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Uniform Exponential Stability of
Approximations in Linear Viscoelasticity™

Zhuangyi Liu Songmu Zheng |

Abstract

In this paper, we first study the abstract setting of linear vis-
coelasticity and under reasonable conditions on the kernel we prove
the exponential stability of the associated semigroup. Secondly,
we study the general approximate schemes proposed by Banks and
Burns, by Ito and Kappel, and by Fabiano and Ito, respectively. The
uniformly exponential stability of semigroups associated with these
approximate schemes is proved.

AMS Subject Classifications: 35B40, 45110, 73H10, 93D20
Key words: viscoelasticity, approximation, uniformly exponential stability,
semigroup

1 Introduction

We consider the preservation of the uniform exponential stability of the
approximation to the following integro-differential equation

0

ii(t) + A {eu(t) —/

-Tr

g(s)u(t + s)ds} = f(¢). (1.1)

Here A is a positive definite, self-adjoint unbounded operator on a Hilbert
space H, and f(t) is an H-valued function; € is a positive constant (a
stiffness coefficient in applications to linear viscoelasticity); and g(s) is a
“history kernel” which satisfies the following conditions,

(gl) g(s) € Ct[-r,0) N LY(-7,0), g(s) > 0 on [-r,0),
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(g2) ¢'(s) > bg(s) on [—r,0) for some constant § > 0,

(g3) a=¢ —/ g(s)ds > 0.

-Tr
Equation (1.1) can be written as an abstract evolution equation

L 2(t) = A=(t) + F (1), (1.2)
in a Hilbert space Z. The term F(t) may represent a control in the form
of Bu(t), where u € R™ is a control input and B is a linear operator from
R™ to Z. The most common approach for the approximation of control
problem (1.2) is to consider a sequence of finite dimensional control systems
of the form

%ZN(t) = ANV () + BN u(t), (1.3)
in the finite dimensional space ZV C Z. Generally, system (1.3) is derived
by discretization techniques for the approximation of the solution of (1.2).
A control design is then obtained for this finite dimensional control prob-
lem, and is used as an approximation to the desired control of the original
infinite dimensional control problem. The convergence of the scheme and
the preservation of the uniform exponential stability for the uncontrolled
system (v = 0 in (1.3)) are two most important conditions to assure the
convergence of the approximate controls (see [7], [3], [4]).

An approximation scheme for equation (1.1) consists of discretization
of the spatial variable and an appropriate approximation for the resulting
differential-delay equation [2], [5]. The later is more crucial since it is well
known that the energy dissipation in (1.1) exclusively depends on the prop-
erty of the kernel g(s). Fabiano and Ito [5] used a general spatial variable
discretization together with the so-called averaging scheme of Banks and
Burns [1] and a spline based scheme of Ito and Kappel [9]. The conver-
gence of the schemes was proved by the Trotter-Kato Theorem [11]. In
this paper, we will show that these approximation schemes preserve expo-
nential stability uniformly. The paper is organized as follows. In section
2, we present the semigroup setting developed by Fabiano and Ito. Our
contribution is to show that the resulting semigroup is exponentially stable
under the conditions (gl)-(g3) imposed on the kernel g(s). In section 3,
we present our main result on the preservation of the uniform exponential
stability of the approximate semigroups. A similar result for the nonuni-
form mesh averaging scheme is given in section 4. The notations used in
this paper are the same as in [5] for consistency.
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2 Semigroup Setting

Assume that V and H are a pair of Hilbert spaces with V' C H , a continu-
ous dense injection. Let V* denote the dual space of V. We identify H with
its dual so that V. C H = H* C V*. Consider a symmetric sesquilinear
form o on V such that
|o(u, v)]|

o(u,u)
where w > 0. Let A € L(V,V*) be defined by
o(u,v) = (Au,v)y«y for u,veV. (2.3)

Then, the restriction of A on H defines a positive definite and self-adjoint
operator, which we call A again with

DA)={ueV : Aue H}. (2.4)
Furthermore, we have D(A%) =V, and
o(u,v) = (A%u,A%v)H for w,v € V. (2.5)

