Journal of Mathematical Systems, Estimation, and Control © 1998 Birkhäuser-Boston Vol. 8, No. 2, 1998, pp. 1–14

A Time Domain Formulation for Identification in Electromagnetic Dispersion^�

H.T. Banks^y M.W. Buksas^y Yun Wang^y

Abstract

We present a time domain approach for the investigation of dispersion mechanisms of a medium in electromagnetic field problems. Maxwell’s equations coupled with a generalized electric polarization model are considered. The polarization is given in terms of a convolution of the electric field with an impulse response function. Existence, uniqueness and continuous dependence of solutions on data are presented for a one-dimensional dispersive medium case. Estimation of electromagnetic properties of media is demonstrated via numerical examples. Parameters representing the electromagnetic property of a medium may include the static permittivity, relaxation time, natural frequency, static conductivity, etc. depending on the polarization model chosen.

1 Model Formulation

Microwave images of tissue structures and soils play very important roles in many areas, including clinical and environmental medicine. These microwave images are useful in detection/enhanced treatment of abnormality of human organs and tissue, and detection/ remediation of underground toxic wastes. The electromagnetic properties of a medium are generally characterized by its electric and magnetic polarization mechanisms and its static conductivity. Here we focus on the development of partial differential equation (Maxwell’s equations) based identification techniques for

�Received November 5, 1996; received in final form June 26, 1997. Summary appeared in Volume 8, Number 2, 1998. This paper was presented at the Conference on Computation and Control V, Bozeman, Montana, August 1996. The paper was accepted for publication by special editors John Lund and Kenneth Bowers.

yThis research was supported in part by the Air Force Office of Scientific Research under grants AFOSR F49620-95-1-0236 and AFOSR F49601-93-1-0355 and by the U.S. Dept. of Education through a GAANN Fellowship to Michael Buksas.

physical and biological distributed parameter systems, with those for living tissue being a special case. We attempt to estimate the conductivity and parameters which characterize the polarization of media such as living tissue using incident and scattered electromagnetic signals. The functions of permittivity and conductivity are determined by a general polarization mechanism which includes as special cases those governed by an n-th order ordinary differential equation (see [18, 24] for the cases n = 1, 2), multiple coupled oscillators, and delay systems. We note that in the literature (which is dominated by frequency domain approaches) complex permittivity and conductivity depending on the frequency of the emitting signal are commonly used as electromagnetic characteristics. Since our approach is in the time domain, we focus directly on the polarization equations and any resulting parameterizations may contain parameters depending on time and space, but not directly on frequency.

Variations of the electromagnetic inverse problem have been studied for at least several decades. A good survey of existing methods is given by Albanese et al. in [1].

However, there is a paucity of literature on studies of electromagnetic inverse problems in the time domain which employ variational formulations. This variational formulation approach has been successfully applied to damped hyperbolic systems in [7, 12, 13] and hybrid systems in [6]. A similar approach with the focus on well posedness and control problems involving Maxwell’s equations can be found in [16]. In this reference, Duvaut and Lions proved existence and uniqueness of Maxwell’s equations for a three-dimensional inhomogeneous medium with totally reflective boundary. The medium is stable (nonzero static conductivity) and polarization is assumed instantaneous and proportional to the electric field. Efforts by other authors on controllability and stabilization in the context of semigroups and variational formulations can be found in [3, 19, 20, 21, 23].

Our investigations focus on a class of dispersion models (i.e., models for polarization) in the context of Maxwell’s equations. We consider the type and rate of attenuation of signals associated with a given dispersion model for biological media.

We begin by considering a three-dimensional inhomogeneous medium with no free charges. The macroscopic equations governing electromagnetic phenomena in time and space are Maxwell’s equations

∇·D = 0 ∇·B = 0 ∇×E = − ∂B ∂t ∇×H = ∂D ∂t + J_s + J_c (1)

ELECTROMAGNETIC DISPERSION

and along with the constitutive relations

J_c = σ E D = ϵ_0 E + P B = μ_0 H + μ_0 M. (2) Here E is the electric field intensity, D is the electric flux density, H is the magnetic field intensity, B is the magnetic flux intensity, J_s is the source electric current density, J_c is the conduction current density, P is the electric polarization, M is the magnetic polarization, σ is the space dependent static conductivity, ϵ_0 and μ_0 are are physical constants representing the permittivity and permeability in vacuum, respectively, In the mks system of units, ϵ_0 ≈ 8.85×10^{−12} [F m^{−1}] and μ_0 = 4π×10^{−7} [Hm^{−1}]. The bold faced characters are vectors in Cartesian coordinates.

