one to replace the (discontinuous) conventional Hamiltonian with a more regular one.

Key words: time optimal problem, unbounded controls, dynamic programming

AMS Subject Classifications: 49L20, 49N25, 93C10

1 Introduction

The minimum time problem has commonly been studied under the hypothesis that the set of available velocities were bounded (see e.g. [1, 2, 3, 4, 5, 6], [9, 10], [12], [17, 18], [51], [53, 55], [57] and the references therein). Alternatively, a growth condition has been assumed to make the use of large controls disadvantageous. In fact, many applications show these assumptions to be quite reasonable, and both the boundedness of the controls and the growth hypotheses imply that the problem has important regularity properties. For example, the corresponding Hamiltonian turns out to be continuous.

∗Received September 15, 1996; received in final form February 10, 1997. Summary appeared in Volume 8, Number 2, 1998.

However, the mathematical models describing a certain class of applications lack both boundedness and growth. Examples of this can be found in rational mechanics when holonomic constraints are used as controls (see [15],[19], [43]). Further examples come from space navigation theory (see [28], [31]) and from advertising modelling (see [23]). Indeed, these applications share the fact that the velocity field and the Lagrangian depend linearly on the derivative of a certain control parameter. When this derivative is itself regarded as a control there are often no reasons to justify a boundedness assumption on it. Moreover, the linear (or sublinear) dependence of both the dynamics and the Lagrangian rules out the growth hypothesis as well. This situation represents the control-theoretic analogue of what happens in calculus of variations with slow growth (see e.g [20]). For this reason we refer to these problems as to slow growth control problems.

Slow growth control problems have been investigated since the early sixties (see e.g. [41], [44], [46]). In the first approaches to the problem the unbounded controls appeared linearly in both the dynamics and the Lagrangian, and their coefficient did not depend on the state variable. Such an hypothesis allowed for a measure theoretical interpretation of both the equations of motion and the integral cost. In particular it was possible to give a robust notion of solution corresponding to a control represented by a measure.

More recently genuine nonlinear slow growth problems have been addressed (see e.g. [7], [11], [13], [14], [16], [22, 23, 24], [29, 30], [32, 33, 34, 35, 36, 37, 38, 39, 40], [44, 45], [47, 48, 49, 50]). We mean, for instance, the case where the dynamics and the Lagrangian depend linearly on the unbounded controls but the coefficients of the latter are functions of the state as well. More generally one considers the case where the fields and the Lagrangian depend sublinearly on the unbounded controls. It is known (see [13]) that in these cases a measure theoretical interpretation of the dynamic equations leads to an ill–posed problem, for no definition of solution exists having continuous dependence on a control which degenerates into a measure. Actually a different approach, based on embedding into space– time, suits the problem better. Here, according to this line of investigation, we address the minimum time problem with unbounded controls.

More precisely we consider the control system ẋ = f(t, x, v, ξ) x(t̄) = x̄ (1.1) where (t, x) ∈R^{1+n}, v is a standard—i.e., bounded— control, and ξ belongs to a closed cone C ⊂R^m. Given a closed target T ⊂R^n, the goal of the problem consists in choosing a control policy (v, ξ) so that the corresponding trajectory reaches the target T in a time t_f − t̄ as short as possible. Though we allow the control ξ to have unbounded L^∞ norm, we impose an L^1 bound on it. Namely we assume that ∫_{tf} t̄ |ξ(t)|dt ≤ K − k̄ (1.2) where K > 0 and k̄ ∈ [0, K]. We can think of k̄ as an initial condition which prescribes the maximal amount K − k̄ of energy available to the control ξ.

Besides some regularity hypotheses we assume the following slow growth condition on the field f: there exists a map f^∞ = f^∞(t, x, v, w), called the recession map of f, with the same regularity as f, such that f^∞(t, x, v, w) = lim_{r→0} f(t, x, v, w r )r. The existence of the recession map f^∞ implies that f grows at most linearly in ξ as |ξ| tends to infinity.

An obvious example of such an f is given by f_1(t, x, v, ξ) .= g_0(t, x, v) + m∑ i=1 g_i(t, x, v)ξ_i, where g_0, g_1, . . . , g_m are vector fields with standard regularity properties. Setting f̄(t, x, v, w_0, w) .= { f(t, x, v,^w_{w0} )w_0 if w_0 ≠ 0 f^∞(t, x, v, w) if w_0 = 0

we obtain

f̄_1(t, x, v, w_0, w) .= g_0(t, x, v)w_0 +^m ∑ i=1 g_i(t, x, v)w_i. Further examples can be found in [38]. We remark that, due to the slow growth assumption, it may happen that minimizing sequences of measurable controls (v_n, ξ_n) do not converge to a measurable control (v, ξ) (note, incidentally, that this phenomenon is not related to the lack of convexity: it may occur even if convexity assumptions hold). For example ξ_n could converge to a distribution, say a delta function. As already remarked, in that case the attempt to give a distributional sense to equation (1.1) fails because of the nonlinear nature of the problem. Consider for example a dynamics like f_1 above: if the vector fields g_1, . . . , g_m are independent of x and v, it can be shown that a distributional approach still works (see [46], [8]). As soon as the g_i’s depend on (v, x), however, an obvious drawback arises when one tries to define a trajectory corresponding to a control (v, ξ) whose second component ξ is a delta function.

These kinds of problems have been thoroughly investigated in [38] and [35] by embedding the system (1.1) in the following space–time differential system: dt ds = w_0 dx ds = f̄(t, x, v, w_0, w) (t, x)(0) = (t̄, x̄), (1.3)

where s is a pseudo–time parameter with respect to which the time t is a non-decreasing, Lipschitz continuous function. It is remarkable that as soon as w_0 = 0 on an interval [s_1, s_2], the time variable remains equal to a constant t̃ on this interval, while the space variable x evolves according to the dynamics f̄(t̃, x, v, 0, w) = f^∞(t̃, x, v, w). In other words the jump of x at t̃ is determined by the values of the control w on the whole interval [s_1, s_2] (while in the case where the distributional approach can be applied, this jump depends only on the integral of w over [s_1, s_2]).

In the space–time formulation of the problem the integral constraint (1.2) has to be replaced by the inequality ∫_1 0 |w(s)|ds ≤ K − k̄. (1.4) It can be shown that each space-time trajectory (t, x)(s) can be approximated by (reparametrizations of) the graphs (t, x_n(t)) of trajectories x_n(t) of the original system (1.1). However, on the one hand it is not true that each space–time trajectory reaching the target T can be approximated by (the graphs of) trajectories of (1.1) that reach T . On the other hand such an approximability property is essential if one wishes to consider (1.3) as an extension of (1.1) (see [56]). In fact, we shall assume the following hypothesis: Hypothesis (H). For every R > 0 there exist ν_R > 0 and

σ_R > 0 such that for every (t, x) ∈ (R ×(T_{σR} \ T )) ∩ B_{∞+\}(′, R) there exists v_{t,x} ∈ V such that f(t, x, v_{t,x}, 0) · x − π(x) |x − π(x)| ≤ −ν_R for some π(x) ∈ T such that |x − π(x)| = d_T (x), where d_T (x) denotes the distance between T and the point x ∈R^n and for each ρ > 0 T_ρ denotes the open set {x ∈R^n : d_T (x) < ρ}.

Hypothesis (H) can be thought of as an assumption of controllability with zero energy. This means nothing but a version of the classical inwards pointing field condition for the vectogram f(t, x, v, 0) at the points x ∈ ∂T .

Under Hypothesis (H) and for a given amount K − k̄ of maximal available energy we prove the following: if a space–time trajectory of (1.3) starting from a point (t̄, x̄) reaches a point y ∈ T , then a point z ∈ T near y can be reached by a trajectory of the original system (1.1) starting from x̄ at t̄.

Let us denote by T (t̄, x̄, k̄) the infimum of the times one needs to reach the target starting from x̄ at time t̄ with energy less than or equal to K − k̄. Let T_e(t̄, x̄, k̄) be the analogous quantity —i.e. the infimum of ∫_1 0 |w_0(s)|ds— for the extended system (1.3). Under Hypothesis (H) we prove that T = T_e. This fact together with the above approximability argument makes the extended minimum time problem a proper extension of the original one.

The advantage of addressing T_e instead of T relies on the fact that T_e involves only bounded controls. This is the consequence of a suitable combination of three facts: first, the extended system (1.3) is invariant with respect to changes of the parameter s; secondly, each control must satisfy the integral constraint (1.4); finally, under Hypothesis (H) the map T_e(= T ) is locally bounded.

When Hypothesis (H) is in force, we prove (see Section 4) that T_e is continuous. Incidentally, this also provides an extension of the results concerning the case with bounded controls, in that our field f depends on the time variable as well. Actually, if f is Lipschitz continuous in (t, x, ξ), T_e turns out to be Lipschitz continuous. Let us note that, unlike the optimal time map for problems with bounded controls, T_e may happen to be equal to zero even at points not belonging to the target T . In Section 5 we establish a Bellman equation for T_e which, unlike the formal Bellman equation, involves a continuous Hamiltonian. The boundary conditions satisfied by T_e on 0 ≤ k < K are of Dirichlet type, while, for k = K, T_e is a supersolution of the established Bellman equation. This latter fact is not surprising in view of the results on constrained control problems (see e.g. [52], [39]): actually, the integral constraint (1.4) can be interpreted as a state constraint for the variable k(s) = k̄ + ∫_s 0 |w(σ)|dσ. By means of a suitable Kruskov-type transformation of the dependent variable we prove that T_e is the unique (viscosity) solution of the established boundary value problem. Two appendices, where some technical results are proved, conclude the paper.

Notation: Throughout the paper we denote by B_m[x_0, r] the closed ball

of R^m with center in x0 and radius r and by Bm(x0, r) its interior. We

denote by ‖ · ‖_∞ the sup norm. Given the set A we indicate by ∂A its boundary and by Int A its interior. For a closed set T ⊆R^n, d_T (x) denotes the distance between T and the point x ∈R^n and T_ρ denotes the open set {x ∈R^n : d_T (x) < ρ}. We call modulus each positive, continuous, nondecreasing function from R to R which maps zer–t–zero. Finally by cone we mean a subset of a vector space closed under multiplication by non negative scalars.

2 The Control System and the Minimum Time Function

We consider a control system of the form { ẋ = f(t, x, v, ξ) x(t̄) = x̄, (2.1)

where v is a conventional control which takes values in a compact set

V ⊂R^q , while the control ξ is unbounded and takes values in a closed

cone C ⊂R^m.