Thus, V can be equipped with a scalar inner product {u, v}y = o(u,v). Let
W = L7(—r,0;V) be the Hilbert space of all V-valued, square integrable
functions defined on the measure space ([—r, 0], V, gds) equipped with norm

0
ol = / o(s)[w(s) 12 ds. (2.6)

-r

Define
v=1, w(t,s)=ult)—ult+s), (2.7)

for t > 0,s € [-r,0]. Then equation (1.1) can be written as an abstract
evolution equation

d

—z

dt
on the Hilbert space Z =V x H x W equipped with the norm

(t) = Az(t) + col(0, f(t),0) (2.8)

1217 = allully, + [lvll7 + lwllF- (2.9)
Here 2z = (u,v,w)? and

Az=| —-A (au + ffr g(s)w(s)ds) (2.10)
v+ Dyw
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{z €Z : au+ /0 g(s)w(s)ds € D(A); veV; DyweW; w(0) = 0} .
- (2.11)

When the condition (g3) in section 1 is replaced by a weak condition:
non-negativity of ¢’, the following theorem is proved in [5].

Theorem 2.1 The linear operator A, defined by (2.10) and (2.11), gen-
erates a Cy-semigroup S(t) on Z.

It is well-known that the decay rate of the solutions to equation (1.1) de-
pends on the decay rate of the history kernel g(s). To have an exponentially
stable S(t), we must impose conditions on g(s) stronger than non-negativity
of its derivative. Condition (g2) serves for this purpose. It is easy to see
that the weakly singular kernel of the form

vs
g(s):cr:s?, e,y>0,0<p<l, (2.12)

satisfies conditions (g1)-(g3). Fabiano and Ito obtained some results on the
exponential stability of S(t) (see [6]) for the nonsingular exponential decay
kernels. However, it is not clear whether their results include the cases of
singular kernel. We will prove the following theorem

Theorem 2.2 If the kernel g(s) satisfies conditions (g1)-(g3), then the
linear operator A, defined by (2.10) and (2.11), generates an exponentially
stable Cy-semigroup S(t) on Z.

Our proof relies on the following characteristic conditions [8] for an expo-
nentially stable Cp-semigroup.

Theorem 2.3 A Cy-semigroup S(t) = €A on the Hilbert space Z is expo-
nentially stable if and only if

sup{ReX; Ae€a(A)} <0 (2.13)
and
sup [|[(A—A) | < 400 (2.14)
ReA>0

hold. Here o(A) stands for the spectrum of A.

We first prove a lemma.
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Lemma 2.1

0
(Aer2)z = =ga(-nlle-nl = 5 [ dGleelids (215)

for any z € D(A).

Proof: By a straight forward calculation, we have

(Az, )y = M%Wv—<AWU+/mm$M$@%v>

-Tr

H
+{v + Dsw,w)w

0
= / 9(s)(Dsw,w)vds. (2.16)
Since Dsw € W, we know that sg(s)||Dsw||}- is bounded near s = 0.
Therefore, Integrating by parts of the last term in (2.16) yields (2.15). O

Proof of Theorem 2.2: We use the contradiction argument. Suppose the
conclusion is not true. Then by Theorem 2.3 one of (2.13) and (2.14) must
fail to hold. in both Consider first the case when (2.14) fails to hold. Then
there exist a sequence of A\, € C and a sequence of z, = (Un,Vn,wy) €
D(A) with ReX,, > 0 and ||z,]|z = 1 such that (as n — c0)

nler;O (Al — A)znllz =0, (2.17)
which is equivalent to
Allp — v, — 0 in V, (2.18)
AnUn + Aau, + /0 g(s)wn(s)ds) — 0 in H, (2.19)
Anwy,(8) :rvn —Dsw,(s) — 0 in W. (2.20)

Equation (2.17) also applies to the case when (2.13) is violated with A,, 2y,
being an eigenpair of A. In both cases, it follows from (2.15) and (2.17)
that

Re((Md — A)zn, 2n) 2 Re)\n||zn||2z — Re(Azp, 20) 7

1
Redn + 59(=r)llwn (=7}

0
+% /_Tg'(s)Hwn(s)H%,ds — 0. (2.21)