Figure 1: Geometry of Physical Problem

In our initial studies, we concentrate on the propagation of a pulsed plane wave. Assuming the plane wave is uniform in planes parallel to the x-y plane and propagates in z direction (see Figure 1), then the electric and magnetic field intensities are reduced to

E = E(t, z)î in the x direction

H = H(t, z)ĵ in the y direction.

For ease in notation, we use henceforth the scalar fields E and H with the understanding that E is polarized in the x or î direction and H is polarized in the y or ĵ direction. Furthermore, we assume that the magnetic polarization is zero, i.e.,M(t, z) = 0, which is a good approximation for biological media [2]. With the above assumptions, Maxwell’s equations coupled with the constitutive relations yield a second order equation

∂^2E ∂t^2 + σ ϵ_0 ∂E ∂t + 1 ϵ_0

∂^2P ∂t^2 − c^2 ∂^2E ∂z^2 = − 1 ϵ_0 ∂J_s ∂t , (3) t > 0, 0 ≤ z ≤ 1, where c^2 = 1/ϵ_0μ_0.

To specify boundary conditions we consider the specific geometry of Figure 1 and assume that the one-dimensional inhomogeneous dispersive slab occupies the region [z_1, z_2] such that 0 < z_1 < z_2 < 1. The medium outside the slab is filled with air in which σ = 0 and P = 0 while in the slab those quantities are nonzero and depend on conductivity and dispersive properties of the medium. We assume totally absorbing boundary conditions for (3) at z = 0 and z = 1. That is, we take ∂E ∂t (t, 0) − c ∂E ∂z (t, 0) = 0, ∂E ∂t (t, 1) + c ∂E ∂z (t, 1) = 0. (4)

While biological media are thought to have magnetic properties of vacuum, dispersion of electromagnetic signals in such heterogeneous media is a complex phenomenon which is usually accounted for in the polarization vector P . In the case of dispersive media (here, we adopt the definition by Stratton [24] which states that a medium is said to be dispersive if the phase velocity in the medium is a function of frequency), one may consider a general representation for the electric polarization described by the n-th order ordinary differential equation ∂^nP ∂t^n + n∑ i=1 a_i ∂^{n−i}P ∂t^{n−i} = a_0 E, (5)

where the coefficients {a_i}^n_{i=0} are space dependent variables. This representation of polarization takes into account the molecular constitution of matter and treats the molecules as dynamical systems possessing natural frequencies. For the case of n = 0, 1, 2 the polarization mechanisms have been studied extensively [18, 24]. The case n = 0 is called an Ideal medium whereas n = 1 and 2 correspond to the so-called Debye medium

ELECTROMAGNETIC DISPERSION

and Lorentz medium, respectively. A medium characterized by multiple Debye models and/or multiple Lorentz models can also be represented by (5) if the coefficients in this equation satisfy certain conditions.

For our investigations we assume a much more general polarization model of the form P (t, z) = ∫_t 0 g(t − s, z) E(s, z) ds. (6) This model can be found in the research literature on studies of electromagnetic wave propagation in time domain, see for example [14, 22]. It, of course, includes the various n-th order models of (5) as special cases whenever the initial polarization is zero. (To readily see this, rewrite (5) as an n-vector first order system and use the standard variation-of-parameters representation in terms of the impulse response and the input E). The integral formulation (6) will be used in stating precisely general well posedness results while the special cases of the differential formulation are used in some of our computational examples to study specific mechanisms.

The above model (6) also includes as special cases systems with memory, generally referred to in the mathematical literature as time delay systems, systems with hysteresis or hereditary systems [4, 9]. For example, if the polarization rate depends not only on the current polarization but also on the previous values, then one may write

∂P ∂t (t, z) = N∑ i=1 a_iP (t − r_i, z) + ∫_0 −r a(t, s)P (t + s, z)ds + a_0E(t, z) (7) or, more generally, in terms of Stieltjes measures for memory ∂P (t, z) ∂t = ∫_0 −r P (t + s, z)d_sη(t, s) + a_0E(t, z). (8) It is well known that solutions of (7) or (8) can be written (again assuming no initial polarization) in the form (6) by using variation-of-parameters representations in terms of the fundamental solution X(t − s) and taking g(t−s) = X(t−s)a_0 (see [4, 9] for details). It is accepted engineering practice to sometimes approximate the complicated systems (7) or (8)—which are actually infinite dimensional state systems—by finite dimensional high order systems similar to (5) which yield appropriate approximations, e.g., see [5].