We assume the following hypotheses on the vector field f: i) f ∈ C(R^{1+n} × V × C,R^n) and for every compact subset Q ⊂R^{1+n} there exists a positive constant L = L_Q and a modulus ω = ω_Q satisfying |f(t_1, x_1, v, ξ) − f(t_2, x_2, v, ξ)| ≤ (1 + |ξ|)(L|x_1 − x_2| + ω(|t_1 − t_2|)), (2.2)

for all (t_1, x_1, v, ξ), (t_2, x_2, v, ξ) ∈ Q × V × C;

ii) there exists a continuous nondecreasing function M(t) > 0 such that |f(t, x, v, ξ)| ≤ M(t)(1 + |ξ|)(1 + |x|) (2.3) for every (t, x, v, ξ) ∈R^{1+n} × V × C;

iii) (slow growth) there exists a map f^∞ ∈ C(R^{1+n} × V × C, R^n), called the recession function of f, such that lim r→+∞ r −1f(t, x, v, rξ) = f^∞(t, x, v, ξ) (2.4) uniformly on compact sets of R^{1+n} × V × C.

We now introduce the set of controls W (t̄) .= {(v, ξ) ∈ ⋃ T >t̄ B([¯⊔, T ], V × C)},

where B([a, b], E) denotes the set of Borel measurable functions from [a, b] into a metric space E which are Lebesgue integrable. Let K > 0 be fixed, and for every k̄ ∈ [0, K], let us set W (t̄, k̄) .= {(v, ξ) ∈ W (t̄) : ∫_T t̄ |ξ(s)| ds ≤ K − k̄}, where, for every pair (v, ξ), the involved domain of integration [t̄, T ] coincides with the domain of definition of (v, ξ).

The assumptions (2.2) and (2.3) ensure existence, uniqueness and exponential growth of the solution to (2.1) for every (v, ξ) ∈ W (t̄). Such a solution will be indicated by x¯_{t,x̄}(v, ξ)(t).

Let T be a closed subset of R^n . For every (t̄, x̄) ∈R^{1+n} and every (v, ξ) ∈ W (t̄) define θ¯_{t,x̄}(v, ξ) = { inf {t − t̄} , if x¯_{t,x̄}(v, ξ)(t) ∈ T for some t ≥ t̄ +∞, if x¯_{t,x̄}(v, ξ)(t) /∈ T for any t ≥ t̄. A control will be called admissible for (t̄, x̄) if θ¯_{t,x̄}(v, ξ) < +∞, and a trajectory corresponding to an admissible control will be called admissible. The minimum time function is then defined as T (t̄, x̄, k̄) .= inf (v,ξ)∈W (t̄,k̄) { θ¯_{t,x̄}(v, ξ) } . A problem arises immediately. As it will be clear from Example 3.1 below, the lack of any L^∞-bound on the control ξ and the slow growth assumption possibly yield minimizing sequences of trajectories whose derivative are larger and larger in the L^∞ norm. In other words these trajectories tend to a discontinuous map. To tackle this problem we follow the approach already exploited e.g. in [32, 33, 34, 35, 36, 37, 38, 39, 40], that is, we embed the dynamics of (2.1) into a new dynamics in which the variable t is treated as a space variable which is nondecreasing with respect to a new parameter s. In this extended setting, as soon as the function T is bounded, the minimizing trajectories are uniformly Lipschitz continuous provided that the parameter s is suitably chosen (see Proposition 2.3).

For the sake of completeness we list here some definitions and results from [40] which describe this embedding.

Definition 2.1. A space-time control is a triple belonging to the set Γ defined by Γ .= B([′, ∞], V × [′, +∞) × C). Moreover we set

Γ(k) .= { (v, w_0, w) ∈ Γ :

∫_1 0 |w(s)| ds ≤ K − k } . Definition 2.2. For every (t, x) ∈R^{1+n} and every triple (v, w_0, w) ∈ Γ we set f(t, x, v, w_0, w) .= { f ( t, x, v,^w_{w0} ) · w_0 if w_0 ≠ 0 f^∞(t, x, v, w) if w_0 = 0.

The function f is therefore the continuous extension of the map f ( t, x, v,^w_{w0} ) w_0 to the set D_⌉ .=R^{1+n} × V × [0, +∞) × C.

We consider now the new, extended system, also called space-time system,

t^′(s) = w_0(s) x^′(s) = f(t(s), x(s), v(s), w_0 (s), w(s)) (t(0), x(0)) = (t̄, x̄),

(2.5)

where differentiation is done with respect to the new parameter s ∈ [0, 1]. A solution of this system will be indicated by either (t̄ + ∫_s 0 w_0(σ) dσ, x¯_{t,x̄}(v, w_0, w)(s)) or (t, x)¯_{t,x̄}(v, w_0, w)(s). Let us define the sets

Γ^+ .= { (v, w_0, w) ∈ Γ such that : w_0(s) > 0 for a.e. s ∈ [0, 1] }

and Γ^+(k) .= Γ^+ ∩ Γ(k).

Proposition 2.1. If (v, ξ) ∈ B([¯⊔, T ], V × C), let us consider s : [0, 1] → ([t̄, T ] × C) such that s → (t(s), u(s)) is any Lipschitz continuous parameterization of the graph of t → u(t) .= ∫_t t̄ ξ(τ)dτ with t^′(s) > 0. Then, setting w_0(s) .= t^′(s), w(s) .= u^′(s) and v(s) .= v ∘ t(s), one has that x(t) is the solution to (2.1) corresponding to (v, ξ) if and only if (t(s), x ∘ t(s)) is the solution to (2.5) corresponding to the control (v(s), w_0(s), w(s)), the latter belonging to Γ^+. Moreover, let (v, w_0, w) ∈ Γ^+ and let (t, x)¯_{t,x̄}(s) denote the corresponding solution to (2.5). Then the position (ṽ, ξ)(t) .= (v, w w_0 ) ∘ s(t), where s(·) is the inverse of t(·), defines almost everywhere in [t̄, T ], T = t(1), a control belonging to W (t̄) and the solution x̃ to (2.1) corresponding to (ṽ, ξ) verifies x̃ ∘ t(s) = x(s) for every s ∈ [0, 1].

Proof: The first part of the Proposition follows from the uniqueness of the solution to (2.1) and (2.5). The same uniqueness property implies the second part, provided (ṽ, ξ)(·) belongs to W (t̄). To prove this latter fact, set ϕ(s) .= ∫_s 0 w(σ) dσ, u(t) = ϕ ∘ s(t).

Since (w_0, w) ∈ Γ^+, there exists a null subset N ⊂ [′, ∞] such that t(·) is differentiable on [0, 1] \ N and

t^′(s) = w_0(s) > 0 ∀s ∈ [0, 1] \ N .

Moreover s(·) is absolutely continuous (see e.g. [20]). In particular there exists a null subset M ⊂ [¯⊔, T ] such that s(·) is differentiable on [t̄, T ] \ M. Let us set O .= M ∪ ⊔(N ) and let us observe that O is a null set, for t(·) is absolutely continuous. Hence u(·) is differentiable almost everywhere, namely on [t̄, T ] \ O, and one has

u^′(t) = w w_0 ∘ s(t) = ξ(t) ∀t ∈ [t̄, T ] \ O. Since u(·) is absolutely continuous, it follows that (any extension to [t̄, T ] of) ξ(·) is integrable. Since the L^1− equivalence class of (ṽ, ξ)(·) contains a Borel map, the Proposition is proved. 2

Notice that a Lipschitz continuous parameterization (t(s), u(s)) as in the previous statement always exists. Indeed it is sufficient to consider the inverse t(s) of the map s(t) .=

R_{t̄} t |(1,ξ(s^′ ))| R_{T̄} t |(1,ξ(s^′ ))| ds ′ and set u(s) .= u ∘ t(s). In the sense specified by the above proposition the sets

⋃_¯

t∈R^{W (t̄) and}

⋃_¯

t∈R^{W (t̄, k̄) can be identified with Γ+ and Γ+(k̄), respectively, for every}

k̄ ∈ [0, K]. For this reason the trajectories corresponding to Γ+ will be called regular. Let σ : [0, 1] → [0, 1] be an increasing, surjective map, continuous with its inverse, and (v, w_0, w) ∈ Γ. The map (v̂, ŵ_0, ŵ) .= (v ∘ σ, (w_0 ∘ σ)σ^′, (w ∘ σ)σ^′) defines almost everywhere a space-time control, as it is easy to check.

Proposition 2.2. [40] We have x¯_{t,x̄}(v, w_0, w) ∘ σ(s) = x¯_{t,x̄}(v̂, ŵ_0, ŵ)(s) for every s ∈ [0, 1].

We recall now from [38] the notion of canonical parameterization. Let (v, w_0, w) ∈ Γ and let σ_c be the map from [0,1] into itself defined by σ_c(s) .= ∫_s 0 |(w_0, w)|(s)ds ∫_1 0 |(w_0, w)|(s)ds . If (w_0, w) = 0 in [0,1] we set (v^c, w^c_0, w^c) .= (v, w_0, w) otherwise we set

(v^c ∘ σ_c, w^c_0 ∘ σ_c · dσ_c ds , w^c ∘ σ_c · dσ_c ds ) .= (v(s), w_0(s), w(s)). (2.6)

In [36] the following Proposition was proved:

Proposition 2.3. The relation (2.6) defines a measurable map (w^c_0, w^c) on [0, 1] so that |w^c_0, w^c|(s) =

∫_1 0 |(w_0, w)|(s)ds a.e. in [0, 1]. Moreover (2.6) defines a univalued Borel measurable map v^c almost everywhere in [0, 1]. Finally the equality (t, x)¯_{t,x̄}(v, w_0, w)(σ^{−1}_c ({s})) = (t, x)¯_{t,x̄}(v^c, w^c_0, w^c)(s) holds for every s ∈ [0, 1].