Each term in (2.21) tends to zero since they are all nonnegative. Thus, we
have
Redn, = 0, g(=n)[lwa(=7)[% =0, (2.22)
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and, by condition (g3),
wp(s) = 0 in W, (2.23)

which, combining with ||z,]|z = 1, implies
a”un“%/ + ”vn”%{ — 1. (2.24)

From (2.18) and the continuous injection of V' into H it follows that A, up,—
vy, also converges to zero in H. Thus

A, ) — ||vnll3 — 0. (2.25)

Taking inner product of (2.19) with w,, in H, we have

An{vn, un) g + o(auy, +/ g(s)wn(s)ds, up)

-r

= Ay (Vny Un ) + oz||un||%, +/ 9(8){wn(s), un)vds — 0. (2.26)

-r

By (2.23) and the following estimate

‘/ Nwp(8), un)vds

IN

||un||v/ 9(8)||wn(8)||vds

-r

IN

1
0 3
funly ([ ates) " fwalw, 220
the third term in (2.26) converges to zero. Adding the complex conjugate
of (2.25) to (2.26) results in

2(ReAn) (n, un) i + allunlly — |lvall3 — 0. (2.28)
Therefore, it follows from (2.24), (2.28) and Rel,, — 0 that

1 1
allually = 5, lloallr = 5- (2.29)
2 2
Now we claim |A,| > é; > 0 for all n. Otherwise, from (2.18), v,, — 0 in
V (at least a subsequence), so does in H. A contradiction. Dividing (2.18)
by A, and applying (2.29) yields

2 1

—. 2.30
i (2.30)

Un

An

The rest of the proof is to show that (2.30) is a contradiction. We rewrite
(2.20) as

wn(s) — :—" - %Dswn(s) —0 in W. (2.31)

6
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Under the conditions imposed on g(s), it is clear that s2g and also s2¢'(s) €
L'(=r,0). Then we can easily verify that §= € W. Now, taking inner
product of (2.31) with 5= in W yields

»

Un

) A_n

Un

2 0 1 /0 v
ds— — Dywn(s), 22y ds — 0.
e [ sotes= s [ sgtoyDuwn(e), s =
(2.32)
The first term in (2.32) converges to zero because of (2.23),(2.30). To

estimate the third term in (2.32), we first integrate by parts to get

(wn(s)

Yw—

0
[ s Dan(s) s = rg(=r)un(-r), v

—r n )\n

0
- [ s wnls), 3 vds

—r n

- [ a6 (o), 3 hvds, (239

—r n
then estimate each term on the right hand side of (2.33) as follows.

rg(=r){wn(=1), 3 )v

n

Un
< rg(=n)ljwn(=r)llvIIx=lv = 0; (2.34)

Un

0 0 v
[ st Eivis] < [ s @l v

-Tr

s(/orﬁg'(s)ds) (/Org'(s>||wn(s>||2vds)%||§—jl||wo; (2.35)

‘/_OTQ(SNW(S%E—Z)MS </ 0T9(5)||wn(3)||v||§—:|lvds
< e ([ g(s)ds)% 122y o
T (2.36)

Thus the third term of (2.32) also converges to zero. Now the second term
of (2.32) must converge to zero. This contradicts (2.30). O

3 Uniformly Exponentially Stable Approximations

In this section, we first present the approximation schemes of equation
(1.1) introduced in [5]. Then we show that these schemes preserve the

7
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exponential stability uniformly. Let V'V be any sequence of finite dimen-
sional subspaces of V. Assume that for any u € V', there exists a sequence
u®™ € VN such that

luV —ully = 0 as n — oo. (3.1)
Define a continuous linear operator AN : VN — V¥ by
(ANu,v)yg = o(u,v) for u,ve V¥V, (3.2)

Thus, the spaces V'V complete the discretization of the spatial variable
in the sense that they provide a sequence of finite dimensional subspaces
of V and H, and (3.2) gives an approximation of the operator A. This
can often be realized by choosing a standard finite element scheme. The
approximation schemes for the resulting delay equation considered here
are the averaging scheme (see [1]) and a spline-based scheme (see [9]).
They all involve the discretization of the history interval [—r,0] and the
approximation of the differential operator Ds. Let BM, i = 1,---, M be the
linear spline elements corresponding to the mesh s¥ = —ih, i =0,---, M,
where h = r/Mj i.e.,

F(s—sMy) for sM; <s<sM
BM(s) =< E(sM, —s) for sM <s<sM, (3.3)
0 elsewhere.