2 Well-posedness: Existence, Uniqueness, Continuous Dependence

To treat questions related to existence, uniqueness and continuous dependence of solutions on data, it is convenient to write the system (3), (4), (6) in weak or variational form. We do this in the usual manner using test functions ϕ ∈ V ≡ H^1(0, 1) and a state space H = L^2(0, 1). Multiplying (3) by ϕ, integrating over z ∈ [0, 1], integrating by parts and using (4) and (6), we obtain

∫_1 0 ( ∂^2E ∂t^2 (t, z)ϕ + σ ϵ_0 ∂E ∂t (t, z)ϕ + c^2 ∂E ∂z (t, z) ∂ϕ ∂z + 1 ϵ_0 ∫_t 0 g(t − s, z) ∂^2E ∂s^2 (s, z) ds ϕ ) dz + c ∂E ∂t (t, 1)ϕ(1) + c ∂E ∂t (t, 0)ϕ(0) (9) = ∫_1 0 − 1 ϵ_0 ∂J_s ∂t (t, z) ϕ dz, t > 0. With the notation · =^∂_{∂t} ,^′ =^∂_{∂z} and ⟨ϕ, ψ⟩ =

∫_1 0 ϕψdz, this equation can be written succinctly as ⟨Ë(t), ϕ⟩ + ⟨ σ ϵ_0 Ė, ϕ⟩ + ⟨ 1 ϵ_0 ∫_t 0 g(t − s)Ë(s)ds, ϕ⟩ + ⟨c^2E^′(t), ϕ^′⟩ = +cĖ(t, 1)ϕ(1) + cĖ(t, 0)ϕ(0)⟨− 1 ϵ_0

J̇_s(t), ϕ⟩ (10)

for all ϕ ∈ V . We seek solutions satisfying initial conditions E(0) = Φ, Ė(0) = Ψ for Φ ∈ V, Ψ ∈ H. We note that the functions z → σ(z) and z → g(t − s, z) vanish outside Ω̃ = [z_1, z_2] for the geometry of Figure 1 (which is our focus here). Further integration by parts in the fourth term of (10) and some tedious calculations enable us to write (10) in the form we use as our basic equation here. It is given by: ⟨Ë(t), ϕ⟩ + ⟨γĖ(t), ϕ⟩ + ⟨βE(t), ϕ⟩ + ⟨ ∫_t 0 α(t − s)E(s)ds, ϕ⟩ + ⟨c^2E^′(t), ϕ^′⟩ + cĖ(t, 1)ϕ(1) + cĖ(t, 0)ϕ(0) = ⟨J (t), ϕ⟩ (11)

for all ϕ ∈ V . Here J (t) = − 1 ϵ_0 J̇_s,

ELECTROMAGNETIC DISPERSION γ(z) = 1 ϵ_0 χ_{Ω̃}[σ(z) + g(0, z)], β(z) = 1 ϵ_0 χ_{Ω̃}ġ(0, z), α(t − s, z) = 1 ϵ_0 χ_{Ω̃}g̈(t − s, z). The initial conditions are still given by

E(0, z) = Φ(z) z ∈ Ω = (0, 1). (12) Ė(0, z) = Ψ(z)

Using an approach similar to that of [8],[11, Chapter 4], one can obtain the following well-posedness results for (11), (12) which is the variational form of (3), (4), (6).

Theorem: Suppose that α, β and γ ∈ L^∞(0, 1), J ∈ L^2(0, T ; L^2(0, 1)) and Φ ∈ H^1(0, 1), Ψ ∈ L^2(0, 1). Then there exists a unique solution E to (11), (12) with E ∈ L^2(0, T ; H^1(0, 1)), Ė ∈ L^2(0, T ; L^2(0, 1)), Ë ∈ L^2(0, T ; H^1(0, 1)^∗), Ė(·, 1) ∈ L^2(0, T ), Ė(·, 0) ∈ L^2(0, T ). This solution of (11) is in the usual sense of L^2(0, T ; H^1(0, 1))^∗ ∼= L^2(0, T ; H^1(0, 1)^∗), i.e., (11) is solved in the sense of V^∗ where V ≡ H^1(0, 1) and the ⟨·, ·⟩ must be interpreted as the duality product ⟨·, ·⟩_V �_{,V} in the first term of (11).

While this result can be obtained using the approach of [8, 11], the details are somewhat tedious and will be presented elsewhere. Estimates obtained in proving the above theorem can be used to obtain continuous dependence results. We find that the mapping

(Φ, Ψ, J ) in H^1(0, 1) × L^2(0, 1) × L^2(0, T ; H^1(0, 1)^∗) to (E, Ė) in L^2(0, T ; H^1(0, 1)) × L^2(0, T ; L^2(0, 1))

is continuous.