The triple (v^c, w^c_0, w^c) is called canonical parameterization of (v, w_0, w). In the next lemma we state some properties that f inherits from f:

Lemma 2.1. The function f is continuous in D_⌉. Moreover assumptions (2.2) and (2.3) on f imply that f satisfies:

i) for every compact subset Q ⊂ R^{1+n} there exist L = L_Q and ω = ω_Qsuch that |f(t_1, x_1, v, w_0, w) − f(t_2, x_2, v, w_0, w)| ≤ (w_0 + |w|)(L|x_1 − x_2| + ω(|t_1 − t_2|)), ∀(t_1, x_1, v, w_0, w), (t_2, x_2, v, w_0, w) ∈ Q × V × [0, +∞) × C; ii) |f(t, x, v, w_0, w)| ≤ M(t)(w_0 + |w|)(1 + |x|), ∀(t, x, v, w_0, w) ∈ D_⌉, where M(t) is the same as in (2.3); iii) f(t, x, v, αw_0, αw) = αf(t, x, v, w_0, w), ∀(t, x, v, w_0, w) ∈ D_⌉, ∀α ∈ R. Setting

M¯_{t,x̄} = max (v,w0,w)∈V ×(B1+_m[0,1]∩([0,+∞)×C)) |f(t̄, x̄, v, w_0, w)| + √ 2, by ii) of the previous lemma we have that |f(t̄, x̄, v, w_0, w)| ≤ M¯_{t,x̄} · |(w_0, w)|. Moreover Gronwall’s Lemma gives |x¯_{t,x̄}(v, w_0, w)(s)| ≤ |x̄| + e^{R s0 M(t(s′ ))√2|(w0,w)(s′)| ds′} − 1 (2.7) where t(s) = t̄ + ∫_s 0 w_0(s^′) ds^′.

Remark 2.1. It is clear that for t̄ belonging to a bounded set and for all space-time controls (v, w_0, w) such that

∫_1 0 w_0(s) ds ≤ S, where S is a given positive constant, M(t̄+

∫_1 0 w_0(s) ds) is bounded. Therefore, for these same controls, since

∫_1 0 |w(s)| ds ≤ K, and for (t̄, x̄) ∈ Q, Q compact, there exists a compact Q^′ containing all the extended trajectories (t, x)¯_{t,x̄}(v, w_0, w)(s).

Proposition 2.4. For every (t̄, x̄) ∈R^{1+n} the set of regular trajectories issuing from (t̄, x̄) is dense in the set of space-time trajectories issuing from the same initial data.

The previous proposition is based on the fact that given a control (v, w_0, w) ∈ Γ(k), for every n ∈N we define the new control (v, w_{0n} , w) by setting w_{0n} =^1_n + w_0. The controls (v, w_{0n} , w) belong to Γ^+(k) and the corresponding trajectories approximate in the sup-norm the trajectory corresponding to (v, w_0, w).

Finally we give a result of approximability of trajectories. It is a slight modification of Proposition 3.1 of [39] and we will present its proof in Appendix 1 just for the sake of self-consistency.

Proposition 2.5. Fix ȳ = (t̄, x̄, k̄) ∈ R^{1+n} × [0, K], (v, w_0, w) ∈ Γ(k̄) and δ > 0. Then there exists a modulus ρ(·) such that for every y = (t, x, k) ∈ B_{2+n}(ȳ, δ) there exists a control (v, w_0, w) ∈ Γ(k) with

∫_1 0 w_0ds ≤ ∫_1 0 w_0ds + δ,

∫_1 0 |w|ds ≤ ∫_1 0 |w|ds and ‖x¯_{t,x̄}(v, w_0, w) − x_{t,x}(v, w_0, w)‖_∞ ≤ ρ(δ). (2.8) Moreover for every compact Q ⊆R^{1+n} and S > 0 one can choose ρ(·) independent of (t̄, x̄, k̄) and (v, w_0, w), provided (t̄, x̄) ∈ Q and

∫_1 0 w_0 ds ≤ S. Proof: See Appendix 1. 2

If we assume Hypothesis (L) below, then estimate (2.8) can be improved. Hypothesis (L)For every compact subset Q ⊆R^{1+n} there exists

a constant L̄_Q such that

|f(t_1, x_1, v, w_1 w_{01}

)w_{01} − f(t_2, x_2, v, w_2 w_{02}

)w_{02} | ≤ L̄_Q(|t_1 − t_2| + |x_1 − x_2| + |w_{01} − w_{02} | + |w_1 − w_2|),

for all (t_1, x_1, v, w_{01} , w_1), (t_2, x_2, v, w_{02} , w_2) ∈ Q × V × (0, +∞) × C.

For instance Hypothesis (L) is verified if f is affine with respect to ξ and locally Lipschitz continuous with respect to (t, x).

Corollary 2.1. Assume hypothesis (L). Fix Q ⊆R^{1+n} and S > 0. Then there exists a positive constant L̄_Q such that for every ȳ = (t̄, x̄, k̄) y = (t, x, k) with (t̄, x̄), (t, x) ∈ Q and for every (v, w_0, w) ∈ Γ(k̄) with ∫_1 0 w_0(s) ds ≤ S, there exists (v, w_0, w) ∈ Γ(k) with

∫_1 0 w_0(s) ds ≤ ∫_1 0 w_0(s) ds + |t̄ − t|

R. RAMPAZZO AND C. SARTORI and ∫_1 0 |w(s)| ds ≤ ∫_1 0 |w(s)| ds such that ‖x¯_{t,x̄}(v, w_0, w) − x_{t,x}(v, w_0, w)‖_∞ ≤ L̄_Q|ȳ − y|. (2.9) Proof: See Appendix 1. 2

3 The Extended Problem

In this chapter we define the minimum time function T_e for the extended system (2.5). As already mentioned in the Introduction, T [resp.T_e] besides depending on (t, x), is a function of k through the constraint ∫_T t̄ |ξ| dt ≤ K − k [resp.

∫_1 0 |w|ds ≤ K − k]. Define

R_e[k̄] .= { (t̄, x̄) ∈ R^{1+n} : ∃(v, w_0, w) ∈ Γ(k̄) such that

x¯_{t,x̄}(v, w_0, w)(s) ∈ T , for some s ∈ [0, 1] }

and R[k̄] .= { (t̄, x̄) ∈ R^{1+n} : ∃(v, w_0, w) ∈ Γ^+(k̄) such that

x¯_{t,x̄}(v, w_0, w)(s) ∈ T , for some s ∈ [0, 1] } . R_e[k̄] [ resp.R[k̄] ] is the controllable set with space-time controls [resp.

regular space-time controls] having energy less than or equal to K − k̄. (In some literature these kinds of sets are called reachable).

For every (v, w_0, w) ∈ Γ and every (t, x) ∈R^{1+n} let us introduce

θ_{t,x}(v, w_0, w) = min {∫^{s̄} 0 w_0(s) ds s̄ ∈ [0, 1], x_{t,x}(v, w_0, w)(s̄) ∈ T } if ∃ s̃ ∈ [0, 1] such that x_{t,x}(v, w_0, w)(s̃) ∈ T +∞ if @ s̃ ∈ [0, 1] such that x_{t,x}(v, w_0, w)(s̃) ∈ T .

A space-time control (v, w_0, w) will be called admissible for (t, x) if θ_{t,x}(v, w_0, w) < +∞, and the corresponding trajectory will be called an admissible trajectory.

Remark 3.1. It is clear that the definition of θ_{t,x} involves, for each spacetime control (v, w_0, w), only the values of s up to the first instant when the corresponding trajectory reaches the target. Hence, in view of the parameter-free character of the extended system (see Proposition 2.2), we can restrict the class of admissible controls to those whose corresponding trajectory reaches the target for s = 1 (obviously for these controls one has θ_{t,x}(v, w_0, w) = ∫_1 0 w_0(s) ds).

For every (t, x, k) ∈R^{1+n} × [0, K] let us define T_e(t, x, k) = inf (v,w0,w)∈Γ(k) {θ_{t,x}(v, w_0, w)}. Hence the function T_e is finite on the set R_⌉[0, K] .= ⋃ k∈[0,K] R_⌉[k] × {k} and it is equal to +∞ on (R^{1+n} × [0, K]) \ R_e[0, K]. In view of Remark 2.1 the function T (t, x, k) can be now identified with T (t, x, k) = inf (v,w0,w)∈Γ+(k) {θ_{t,x}(v, w_0, w)}. Setting R[0, K] .= ⋃ k∈[0,K] R[k] × {k}, the function T (t, x, k) is finite in R[0, K], while it is equal to +∞ in (R^{1+n}× [0, K]) \ R[0, K]. In general we have R[0, K] ⊆ R_e[0, K]. The following simple example shows that unless controllability conditions are assumed (see Section 4), the inclusion is strict. Moreover it shows that at a point (t̄, x̄) ∈ R[k̄], the optimal control (when it exists) might belong only to the extended set Γ. This, together with the density result stated in Proposition 2.4, justifies the space-time extension of the problem.

Example 3.1. Let us consider the autonomous system in [0, 1]

ẋ_1 = r + ξ_1 ẋ_2 = ξ_2 x(0) = (x_1, x_2),

where r is a fixed positive real number. Let T = {(0, 0)}, K = 1 and C = {(ξ_1, ξ_2) : 0 ≤ ξ_2 ≤ ξ_1}.

It is easy to see that all the admissible trajectories are contained in the cone {(x_1, x_2) ∈R^2 : x_1 < x_2 ≤ 0} and that no admissible trajectory steers points of the half-line x_1 = x_2 < 0 to the origin. Therefore we have that (t, (x_1, x_2)) /∈ R[0] when x_1 = x_2 except in the case x_1 = x_2 = 0. On the other hand if we consider the extended system

t^′(s) = w_0(s) x^′_1(s) = rw_0(s) + w_1(s) x^′_2(s) = w_2(s) (t, x)(0) = (0, (x_1, x_2)) s ∈ [0, 1],

R. RAMPAZZO AND C. SARTORI

by taking the constant space-time control (0, (1/ √ 2, 1/ √ 2)) one shows that {(x_1, x_2), x_1 = x_2 and −1/ √ 2 ≤ x_1 ≤ 0} ⊆ R_e[0].

Consider now (x_1, x_2) = (−1, 0) and the sequence of controls belonging to W (0, 0) given by ξ_n(t) = (n − r, 0) for 0 ≤ t ≤ 1/n. The controls ξ_n are admissible, in that x_{(−1,0)}(ξ_n)(1/n) = (0, 0). Actually they are a minimizing sequence and T (t̄, (−1, 0), 0) = 0 for every t̄ ∈R. However no optimal regular control exists, while the space-time control (0, (1, 0)) is optimal.

It is also worthwhile noting that at the points (t, x, k) where both T and T_e are finite, T might be strictly greater than T_e, as shown by the following example.

Example 3.2. Let us consider the scalar control differential equation ẋ = ξx − 1 with ξ ∈ [0, +∞), K = 2 and T = {1, 3}. After a trivial computation one obtains that T_e(t, 2, 1) = 0 for every t ∈R, while T (t, 2, 1) = 1.

The next two theorems establish some relations between R[k] and R_e[k], when no controllability (see Hypothesis (H) below) is assumed.