We also denote the characteristic function on [sM sM ) by EM i =
1,---, M. For each positive integer IV, M, define the subspaces of W by

M

WM = {wEW | w=> bvMBM, bﬁ”eVN} (3.4)
i=1
M

whM {wEW | w=> a)EM, aﬁ”eVN} (3.5)
i=1

In order to approximate the operator Dy, we consider the sesquilinear form
on WN-M s wN.M

™M (@™, RN = (Dyw™ M, hN M)y (3.6)

for wV-M ¢ WN-M and pN-M EﬂN’M. Since a™'M is continuous, there
exists a linear operator DN-M : WN.M _, |/ N-M gych that

U,N’M(wN’M,hN’M) (5N’M1UN’M,}LN’M>W. (37)

8
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A straight forward calculation shows that DV'M is given by

~ 1
DN MM = Z (b, —b}")E (3.8)

for wN-M =y M

the following isomorphisms from WNM o .M,

iz, b BM | where b € VN, b} = 0. Finally, we introduce

M
iy MMM = N M EM, (3.9)
i=1
oM, + oM
iy MopNM 2712 L EM. (3.10)

Now we are ready to obtain approximations of D, by defining operators
N,M |
D, WM W NM gy

DM = DNMGVMYTL L =12, (3.11)

Thus, the construction of the approximation scheme is completed.
Let ZNM = VN x VN x WN-M equipped with the norm induced from
the norm in Z. We approximate equation (2.8) by

%zN’M(t) = AN MM (1) 4 col(0, P £(t),0) (3.12)

where VM (1) = (uN(t),v™ (), wN-M(t)), PY is the orthogonal projection
from H onto V'V, and

’UN

NN AN ([0 g5y M (s)ds) | (3.13)
oN + DY MM

The following lemma was proved in [5].

Lemma 3.1 For VM = (uVN oV wNM) € ZNM yith wMM =
Yl B,
M—1 1 1
N.M N, ;
(AN N0 ( (g = g )M + 5 gM a1
i=1
+Zh Jal" —a%||2v>, (3.14)

9
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and
—1
(A, NM>z=—§< (g = g IR + oMo ||V>
= (3.15)
where a} = (b, +bM)/2, gM = f s)ds, i =1,---, M, b} =0.

Lemma 3.1 implies the dissipativeness of A,{Y’M. Thus they generate Cp-
semigroups, Sp "™, of contractions on Z¥-M. In order to show the uniformly
exponential stability for the above approximation schemes, we will show

that S,]cv’M(t) are uniform exponentially stable, i.e., there exists constants
C, 3 > 0, independent of N, M, such that

1Sy M) e(z,2) < Ce Pt for t > 0. (3.16)

It is natural to expect that the technique used in the proof of Theorem 2.2
should also apply to the present case. Thus, the following theorem (see
[10]) parallel to theorem 2.3 is needed.

Theorem 3.1 Let T,,(t) be a sequence of semigroups of contraction on the
Hilbert spaces H,, and A, be the corresponding infinitesimal generators.
Then Ty(t) are uniform exponentially stable if and only if the following
two conditions hold:

sup {Red; A € o(An)} = 00 < 0; (3.17)
neN

sup {[|(AM = A) M} < o0 (3.18)
ReA>0,neEN

Now we are ready to present our main result.

Theorem 3.2 If the kernel g(s) satisfies conditions (g1)-(g93), then the
semigroup S,]cv’M(t) generated by the linear operator A,{,V’M defined in (3.13),
is uniformly exponentially stable, for k =1,2.

Proof: We prove this theorem for the cases of k = 1,2 , respectively.