Theorem 3.1. If T ⊆R^n is a closed set, then for every k ∈ [0, K] we have R_e[k] ⊆ R[k]. Proof: If (t̄, x̄) ∈ R_e[k] \ (R×T ) then there exists a control (v, w_0, w) ∈ Γ(k) such that ( t̄ +

∫_1 0 w_0ds , x¯_{t,x̄}(v, w_0, w)(1) ) = (t̃, x̃) ∈ R × T .

Consider now the control (v^−, w^−_0 , w^−)(s) .= (v, −w_0, −w)(1−s). It is clear that ( t̃ +

∫_1 0 w^−_0 ds, x_{t̃,x̃}(v^−, w^−_0 , w^−)(1) ) = (t̄, x̄). Define w^−_{0n} = − 1 n + w^−_0 .

Consider the control (v^−, w^−_{0n} , w^−) and set

(t_n, x_n) = (t̃ +

∫_1 0 w^−_{0n} (s) ds, x_{t̃,x̃}(v^−, w^−_{0n} , w^−)(1)). 14

Clearly lim_{n→+∞}(t_n, x_n) = (t̄, x̄) and indicating by w_{0n} .= −w^−_{0n} (1 − s) one has (t_n +

∫_1 0 w_{0n} , x_{tn,xn} (v, w_{0n} , w)(1)) = (t̃, x̃) ∀n ∈ N. This yields the thesis, in that (v, w_{0n} , w) ∈ Γ^+(k). 2

Theorem 3.2. Let T ∈R^n be a closed set such that either i)T = I\⊔T or ii)T = ∂Q ⊣\⌈ Q = I\⊔Q is verified. Then we have R_e[k] = IntR[k]. Proof: In view of Theorem 3.1 it is sufficient to show that R[k] ⊆ IntR[k]. We shall prove the assertion only under hypothesis i), for the proof assuming ii) is quite similar. Let (t̄, x̄) ∈ R[k] and let (v, w_0, w) ∈ Γ(k) be such that ( t̄ +

∫_1 0 w_0ds, x¯_{t,x̄}(v, w_0, w)(1) ) = (t_1, x_1) .= y_1 ∈ R×T . There exist an open ball B = B_{1+n}((t̄, x̄), r) and W neighborhood of y_1 such that the map ϕ B → W defined by ϕ(q, z) = (q +

∫_1 0 w_0ds,x_{q,z} (v, w_0, w)(1)) is a homeomorphism. Hence for every ϱ < r there exists (q_1, z_1) ∈ B((t̄, x̄), ϱ) such that ϕ(q_1, z_1) ∈R×IntT .

Let W_1 be a neighborhood of ϕ(q_1, z_1) such that W ∩W_1 ⊆ (R ×IntT ). The thesis follows from the fact that the subset ϕ^{−1}(W_1) is a neighborhood of (q_1, z_1), and ϕ^{−1}(W_1) ⊆ R[k]. Indeed, for every (q, z) ∈ ϕ^{−1}(W_1) there exists s̄ < 1, such that x_{q,z} (v, w_0, w)(s) /∈ IntT for s < s̄ and x_{q,z} (v, w_0, w)(s̄) ∈ ∂T . By definition of IntR[k], this implies that (t̄, x̄) ∈ IntR[k]. 2

4 Properness of the Extension and Continuity of the Minimum Time Function

In this section we prove that under a controllability condition on the dynamics of (2.1) the function T coincides with T_e and is continuous.

Let us state two Dynamic Programming Principles, the former for T and the latter for T_e. The proofs rely on standard arguments combined with obvious reparameterization techniques (see [37]). For this reason we omit them.

Dynamic Programming Principle. For every ȳ = (t̄, x̄, k̄) ∈ R[0, K] one has

T (ȳ) = inf (v,w0,w)∈Γ+(k̄) {∫_s 0 w_0(s^′) ds^′ + T (y(s)) } , for every s ∈ [0, 1], (DP P ) where y(s) = (t(s), x(s), k(s)) = (t̄ + Z s 0 w0(s^′) ds^′, x¯_{t,x̄}(v, w0, w)(s), k̄ + Z s 0 |w(s^′)| ds^′), while for every ȳ = (t̄, x̄, k̄) ∈ R_e[0, K] one has

T_e(ȳ) = inf (v,w0,w)∈Γ(k̄) {∫_s 0 w_0(s^′) ds^′ + T_e(y(s)) } , for every s ∈ [0, 1], (DP P_e) where y(s) = (t(s), x(s), k(s)) = (t̄ + ∫_s 0 w_0(s^′) ds^′, x¯_{t,x̄}(v, w_0, w)(s), k̄ + ∫_s 0 |w(s^′)| ds^′). Remark 4.1. It is clear from the character of the extension f that R[K] = R_e[K] and that in such set we have T_e(t, x, K) = T (t, x, K).

Hypothesis (H) below is the main assumption on the field at the boundary of T . It roughly states that at each point in a neighborhood of ∂T and for any t there exists an ordinary control v such that the dynamics points towards T , when the unbounded control ξ is zero. Hence it is a standard hypothesis of local controllability. If one thinks of the L^1 norm of ξ as the energy spent by the system, Hypothesis (H) can be seen as a controllability condition with zero energy. For standard problems, where only bounded controls appear in the dynamics, it is a refinement of former hypotheses which concerned a single point target (see [42]). In the form presented here, it is an adaptation to the non-autonomous case of a condition introduced by Cannarsa & Sinestrari in [18] (see also [25, 26, 27] and [53, 54] where similar conditions are considered). Hypothesis (H). For every R > 0 there exist ν_R > 0 and σ_R > 0 such that for every (t, x) ∈ (R×(T_{σR} \T ))∩B_{∞+\}(′, R) there exists v_{t,x} ∈ V such that f(t, x, v_{t,x}, 0) · x − π(x) |x − π(x)| ≤ −ν_R for some π(x) ∈ T such that |x − π(x)| = d_T (x).

Since T (t, x, K) is nothing but the minimum time for the conventional control system ẋ = f(t, x, v, 0), Theorem 4.1 below is a slight extension of a well known result to the case where f depends on t as well and is locally Lipschitz continuous in x. Up to minor changes the proof is practically the same as in the autonomous case with global Lipschitz continuity (see [18]). We sketch it in the Appendix just for the reader’s convenience.

Theorem 4.1. Assume hypothesis (H). Then for all R > 0 there exist two positive constants C_R and δ_R, such that T (t, x, K) ≤ C_Rd_T (x) ∀(t, x) ∈ (R × T_{δR} ) ∩ B_{∞+\}(′, R). (4.6) In particular the set R[K] contains a neighborhood of R×T .

Proof: See Appendix 2. 2

Theorem 4.2. Assume hypothesis (H). Then the sets R_e[k] and R[k] coincide and are open, for every k ∈ [0, K].

Proof: Let us prove that R_e[k̄] ⊆ R[k̄]. Let ϵ > 0. If (t̄, x̄) ∈ R_e[k̄], let (v, w_0, w) ∈ Γ(k̄) be such that (t̃, x̃) = (t, x)¯_{t,x̄}(v, w_0, w)(1) ∈R×T . Setting w_{0n} = w_0 +^1_n one has (v, w_{0n} , w) ∈ Γ^+(k̄) and ‖x¯_{t,x̄}(v, w_0, w) − x¯_{t,x̄}(v, w_{0n} , w)‖_∞ ≤ ϵ(n), with lim_{n→+∞} ϵ(n) = 0.

Put t_n(s) = t̄+ ∫_s 0 w_{0n} (s^′) ds^′,x_n(s) = x¯_{t,x̄}(v, w_{0n} , w)(s) and k(s) = k̄ +∫^s_0 |w| ds′. If n is sufficiently large, by Theorem 4.1 there exists a control (v, w_0, 0) ∈ Γ^+(K) such that θ_{tn(1),xn(1)}(v, w_0, 0) < +∞. For such a value of n, consider the control

(ṽ, w̃_0, w̃)(r) = { (v(2r), 2w_{0n} (2r), 2w(2r)) for 0 ≤ r ≤ 1/2 (v(2r − 1), 2w_0(2r − 1), 0) for 1/2 < r ≤ 1.

Clearly (ṽ, w̃_0, w̃) ∈ Γ^+(k̄) and θ¯_{t,x̄}(ṽ, w̃_0, w̃) < t_n(1) + θ_{tn(1),xn(1)}(v, w_0, 0) < +∞.

This implies that (t̄, x̄) ∈ R[k̄].

Let us prove that R_e[k̄] is open. Let (t̄, x̄) ∈ R_e[k̄] and (v, w_0, w) be as before. Given δ > 0, by Proposition 2.5 for every (t, x, k̄) ∈ B((t̄, x̄, k̄), δ) there exists a control (v, w_0, w) in N(v, w_0, w) = { (v, w_0, w) ∈ Γ(k̄) with ∫_1 0 w_0 ds ≤

∫_1 0 w_0 ds + δ,

∫_1 0 |w| ds ≤ ∫_1 0 |w| ds } and a modulus ρ such that ‖x¯_{t,x̄}(v, w_0, w) − x_{t,x}(v, w_0, w)‖_∞ ≤ ρ(δ). This implies that (t, x)_{t,x}(v, w_0, w)(1) belongs to a ρ(δ)−neighborhood of

R×T . By Theorem 4.1, for a sufficiently small δ there exists a control

(v^′, w^′_0, 0) ∈ Γ^+(K) such that the control

(ṽ, w̃_0, w̃)(r) = { (v(2r), 2w_0(2r), 2w(2r)) for 0 ≤ r ≤ 1/2 (v^′(2r − 1), 2w^′_0(2r − 1), 0) for 1/2 < r ≤ 1, (belongs to Γ(k̄) and) steers x to a point of T . Hence θ_{t,x}(ṽ, w̃_0, w̃) < +∞. It follows that B((t̄, x̄, k̄), δ) ⊆ R_e[k̄], and therefore R_e[k̄] is open. 2

Corollary 4.1. Assume hypothesis (H). We have R[0, K] = R_e[0, K] and T (t, x, k) = T_e(t, x, k) for every (t, x, k) ∈ R[0, K]. Proof: The first assertion is a trivial consequence of Theorem 4.2. Let us prove that T = T_e in R_e[0, K]. Let ϵ > 0. If (t̄, x̄) ∈ R_e[k̄], let (v, w_0, w) ∈ Γ(k̄) be such that (t, x)¯_{t,x̄}(v, w_0, w)(1) ∈R×T and T_e(t̄, x̄, k̄) ≥