Case 1 (Averaging scheme):

Suppose the conclusion is not true. Then by Theorem 3.1 one of (3.17)
and (3.18) must fail to hold. If (3.18) fails to hold, there exist a sequence
of AMM ¢ (' and a sequence of of zV'M = (uN N wNM) € D(ANM)
with ReA™M >0 and ||zV'¥]||z = 1 such that

. NMp _ 4N.My NM| _
Jlim [T = AN, =, (3.19)

10
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which is equivalent to

AVMyN N 0 in V,  (3.20)
0
/\N’Mvn+AN(auN+/ g(s)w™NM(s)ds) — 0 in H, (3.21)

—-r

ANVMyyNoM () — N - DNMypNM gy 0 in W, (3.22)

Equation (3.19) also applies to the case when (3.17) is violated with
AVM N M heing an eigenpair of AiV’M. In both cases, it follows from
Lemma 3.1 and (3.19) that

Re(()\N’MI _ AiV,M)ZN,M,ZN,M>Z —
ReAN M| zNM 15 — Re(AN M ZNM N

2 h

M-—1

1 1 1

SRR DO ER RS VI
i=1

M
£3° 1Ml —al
Bt i i—11V

i=1

— 0. (3.23)

Each term in last expression of (3.23) converges to zero since they are all
nonnegative.
Next we show that (3.23) implies

M
lw™ M3 =" gM a3 — o. (3.24)
i=1
Since
(9" —git)  _ /SH 9(s) —g(s = h) .
I Y h
S G N G
> [ seds oy (93)
Si—1 _ M
> 6 g(s —h)ds = 6g;% 1, (3.25)



Z. LIU AND S. ZHENG

and

M M1 M-—1

S gMla T = > (g = g Dla 15 + > g llal 15 + ghrlladtlly,
i=1 i=1 i=1

(3.26)
we can see that (3.24) is an immediate result of (3.23),(3.25) and (3.26).
Therefore, it follows from ||2VM||z =1 that

allu™|[} + V7 — 1. (3.27)

By (3.20) and the continuous injection of V into H, AN-MyN — N also
converges to zero in H. Thus

MM N oMy g — 110N 1% — 0. (3.28)

Taking the inner product of (3.21) with ' in H, we have

0
MM N uMy g+ o(au™ + / g(s)w™NM(s)ds, u™)

0
= VMY V) el [ g ), vds 0. (3.29)

—-r

By (3.24) and the following estimate

0 0
‘ / g() ™M (s),uNyyds| < NIy / g()[[w™M (s) v ds

-r

i (f 0 g(s)ds)% ™M
' (3.30)

IN

the third term in (3.29) converges to zero. Adding the complex conjugate
of (3.28) to (3.29) results in

2(ReAN MY (N uNYy g + al|u])2 = |07 |5 — 0. (3.31)
Therefore, it follows from (3.27),(3.31) and ReA™M — 0 that

1 1
allu™[ = 5, INIE = 5 (3.32)
2 2
Now we claim |ANM| > § > 0 for all N,M. Otherwise, from (3.20),
vN — 0in V (at least a subsequence), so does in H. A contradiction.
Dividing (3.20) by AN and applying (3.32) yields
b,

N,M
A 1%

1
- 5o (3.33)

12
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The rest of the proof is to show that (3.33) is a contradiction. We rewrite
(3.22) as

N
1
wN M (s) — )\Iz)v—M - )\N—MD{V’MwN’M(s) —0 in W (3.34)

and take inner product with }\“",3,’—]\;4 € W in W to obtain

N
Sv
(wN7M(5)> )\N,M)W_
N |2 0 0 N
v 1 v
]| [ sats = s [ sa)DY w6, S
VJ—r —-r
- 0. (3.35)

The first term in (3.35) converges to zero because of (3.24). We will show
that the third term in (3.35) also converges to zero. Therefore the second

term in (3.35) must converge to zero, which gives a contradiction. In doing
so, we have

‘ N, N 0N
/ sg(s)(Dy " w™ ’)\N,M)Vds
—r
M—-1 M _ M N M N
— Z (Sg)z (Sg)z+1< M v > _ (Sg)M ((J,M v )
— h EONNM YV T T ARMe AN Y
o = )M 6Ny vy @M
< VM H £ : A “=la;" lv + h llaarllv |,
(3.36)
M
where (sg)M = :g'[l sg(s)ds for i =1,---, M. A simple calculation leads
to '
M
C (59 = My
O
i=1
M-1 31'1\/11 _ —h 3%1
= (/ %8&9 —l—/ g(s — h)ds) laM]lv
— sM sM
i=1 i i
0 M—-1 M—-1
g(s) —g(s —h)
S = D I 2= S T e
—r+h i= i=1
0 e 3
< ([ etzsemng’,
—r+h h

13
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0 M-1
g(s) —g(s—h
( [ ||%E£”ds>
i=1

1
2

—r+h

M—1 M—1 3
(o) (X atarit) (3a7)
=1 i=1
For the two terms in (3.37), their first factors are bounded since

s2g'(s),g(s) € L(-r,0).

Their second factors converge to zero because of (3.23) and (3.25). Combin-
ing (3.23), (3.36) and (3.37) yields that the third term in (3.35) converges
to zero.

1
2

Case 2 (Spline-based scheme):
The proof is very similar to the one for Case 1. Therefore, we will only
point out the differences and omit the redundant arguments.

1. Instead of (3.23), we have

M-1
1 1 1
ReA™M 4 = (Z (g = gl DI + —9%||b%||%/> -0,

2\ & h h
(3.38)
where aM = (bM, +bM)/2,i = 1,---, M, b}! = 0. This again leads
to
M
lo™ My = g llad I — 0. (3:39)
i1

2. The estimates (3.36)-(3.37) are still valid when a is replaced by bM
since we have (3.38) and (3.39).

Thus, the proof of the theorem is completed. O

4 Nonuniform Mesh

In order to obtain a faster convergence for the approximation scheme, Fabi-
ano and Ito proposed a nonuniform mesh averaging scheme (see [5]). In
stead of choosing the uniform mesh for the history interval [—r, 0], they

chose sM in the following way
Si_1 1 0
[ s@as= 5 [ ol i=1ear-1 @)
SM M -r
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and s}! = 0,8 = —r. Numerical experiments have been in favor of
this scheme over the previous two schemes. Following the steps in the
proof of Theorem 3.2, it is not difficult to show that the nonuniform mesh
averaging scheme also preserves exponential stability uniformly. We will
only point out several key steps. Let’s still use AiV’M defined in (3.13) for
the approximate operator with the nonuniform mesh (4.1).

1. Parallel to Lemma 3.1, we now have

(AR MM N 7 (DN MMM VM

0 MM _gM M
= / 9(3)(Z%Eyazayl§y>vds
-r i=1 i i=1
M—1
_ 1 ﬂ_gﬁl Myz . IM a2
= Z 7 — | eIl + =37llaa Il
2 o \% it1 297§
M g
+Y0 Ll - a£”1||2v> , (42)
i=1 1

o NM. . . .
where aM = sM, —sM . The dissipativeness of A; " is an immediate
result of o, > oM.

2. By a linear translation, we have

g _ 9%1
aM a%_l
1 Fimt < i stsiy — (sM)?
= —r g9(s) — g( + )| ds
a}l Jom M al
S Y Y (- T =L Sl C b P
aM oM aM aM
M
Si—1 aM g4 SM —(5M)2
> § s — i+1 i—12i+1 i ds
N sM g(€)< al aM
S 5 Fim g(ai]\il " 51'715%1 —(s;") )aﬁlds
sM ai\/l ag\/l Oéi\/[
M
8i
= 6/M g(s)ds = 6gM. (4.3)
Sit1

Here we have used conditions (gl1)-(g2). Thus, when (4.2) converges
to zero, we again obtain

lw™ M |l — 0. (4.4)
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3. To show the term in (3.35) converges zero, we combine the linear
translation used in (4.2) and the estimate technique used in (3.36)-
(3.37). The calculation is tedious but elementary and we omit the
details.
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