∫_1 0 w_0 ds−ϵ. Set w_{0n} = w_0 +^1_n , t_n(s) = t̄ + ∫_s 0 w_{0n} (s^′) ds^′, x_n(s) = x¯_{t,x̄}(v, w_{0n} , w)(s) and k(s) = k̄ + ∫_s 0 |w| ds^′. In particular one has ‖x¯_{t,x̄}(v, w_0, w) − x¯_{t,x̄}(v, w_{0n} , w)‖_∞ ≤ ϵ(n) with lim_{n→+∞} ϵ(n) = 0 and (v, w_{0n} , w) ∈ Γ(k̄). Since the set K = [_{n∈NN{xt̄,x̄(v, w0n , w)(s), s ∈ [0, 1]}} [_{{xt̄,x̄(v, w0, w)(s), s ∈ [0, 1]}} is compact, there is an R > 0 such that K ⊆ B(0, R). By Theorem 4.1, there exist C_R and δ_R such that, if ϵ(n̄) ≤ δ_R, for n ≥ n̄, we have T_e(t_n(1), x_n(1), K) ≤ C_Rϵ(n). (4.7) Observe that T (t_n(1), x_n(1), k(1)) ≤ T (t_n(1), x_n(1), K). By (DP P ), (4.7) and Remark 4.1, we have T (t̄, x̄, k̄) ≤ ∫_1 0 w_{0n} (s) ds + T (t_n(1), x_n(1), k(1)) ≤ ∫_1 0 w_{0n} (s) ds + T (t_n(1), x_n(1), K) ≤ ∫_1 0 w_0(s) ds + 1 n + T_e(t_n(1), x_n(1), K) ≤T_e(t̄, x̄, k̄) + 1 n + C_Rϵ(n) + ϵ.

(4.8)

Taking the limit as n → +∞ on the r.h.s. of (4.8), we get, by the arbitrariness of ϵ, that T (t̄, x̄, k̄) ≤ T_e(t̄, x̄, k̄). The opposite inequality is obvious. 2 Observe that the proof of Corollary 4.1 implies that every admissible trajectory of the extended system (2.5) can be approximated with regular admissible trajectories. This fact and Corollary 4.1 say that the introduction of space-time controls is an actual extension of the original problem (see [56]).

In what follows we always assume the controllability Hypothesis (H). Hence, in view of Corollary 4.1, we can identify T with T_e and R[0, K] with R_e[0, K]. In order to prove the continuity of T we begin by showing that it is locally bounded.

Lemma 4.1. Assume hypothesis (H). Then the function T is bounded on compact subsets of R[0, K].

Proof: Let ȳ = (t̄, x̄, k̄) ∈ R[k̄]. Consider B(ȳ, δ) for some positive δ. Let (v, w_0, w) ∈ Γ(k̄) be such that x(1) = x¯_{t,x̄}(v, w_0, w)(1) ∈ T and T (t̄, x̄, k̄) ≥ ∫_1 0 w_0(s) − ϵ. In view of Proposition 2.5, for every y = (t, x, k) ∈ B(ȳ, δ), there exists a control in the set N(v, w_0, w) defined in the proof of Theorem 4.2 such that ‖x¯_{t,x̄}(v, w_0, w)−x_{t,x}(v, w_0, w)‖_∞ ≤ ρ(δ), where ρ is a suitable modulus. Choose R such that B_n(0, R) ⊃ {x_{t,x}(v, w_0, w)(s), s ∈ [0, 1], ∀(t, x, k) ∈ B(ȳ, δ), ∀(v, w_0, w) ∈ N(v, w_0, w)}. Let δ_R and C_R be as in Theorem 4.1. It is not restrictive to assume that ρ(δ) ≤ δ_R. Then we have T (y) ≤ ∫_1 0 w_0(s) ds + C_Rρ(δ) ≤ ∫_1 0 w_0(s)ds + δ + C_Rρ(δ) ≤ T (ȳ) + δ + C_Rδ_R + ϵ, for every y ∈ B(ȳ, δ) ∩ R[0, K]. A trivial compactness argument concludes the proof. 2

Theorem 4.3. Assume hypothesis (H). Then the function T :R^{1+n}×[0, K]

→ R ∪ {+∞} is continuous in R[0, K].

Let Q be a compact subset of R[0, K]. We shall prove that T is uniformly continuous on Q. By the previous lemma there exists S such that T (Q) ≤ S. Hence, on Q, T coincides with the value map T̃ of the problem corresponding to controls (v, w_0, w) such that

∫_1 0 w_0(s) ds ≤ S + 1, i.e., T (t, x, k) = T̃ (t, x, k) .= inf_{(v,w0,w)∈Γ(k)} R 1 0 w0≤S+1 {θ_{t,x}(v, w_0, w)}.

In particular we can apply Proposition 2.5 to this subclass of controls. Let ϵ > 0 and let us consider (t_i, x_i, k_i) ∈ Q, i = 1, 2, such that |(t_1, x_1, k_1) − (t_2, x_2, k_2)| ≤^ϵ_2 . Let us choose a space-time control (v_1, w_{01} , w_1) ∈ Γ(k_1) (with

∫_1 0 w_{01} ≤ S + 1) verifying x_{t1,x1} (v_1, w_{01} , w_1)(s) /∈ T ∀∫ ∈ [′, ∞), x_{t1,x1} (v_1, w_{01} , w_1)(1) ∈ T , and

∫_1 0 w_{01} ≤ T (t_1, x_1, k_1) +^ϵ_2 . By Proposition 2.5 there is a control (v_2, w_{02} , w_2) ∈ Γ(k_2) (with

∫_1 0 w_{02} ≤ S +1) such that

∫_1 0 w_{02} ≤

∫_1 0 w_{01} +^ϵ_2 and |x_{t1,x1} (v_1, w_{01} , w_1)(1)− x_{t2,x2} (v_2, w_{02} , w_2)(1)| ≤ ρ(^ϵ_2 ) where ρ is a suitable modulus.

Let B_{1+n}[0, R] be so large to contain all the trajectories issuing from Q and corresponding to controls (v, w_0, w) such that

∫_1 0 w_0 ≤ S+1. Let δ_R and C_R be the corresponding constants whose existence is stated in Theorem 4.1. By taking ϵ sufficiently small we obtain x_{t2,x2} (v_2, w_{02} , w_2)(1) ∈ T_{δR} . Hence in view of (DP P ) and of Theorem 4.1 we obtain

T̃ (t_2, x_2, k_2) ≤

∫_1 0 w_{02} + T̃ ( (t, x)_{t2 ,x2} (v_2, w_{02} , w_2)(1), k_2 +

∫_1 0 |w_2(s)| ds )

≤ ∫_1 0 w_{01} + ϵ 2 + T̃ ((t, x)_{t2,x2} (v_2, w_{02} , w_2)(1), K)

≤ T̃ (t_1, x_1, k_1) + ϵ + C_Rρ( ϵ 2 ). By interchanging the roles of (t_1, x_1, k_1) and (t_2, x_2, k_2) we obtain

|T̃ (t_1, x_1, k_1) − T̃ (t_2, x_2, k_2)| ≤ ϵ + C_Rρ( ϵ 2 ) as soon as |(t_1, x_1, k_1) − (t_2, x_2, k_2)| ≤^ϵ_2 .

To conclude the proof we must show that if (y_n)_{n∈}N = (t_n, x_n, k_n) is a sequence belonging to R[0, K] and lim_{n→+∞} y_n = ȳ = (t̄, x̄, k̄) ∈ R[0, K] \ R[0, K] then we have lim_{n→+∞} T (y_n) = +∞. If not, there would be a subsequence, still denoted by (y_n), such that lim_{n→+∞} T (y_n) = T. Choose a sequence of minimizing controls (v_n, w_{0n} , w_n) such that

∫_1 0 w_{0n} (s) ds ≤ T (y_n) +^1_n and x_{tn,xn} (v_n, w_{0n} , w_n)(1) ∈ T . It is trivial to check that the corresponding trajectories verify that lim n→+∞ ‖x¯_{t,x̄}(v_n, w_{0n} , w_n) − x_{tn ,xn} (v_n, w_{0n} , w_n)‖_∞ = 0. With an argument analogous to the one exploited in the first part of the proof we obtain that (t̄, x̄, k̄) ∈ R[0, K], a contradiction. 2

The result can be improved as soon as one assumes Hypothesis (L) introduced in section 2:

Corollary 4.2. Assume hypotheses (L) and (H). Then the function T is locally Lipschitz continuous in R[0, K].

Proof: Let Q ⊆ R[0, K] be a compact subset. Then there exists S > 0 such that T (t, x, k) ≤ S, for every (t, x, k) ∈ Q. The set of trajectories from points of Q is compact if we use space-time controls (v, w_0, w) such that ∫_1 0 w_0(s) ds ≤ S. Proceeding as in the proof of the continuity of T it is easy to prove that (4.6) together with (2.9) (which now replaces (2.8)) implies the local Lipschitz continuity of T. 2

5 Hamilton-Jacobi Equation

The aim of this section is to recover the value map T as the unique solution of a suitable boundary value problem. Because of the sublinearity in the unbounded control the Hamiltonian turns out to be equal to −∞ at several points. Hence, analogously to what has been done for the Boltz problem in [37], [39, 40], we regularize the problem by considering a continuous Hamiltonian which is naturally connected with the extended control system.

Let us consider the Hamiltonian H(t, x, p_t, p_x, p_k) .= min v∈V,(w0,w)∈S+_m H(t, x, p_t, p_x, p_k, v, w_0, w), where H(t, x, p_t, p_x, p_k, v, w_0, w) .= w_0 + p_tw_0 + p_x · f(t, x, v, w_0, w) + p_k|w|, with

S^+_m = S_m ∩ {[0, +∞) × C} and S_m = {(w_0, w) ∈ R^{m+1} : ‖w_0, w‖ = 1}.

Notice that, unlike the formal Hamiltonian of the problem, H is continuous. The reason of that relies on the fact that we have replaced a minimization over an unbounded set (the cone [0, +∞) × C) with a minimization over the compact set S^+_m. As it will be clear later, the fact that S^+_m does not contain the origin is essential in order to prove the uniqueness of the corresponding boundary value problem (see also [37]).

Let us set ∇T .= (∇_tT, ∇_xT, ∇_kT ), where ∇_tT, ∇_xT, ∇_kT denote the gradients of T with respect to t, x and k, respectively. We will prove that T is a viscosity solution of the Hamilton- Jacobi equation −H(t, x, ∇T (t, x, k)) = 0 (HJ) in the open set

Ω .= R(0, K) ∩ (R × (R^n \ T ) × (′, K)) ,

where R(0, K) .= ⋃ k∈(0,K) R[k] × {k}. Moreover we shall establish bound-

ary conditions on the sets:

∂Ω_0 .= (R[0] \ (R × T )) × {′} and ∂Ω_K .= (R[K] \ (R × T )) × {K}. For the reader convenience we recall the notion of viscosity solution (see e.g. [21]).

Definition 5.1. Let E be a subset of R^{n+2}.

A function ν ∈ C^0(E) is a viscosity subsolution of (HJ) at (t, x, k) ∈ E if for any φ ∈ C^∞( R^{n+2}) such that (t, x, k) is a local maximum of ν − φ on E one has −H(t, x, ∇φ(t, x, k)) ≤ 0. ν ∈ C^0(E) is a viscosity supersolution of (HJ) at (t, x, k) ∈ E if for any φ ∈ C^∞(R^{n+2}) such that (t, x, k) is a local minimum of ν − φ on E one has −H(t, x, ∇φ(t, x, k)) ≥ 0. ν ∈ C^0(E) is a viscosity solution of (HJ) at (t, x, k) ∈ E if it is both a viscosity subsolution and a viscosity supersolution.

Theorem 5.1. Assume hypothesis (H). Then

i) T is a viscosity solution of (HJ) in Ω ∪ ∂Ω_0, ii) T is a viscosity supersolution of (HJ) on ∂Ω_K .

Proof: The proof of this result, besides involving some standard arguments, is mainly based on the fact that f is homogeneous in (w_0, w) and that we can canonically parameterize the space-time controls. Let us show that T is a subsolution of (HJ) in Ω ∪ ∂Ω_0. Let ȳ = (t̄, x̄, k̄) ∈ Ω ∪ ∂Ω_0 and let φ be a function of C^∞(R^{n+2}), such that T (y) − φ(y) ≤ T (ȳ) − φ(ȳ), for every y = (t, x, k) in (Ω ∪ ∂Ω_0) ∩ B(ȳ, r_0), where r_0 is sufficiently small. Let w = (w_0, w_1, . . . , w_m) ∈ S^+_m[0, 1] and v ∈ V. Then the control

(v, w_0, w)(s) = { (v, w_0, w)(s), for 0 ≤ s ≤ ϵ (v, w_0, 0)(s), for ϵ < s ≤ 1, belongs to Γ(k̄) as soon as we choose ϵ > 0 sufficiently small. Moreover setting ȳ(s) = (t̄ + ∫_s 0 w_0 dσ, x¯_{t,x̄}(v, w_0, w)(s), k̄ + ∫_s 0 |w| dσ), there exists s̄ > 0 such that ȳ(s) ∈ B(ȳ, r_0) for each s ∈ [0, s̄]. By (DP P ) we have φ(ȳ) − φ(ȳ(s)) s ≤ T (ȳ) − T (ȳ(s)) s ≤ ∫_s 0 w_0(s) ds s . Taking the limit as s → 0 we get ∇_tφ(ȳ) + ∇_xφ(ȳ) · f(t̄, x̄, v, w_0, w) + ∇_kφ(ȳ)|w| ≥ −w_0 and since (v, w_0, w) was arbitrary in V × S^+_m we deduce that

− inf v∈V,(w0,w)∈S^m+ H(t̄, x̄, ∇_tφ(ȳ), ∇_xφ(ȳ), ∇_kφ(ȳ), v, w_0, w) ≤ 0. We prove now that T is a supersolution in Ω ∪ ∂Ω_0 ∪ ∂Ω_K . Let (t̄, x̄, k̄) = ȳ and let φ be a map in C^∞(R^{n+2}) such that ȳ is a local minimum for T − φ on Ω∪∂Ω_0 ∪∂Ω_K . We can suppose that T (ȳ) = φ(ȳ). Hence there exists r_0 such that T (y)−φ(y) ≥ 0 is verified for every y ∈ B(ȳ, r_0)∩(Ω∪∂Ω_0 ∪∂Ω_K ).

By (DP P ) for every s we can choose a sequence (v_n, w_{0n} , w_n) ∈ Γ(k̄) such that denoting by y_n(s) = (t_n(s), x_n(s), k_n(s)) = (t̄ + ∫_s 0 w_{0n} (s^′) ds^′, x¯_{t,x̄}(v_n, w_{0n} , w_n)(s), k̄+ ∫_s 0 |w_n(s^′)| ds^′), we have ∫_s 0 w_{0n} (s^′) ds^′ +T (y_n(s)) ≤ T (ȳ)+^1_{n2} . We can suppose x_n(1) = x¯_{t,x̄}(v_n, w_{0n} , w_n)(1) ∈ T and x_n(s) /∈ T for every s < 1. By (2.7) there exists s̄ ∈ [0, 1] such that for every s ≤ s̄ and every n ∈N we have y_n(s) ∈ B(ȳ, r_0) and therefore

φ(y_n(s)) + ∫_s 0 w_{0n} (s^′) ds^′ ≤ T (y_n(s)) + ∫_s 0 w_{0n} (s^′) ds^′

≤ T (ȳ) + 1 n^2

= φ(ȳ) + 1 n^2 . (5.1)

For an n sufficiently large, set s =^1_n in (5.1). Then one has ∫ 1_n 0 w_{0n} (s^′) ds^′ + φ(y_n( 1 n )) − φ(ȳ) ≤ 1 n^2 , that is ∫ 1_n 0 H(x_n(s), t_n(s), ∇(φ(t_n(s), x_n(s), k_n(s)), v_n(s), w_{0n} (s), w_n(s)) ds ≤ 1 n^2 . (5.2)

It is not restrictive to assume that the space-time controls (v_n, w_{0n} , w_n) are canonically parameterized (see Proposition 2.3), which implies that |w_{0n} , w_n|(s) = ∫_1 0 |(w_{0n} , w_n)(σ)| dσ ∀s ∈ [0, 1]. We shall prove that there exists A > 0 such that ∫_1 0 |(w_{0n} , w_n)|(σ) dσ ≥ A (5.3) for all n ∈N. Since all the functions are continuous, taking the limit as s → 0 inside the integral of (5.2), we get that there exists a sequence ϵ(n) with lim_{n→+∞} ϵ(n) = 0 such that ϵ(n) ≥ n ∫ 1_n 0 H(t̄, x̄, ∇φ(t̄, x̄, k̄), v_n(σ), w_{0n} (σ), w_n(σ)) dσ ≥ n ∫_1 0 |(w_{0n} , w_n)|(σ) dσ ∫ 1_n 0 min (w0,w)∈S+_m v∈V H(t̄, x̄, ∇φ(t̄, x̄, k̄), v, w_0, w) dσ ≥ A H(t̄, x̄, ∇φ(t̄, x̄, k̄)). The above expression gives the required inequality once we consider the limit of both sides as n → +∞.

Let us conclude by proving the claim that (5.3) holds true. If for every s and every sequence of the above controls (v_n, w_{0n} , w_n) (5.3) does not hold, then there would be a subsequence, still denoted by (v_n, w_{0n} , w_n) such that lim_{n→+∞} ∫_1 0 |(w_{0n} , w_n)|(σ) dσ = 0. Since all the trajectories (t_n, x_n)¯_{t,x̄}, are contained in a compact set Q, by setting L = L_Q, we have ‖(t_n, x_n)¯_{t,x̄} − (t̄, x̄)‖_∞ ≤ M¯_{t,x̄}L^{−1} ( e^{L R 10 |w0n (s),wn(s)| ds} − 1 )

where M¯_{t,x̄} is the constant appearing after Lemma 2.1.

In particular we would obtain x̄ ∈ T , a contradiction. 2

We are now in position to provide an uniqueness theorem. We will use a comparison theorem due to M. Bardi and P. Soravia (see [5], [6]) which gives uniqueness of viscosity solutions that satisfy mixed boundary conditions: that is, Dirichlet conditions and conditions of sub or super viscosity solution, also called constrained conditions at the boundary of Ω. In our case T is a viscosity supersolution of (HJ) on ∂Ω_K , while it satisfies classical Dirichlet conditions on ∂T . We will make use of a Kruskov-type transform which allows to convert the condition that on R[′, K] \ R[′, K] the minimum time function is +∞ into a classical Dirichlet condition.

Finally we have to remark that the main difference with a system with bounded controls is that the function T is allowed to be equal to zero even at points that do not belong to the boundary of the target.

Theorem 5.2. Assume hypothesis (H). Let f be locally Lipschitz continuous in (t, x) and such that |f(t, x, v, w_0, w)| ≤ C̄(1+|(t, x)|)(w_0 +|w|). Then T is the unique, continuous and lower bounded function in R[0, K], which is a viscosity solution of (HJ) in Ω and satisfies the following boundary conditions: T (y) = 0 ∀y ∈ R × ∂T × [′, K], T (y) = +∞ ∀y ∈ R[′, K] \ R[′, K], T is a viscosity supersolution of (HJ) on∂Ω_K ,

T is a viscosity solution of (HJ) on∂Ω_0.

(BC)

Proof: Let us consider the map S(t, x, k) = { 1 − e^{−T (t,x,k)+k} for (t, x, k) ∈ R[0, K], 1 for (t, x, k) ∈ (R^{1+n} × [0, K]) \ R[0, K].

By the second boundary condition, S turns out to be continuous in R^{1+n} × [0, K]. Note that S is bounded and it is straightforward to prove that S is a viscosity solution of

S − min (w0,w)∈S+_m v∈V (1 + ∇_tS w_0 w_0 + |w| +∇_xS · f(t, x, v, w_0, w) w_0 + |w| +∇_kS |w| w_0 + |w| ) = 0

(5.5)

in R^{1+n} × [0, K] \ ( R×T × [′, K]).

We introduce the Hamiltonian F (t, x, r, p_t, p_x, p_k) .= r + max_{(w0,w)∈S+m} v∈V F(t, x, p_t, p_x, p_k, v, w_0, w) where F(t, x, p_t, p_x, p_k, v, w_0, w) = −(1+p_t w_0 w_0 + |w| + p_x · f(t, x, v, w_0, w) w_0 + |w| + p_k |w| w_0 + |w| ) so that we can write (5.5) as F (t, x, S, ∇S) = 0. (HJ’) The boundary conditions (BC) are transformed into S(t, x, k) = 1 − e^k for (t, x, k) ∈ R × ∂T × [′, K], S is a viscosity supersolution of (HJ’) in R^{1+n} × {K}, S is a viscosity solution of (HJ’) in R^{1+n} × {0}.

(BC’)

In order to apply the comparison theorem of [6] we have to prove that, given a compact Q ⊂R^{1+n}, setting

p = (p_t, p_x, p_k) and q = (q_t, q_x, q_k) ∈ R^{n+2}, there exists a constant C such that |F (t_1, x_1, r, p) − F (t_2, x_2, r, q)| ≤ C (1 + |(t_1, x_1)|) |p − q| + L_Q|q||(t_1, x_1) − (t_2, x_2)|

for every (t_1, x_1, r, p), (t_1, x_2, r, q) ∈ Q×R^{n+3}. The sublinear growth of f in (t, x) implies that |f(t, x, v, w_0, w)| ≤ C̄(1 + |(t, x)|)(w_0 + |w|). Choose (v, w_0, w) ∈ V × S^+_m such that F (t_2, x_2, r, q) = r + F(t_2, x_2, q, v, w_0, w). We have F (t_2, x_2, r, q) − F (t_1, x_1, r, p) ≤ w_0 w_0 + |w| |p_t − q_t| + |w| w_0 + |w| |p_k − q_k| + + | f(t_1, x_1, v, w_0, w) · p_x w_0 + |w| − f(t_2, x_2, v, w_0, w) · q_x w_0 + |w| | ≤ L_Q|(t_1, x_1) − (t_2, x_2)||q_x| + C̄(1 + |t_1, x_1|)|p_x − q_x| + 2|p − q| ≤ L_Q|(t_1, x_1) − (t_2, x_2)||q| + C(1 + |t_1, x_1|)|p − q|

where C = C̄ + 2.

The inequality holds true in absolute value once we exchange (t_1, x_1) with (t_2, x_2). We apply Theorem 1.2 of [6] and Corollary 1.5 to get uniqueness for the solution of (HJ’) that satisfies (BC’). Using the inverse transformation T (t, x, k) = k − log(1 − S(t, x, k)) we recover uniqueness for the solution of (HJ) and (BC).

We point out that Theorem 1.2 in [6] is proved under a condition weaker than Lipschitz continuity on (t, x) but of global nature. It is not difficult to prove that the theorem still holds if we assume local Lipschitz continuity and sublinear growth on (t, x). 2

Appendix 1

Here we present the proof of Proposition 2.5, which is a variation of Theorem 3.1 in [39]. We need some definitions and notations. Fix a compact

Q ⊂R^{1+n} and S > 0. Let us introduce

ϕ(w) = max { |f(y, v, w_0, w) − f(y, v, w_0, 0)|, for (y, v, w_0) ∈ Q × V × [0, S + K] } (A.1)

and ψ(w_0) = max { |f(y, v, w_0 + w_0, w) − f(y, v, w_0, w)|, for (y, v, w_0, w) ∈ Q × V × B_{1+m}[0, S + K] } . (A.2)

Lemma A.1. Let w_0(·) ∈ L^1([0, 1], [0, S +K]) and w ∈ L^1([0, 1], B_m[0, S + K]). Then ϕ ∘ w(·) and ψ ∘ w_0(·) belong to L^1([0, 1],R) and there exist two modulus ϕ(·) and ψ(·), defined in [0, S + K], such that ∫_1 0 ϕ(w(s)) ds ≤ ϕ( ∫_1 0 |w|(s) ds) and ∫_1 0 ψ(w_0) ds ≤ ψ( ∫_1 0 w_0(s) ds). Moreover if we assume hypothesis (L) then we have ∫_1 0 ϕ(w(s)) ds ≤ N_Q ∫_1 0 |w|(s) ds and ∫_1 0 ψ(w_0) ds ≤ N_Q ∫_1 0 w_0(s) ds, for a suitable N_Q depending only on Q.

Proof: Indicate by μ the modulus of continuity of the restriction of f to Q×V ×B_{1+m}[0, S+K] with respect to the w variable and by μ_0 the one with respect to the w_0 variable. Then we have |ϕ(w_1) − ϕ(w_2)| ≤ μ(|w_1 − w_2|) and |ψ(w_{01} ) − ψ(w_{02} )| ≤ μ_0(|w_{01} − w_{02} |). The map w → μ(|w|) is bounded, continuous at w = 0 and verifies μ(0) = 0. Hence it is well known that the superposition operator w → μ ∘ w acts from L^1([0, 1], B_m[0, S + K]) with values in L^1([0, 1], R) and it is continuous at zero. Therefore

∫_1 0 |w_1 −w_2| ≤

R. RAMPAZZO AND C. SARTORI

δ yields

∫_1 0 |ϕ(w_1) − ϕ(w_2)| ≤

∫_1 0 μ(|w_1 − w_2|) ≤ ϵ. This implies that the operator w → ϕ ∘ w, defined in L^1([0, 1], B_m[0, S + K]) with values in L^1([0, 1], R) is uniformly continuous. If we define ϕ to be its modulus of continuity, we get the first inequality of the thesis. Analogously we obtain the second inequality, as soon as ψ is the modulus of continuity of the operator w_0 → ψ ∘ w_0.

It is clear that if hypothesis (L) is assumed, then μ(|w_1 − w_2|) and μ_0(|w_{01} − w_{02} |) can be replaced by N_Q|w_1 − w_2| and N_Q|w_{01} − w_{02} |, respectively, for a suitable N_Q. 2

Proof of Proposition 2.5: If t > t̄ define s̄ .= min{s ∈ [0, 1] : t̄ + ∫_s 0 w_0 dσ = t}and

w_0(s) = { 0 for s ∈ [0, s̄] w_0(s) for s ∈ (s̄, 1]

while if t ≤ t̄ define w_0(s) = w_0(s) + (t̄ − t).

Set t(s) = t̄ + ∫_s 0 w_0(σ) dσ and t(s) = t + ∫_s 0 w_0(σ) dσ. Notice that in both cases we have |t(s) − t(s)| ≤ |t̄ − t|. Now define s̄ .= max { s ∈ [0, 1] : ∫_s 0 |w(σ)| dσ ≤ K − k } and introduce

w(s) = { w(s) for s ∈ [0, s̄] 0 for s ∈ (s̄, 1].

This implies that w(s) = w(s) in the case k ≤ k̄. Notice that

∫_1 0 |w−w| dσ ≤ |k̄ − k| and ∫_1 0 |w| dσ ≤ ∫_1 0 |w| dσ. Finally define x(s) .= x¯_{t,x̄}(v, w_0, w)(s) and x(s) .= x_{t,x}(v, w_0, w)(s). If (t, x, k) ∈ B_{n+2}(ȳ, δ), these trajectories are contained in a compact set Q^′ ⊂ R^{1+n}. Let us set L = L_Q′ , M = max Q^′ ×V ×[0,1]×(B_m[0,1]∩C) |f|, and let us consider the maps ϕ and ψ introduced

in (A.1) and (A.2), with S =

∫_1 0 w(s) ds + 1 and Q replaced by Q^′. The following estimates hold (see Lemma 3.1 of [39] for details): if t > t̄ |x(s) − x(s)| ≤ |x̄ − x| + ∫_{s̄} 0 ψ(w_0(σ)) dσ + M(|t̄ − t| + |k̄ − k|)+ + ∫_1 s̄ ϕ(w(σ)) dσ + ω(|t̄ − t|) ∫_1 0 (w_0(σ) + |w(σ)|) dσ+ +L ∫_s 0 (w_0(σ) + |w(σ)|)|x(σ) − x(σ)| dσ while, if t ≤ t̄, |x(s) − x(s)| ≤ |x̄ − x| + ∫_1 s̄ ϕ(w(σ)) dσ + ∫_{s̄} 0 ψ(t̄ − t) dσ+ +ω(|t̄ − t|) ∫_1 0 (w_0(σ) + |w(σ)|) dσ +L ∫_s 0 (w_0(σ) + |w(σ)|)|x(σ) − x(σ)| dσ.

In both cases using Gronwall’s lemma we get |x(s) − x(s)| ≤ ( |x̄ − x| + M(|t̄ − t| + |k̄ − k|) + ψ(|t̄ − t|) + ϕ(|k̄ − k|) + +ω(|t̄ − t|) ∫_1 0 (w_0(σ) + |w(σ)| + |t̄ − t|) dσ ) e^{L R s0 (w0(σ)+|w(σ)|+|t̄−t|) dσ}, (A.3)

where ψ(·) and ϕ(·) are the same as in Lemma A.1. Hence we obtain (2.8) for a suitable choice of ρ. Moreover in view of the above arguments the second part of the thesis is trivial.

Proof of Corollary 2.1: If we assume hypothesis (L), the estimate (A.3) yields (2.9) since, by the last part of Lemma A.1, we can replace ψ(|t̄ − t|) and ϕ(|k̄ − k|) by N̄_Q′ |t̄ − t| and N̄_Q′ |k̄ − k|, respectively. Taking the value of the r.h.s. of (A.3) for s = 1 we get (2.9).

Appendix 2

Proof of Theorem 4.1. As mentioned in Section 4, this proof mimics the proof of Proposition 2.2 in [18], where the autonomous case with global Lipschitz continuity, is investigated. We outline it just for the sake of self-consistency. We first prove (4.6) under the additional assumption that T is bounded, that f is globally Lipschitz continuous with respect to x with constant L, and that there exists M > 0 such that |f(t, x, v, 0)| ≤ M for every (t, x, v, 0). Then ν and σ in Hypothesis (H) can be chosen independently of R. Suppose M ≥ ν; set δ = min{σ,^M_L } and C =^1_ν + √_1

ν2 +^1_{4M 2} . Fix (t_0, x_0) ∈ R × (T_δ \ T ) and inductively define a sequence

(t_j , x_j ) by setting x_1 = x_0, t_j =^ν_{4M 2} d(x_j ),τ_j = ∑_{j−1} k=0 t_k and x_{j+1} = x_{τj} (v_{τj ,xj} , 0)(t_j ) for j ≥ 1, where v_{τj ,xj} is given by (H). With the same arguments exploited in [18], one can prove that d_T (x_{j+1}) ≤ K^j d_T (x_0), for j ≥ 0, where K = √ 1 − (^1_{2M} )^2 and t̄ = ∑_{+∞} k=1 t_k ≤ Cd_T (x_0). Therefore the sequence x_j converges to a point x̄ ∈ T . Define the control v(t) = v_{τj ,xj} for τ_j ≤ t ≤ τ_{j+1}. We have x_{t0,x0} (v, 0)(t̄) = x̄ and therefore T (t_0, x_0, K) ≤ Cd_T (x_0).

Next we have to prove (4.6) for general f and T . For any R > 0 define T_{(R)} = T ∩ B_\[′, ∈R], L_R = L_{Bn[0,2R]}, M_R = max{|f(t, x, v, 0)| : (t, x, v) ∈ B_{1+n}[0, 2R] × V }, and f_R(t, x, v, 0) = { f(t, x, v, 0) if |f(t, x, v, 0)| ≤ M_R M_R^{f (t,x,v,0)} |f (t,x,v,0)| if |f(t, x, v, 0)| > MR.

Consider the control system obtained by substituting f and T with f_R and T_{(R)} and denote by T_R the corresponding minimum time function. By the first part of the proof, there exist δ_R = min{σ_R,^{MR}_{LR} } and C_R such that T_R(t, x, K) ≤ C_Rd_T (x) for every (t, x) ∈ [−2R, 2R] × (T_{δR} ∩ B_\[′, ∈R]). Choose δ_RC_RM_R < R. For such a choice of δ_R, we may assume that for ϵ small enough the ϵ-optimal trajectories starting at points (t, x) ∈ [−R, R]× (T_{δR} ∩B_\[′, R]), that is x_{t,x}(v, 0)(t) with θ_{t,x}(v, 0) ≤ T_R(t, x, K)+ϵ, remain inside B_n[0, 2R] and t + T_R(t, x, K) + ϵ ≤ 2R. Therefore these trajectories are admissible for the original control system and we can deduce that T (t, x, K) ≤ T_R(t, x, K) ≤ C_Rd_T (x). Finally, to prove the claim about the reachable set R[K] observe that if (t̄, x̄) belongs to R[K] and is sufficiently close to R×T then (4.6) implies that there exists a ball of suitable radius around (t̄, x̄) on which T (·, ·, K) is bounded, that is R[K] contains a neighborhood of R×T .

Acknowledgment

We would like to thank Monica Motta for useful remarks on a first version of the present paper.

References

[1] A. Bacciotti. Processus de controle avec controle initial, Proceedings of the Conference on Recent Advances in Differential Equations, 1978 Trieste, Italy, (R.Conti, ed.). New York: Academic Press, 1981, 23–36

[2] A. Bacciotti and G. Stefani. Self-accessibility of a set with respect to a multivalued field, Journal of Optimization Theory and Applications, 319 (1980), 535–552.

[3] M. Bardi. A boundary value problem for the minimum time function, SIAM J. Control Optim., 27 (1989), 776–785.

[4] M. Bardi and M. Falcone. An approximation scheme for the minimum time function, SIAM J. Control Optim., 28 (1990), 950–965.

[5] M. Bardi and P. Soravia. Hamilton-Jacobi equations with singular boundary conditions on a free boundary and applications to differential games, Trans. Amer. Math. Soc., 325 (1991), 205–229.

[6] M. Bardi and P. Soravia. A comparison result for Hamilton-Jacobi equations and applications to differential games lacking controllability, Funkcial. Ekvac., 37 (1994), 19–43.

[7] G. Barles. An approach of deterministic control problems with unbounded data, Ann. Inst. Henri Poincaré, 7–4 (1990, 235–258.

[8] E.N. Barron, R. Jensen and J.L. Menaldi. Optimal control and differential games with measures, Nonlinear Analysis, Theory, Methods and Applications, 21-4 (1993), 241-268,

[9] R.M. Bianchini and G. Stefani. Stati localmente controllabili, Rendiconti del Seminario Matem. Univ. del Politecnico di Torino 42 (1984), 15-23.

[10] S. Bortoletto. The Bellman equation for constrained deterministic optimal control problems, Differential and Integral Equations, 6 (1993), 905-924.

[11] Alberto Bressan. On differential systems with impulsive controls, Rend. Sem. Mat. Univ. Padova, 78 (1987), 227-236.

[12] Alberto Bressan and B. Piccoli. A generic classification of time optimal planar stabilizing feedbacks, SIAM J. Control Optim. (submitted).

[13] Alberto Bressan and F. Rampazzo. On differential systems with vector–valued impulsive controls, Boll. Un. Mat. Ital., (7) (1988) 2–B, 641–656.

[14] Alberto Bressan and F. Rampazzo. Impulsive control systems without commutativity assumption, Journal of Optimization Theory and Applications, 81 (1994), 435–457.

[15] Aldo Bressan. Hyperimpulsive motions and controllizable coordinates for Lagrangian systems, Atti Accad. Naz. Lincei, Mem.Cl. Sc. Fis. Mat. Natur., 19 (1991).

[16] F. Camilli and M. Falcone. Approximation of control problems involving ordinary and impulsive controls, Preprint (1995)

[17] P. Cannarsa, H. Frankowska and C. Sinestrari. Optimality conditions and synthesis for the minimum time problem with a general target, (submitted) (1995).

[18] P. Cannarsa and C. Sinestari. Convexity properties of the minimum time function, Calc. Var. Partial Differential Equations, 3 (1995), 273– 298.

[19] F. Cardin and M. Favretti. Geometrical Aspects of Hyper-impulsive Motion, preprint (1996).

[20] L. Cesari. Optimization-Theory and Applications. New York: Springer- Verlag, 1984.

[21] M.G. Crandall and P.L. Lions. Viscosity solutions of Hamilton–Jacobi equations, Trans. Amer. Math. Soc., 277 (1983), 1–42.

[22] G. Dal Maso and F. Rampazzo. On systems of ordinary differential equations with measures as controls, Differential and Integral Equations, 4–4 (1991), 739–765.

[23] J.R. Dorroh and G. Ferreyra. A multi–state, multi–control problem with unbounded controls, to appear in SIAM J. Control and Optimization.

[24] V.A. Dykhta. Impulse trajectory extension of degenerated optimal control problems, The Liapunov Functions Methods and Applications, (P. Borne and V. Matrosov, eds.). Paris: J.C. Baltzer AG, Scientific Publishing Co., 103–109 (1990).

[25] W. Fleming. The convergence problem for differential games, J. Math.

Anal. Appl., 3 (1961), 102–116.

[26] A. Friedman. Differential Games. New York: Wiley, 1971.

[27] O. Hajek. Pursuit Games. New York: Academic Press, 1975.

[28] D.F. Lawden. Optimal Trajectories for Space Navigation. London:

Butterworth, 1963.

[29] Liu and H.J.Sussmann. Limit of hight oscillatory controls and the approximation of general paths by admissible trajectories, Proc. C.D.C. IEEE, (1991).

[30] Liu and H.J.Sussmann. A characterization of continuous dependence of trajectories with respect to the input for control–affine systems, preprint.

[31] J.P. Marec. Optimal Space Trajectories. Amsterdam:Elsevier, 1979.

[32] B.M. Miller. Optimization of dynamic systems with a generalized control, Automation and Remote Control, 50 (1989).

[33] B.M. Miller. Conditions for the optimality in problems of generalized control. I. Necessary conditions for optimality, Automation and Remote Control, 53 (1992).

[34] B.M. Miller. The generalized solutions of ordinary differential equations in the impulse control problems, Journal of Mathematical Systems, Estimation and Control, 4 (1994), 385–388.

[35] B.M. Miller. The generalized solutions of nonlinear optimization problems with impulse control, SIAM J. Control and Optimization, 34 (1996), 1420–1440.

[36] M. Motta and F. Rampazzo. Space–time trajectories of nonlinear systems driven by ordinary and impulsive controls, Differential and Integral Equations, 8–2 (1995), 269–288.

[37] M. Motta and F. Rampazzo. Dynamic programming for nonlinear systems driven by ordinary and impulsive controls, SIAM J.Control and Optim., 34 (1996),199–225.

[38] M. Motta and F. Rampazzo. Nonlinear systems with unbounded controls and state constraints: a problem of proper extension, NoDEA – Nonlinear Differential Equations Appl., 3–2 (1996), 191–216.

[39] M. Motta and F. Rampazzo. The value function of a slow growth control problem with state constraints, to appear in the Journal of Mathematical Systems, Estimation and Control.

[40] M. Motta and F. Rampazzo. State constrained control problems with neither coercivity nor L^1 bounds on the controls, to appear in Applied Mathematics and Optimization.

[41] L.W. Neustadt. A general theory of minimum–fuel trajectories, J.

SIAM Control, 3 (1965).

[42] N.N. Petrov. Controllability of autonomous systems, Differentsialnye Uravneniia, 4 (1968), 606–617.

[43] F. Rampazzo. On the Riemannian structure of a Lagrangian system and the problem of adding time–dependent constraints as controls, Eur. J. Mech., A/Solids, Gauthier–Villars, 10 (1991), 405–431.

[44] R.W. Rishel. An extended Pontryagin principle for control systems whose control laws contain measures, J. SIAM Control, 3 (1965), 191– 205.

[45] A.V. Sarychev. Nonlinear systems with impulsive and generalized function controls, Proc. Conf. on Nonlinear Synthesis, Sopron, Hungary, (1989)

[46] W.W. Schmaedeke. Optimal control theory for nonlinear differential equations containing measures, J. SIAM Control, 3 (1965), 231–279.

[47] A.N. Sesekin. Nonlinear differential equations in the class of functions of bounded variation, Automation and Remote Control, (1990).

[48] A.N. Sesekin. Impulse extension in the problem of the optimization of the energy functional, Automation and Remote Control, (1993).

[49] G.N. Silva and R.B. Vinter. Measure driven differential inclusions, J.

Math.Anal. Appl., 202 (1990), 727–746.

[50] G.N. Silva and R.B. Vinter. Necessary conditions for optimal impulsive control problems, preprint.

[51] C. Sinestrari. Local regularity properties of the minimum time function, preprint, (1995)

[52] H.M. Soner. Optimal control with state–space constraints, SIAM J.

Control and Optimization, 24 (1986), 552–561.

[53] P. Soravia. Holder continuity of the minimum time function for C^1- manifold target, Journal of Optimization Theory and Applications, 75 (1992), 401–421.

[54] P. Soravia. Pursuit-evasion problems and viscosity solutions of Isaacs equations, SIAM J. Control Optim., 31 (1993), 604–623.

[55] H.J. Sussmann. Regular synthesis for time-optimal control of singleinput real-analytic systems in the plane, SIAM J. Control Optim., 25 (1987), 1145–1162.

[56] V.M. Tikhomirov. Fundamental Principles of the Theory of Extremal Problems. New York: John Wiley and Sons, 1986.

[57] P.R. Wolenski and Y. Zhuang. Proximal analysis and the minimal time function, preprint.

Dipartimento di Matematica Pura ed Applicata, le Scienze Applicate, Via Belzoni 7 - 35131 Padova, Italy

Dipartimento di Metodi e Modelli Matematici, per le Scienze Applica, Via Belzoni 7 - 35131 Padova, Italy

Communicated by Héléne Frankowska