We note that the arguments for existence also yield that t → E(t, 0) is continuous even though in general one cannot establish the continuity E ∈ C(0, T ; H^1(0, 1)) in the usual manner. This will be useful in formulating the inverse problems of the next section.

3 Inverse Problems

One can formulate the identification of electric polarization mechanisms as parameter estimation problems in the time domain and this is the approach we take here. For given incident (pulse modulated microwave signals – for the importance of such input signals see [2]) and scattered electric fields, the parameter estimation problems consist of finding a set of parameters such that the computed electric field corresponding to the parameters matches in some sense the measured data. In general, one wishes to estimate the parameters α, β, γ of (11) (equivalently σ and g in (10)) or some finite dimensional parameterization of these functions. For example, if one assumes that σ is constant in the slab Ω̃ = [z_1, z_2] (see Figure 1) and assumes the special case (5) of the polarization model (6), then one might choose q = (σ, a_0, a_1, . . . , a_n) as the vector of unknown parameters to be estimated using observed data at z = 0 from the reflected electric field. More generally, let q be a vector parameterization for α, β, γ with values ranging over some admissible set Q. We assume that we have measurements Ẽ = {Ẽ_i} of the electric field E at z = 0 for times {t_i}. Then we consider the least squares estimation problem of minimizing over q ∈ Q the criterion J(Ẽ, q) = Nt∑ i=1 |E(t_i, 0; q) − Ẽ_i|^2 (13)

where E(t_i, 0; q) are solutions corresponding to q of (11), (12) evaluated at (t, z) = (t_i, 0).

The minimization in our parameter estimation problems involves an infinite dimensional state space and approximations must be made to obtain solutions. We thus consider Galerkin type approximations in the context of the variational formulation (11). Solving the associated approximate estimation problems, we obtain a sequence of estimates {q̄^N } where N is an index of approximation - see [11, Chapter 5] for a general description and convergence results for similar problems. For the problems considered here, parameter estimate convergence and continuous dependence (with respect to the observations {Ẽ_i}) results can be given under certain assumptions but involve nontrivial extensions of arguments such as those found in [8, 11]. These will be given elsewhere.

One can also give more general convergence results which allow function space approximation of the parameter set for α, β, γ directly. These ideas provide a sound theoretical basis for the reconstruction of conductivity and the general kernel in the polarization equation (6) and will also be discussed fully elsewhere.

It is well known that evaluation of electric and magnetic fields in the microwave range is computationally expensive in the time domain. To minimize the number of function evaluations, an iterative Trust Region algorithm [15] was employed in solving the above minimization problem in a series of computational examples we used to test our ideas. In addition to good convergence properties, the algorithm has the potential to provide a global minimum for our problem. We combined the trust region algorithm

ELECTROMAGNETIC DISPERSION

with a piecewise linear spline approximation scheme for the states in (11) to produce the numerical results reported in the next section.

4 Numerical Results

In some preliminary computational examples, we have tested the ideas presented above with a special case of (6), the so-called Debye model for polarization. Specifically, we replaced D given in (2) by D = ϵ(z)E + P where ϵ(z) = ϵ_0 for z ∉ Ω̃, ϵ(z) = ϵ_0ϵ_∞ for z ∈ Ω̃ and P is given by

τṖ + P = ϵ_0(ϵ_s − ϵ_∞)E, (14)

where ϵ_s and ϵ_∞ are the static relative permittivity and high frequency relative permittivity, respectively, and τ is the relaxation time. This definition for D allows for some instantaneous polarization in Ω̃ and maintains parameterization equivalent to that found in the frequency domain literature. The theory presented above readily treats this modification.

We first carried out a series of simulations for the electric field corresponding to a time “windowed” point source input at the boundary point z = 0 given by

J (t, z) = −δ(z)χ_{[0,tf ]} sin ωt. (15)

We present below a series of figures depicting the field at various times for one such example. These calculations were performed using piecewise linear splines in the state approximation with an approximation index of N = 450. Time stepping was discretized with Δt = 33. × 10^{−5} nsec. The input is one pulse with a pulse duration of 3.33 nsec. The carrier frequency f = ω/2π was given by f = 1.8 × 10^9 Hz and parameters ϵ_s = 35, ϵ_∞ = 5, τ = 1 × 10^{−11}, c = 3.0 × 10^8 were used in the simulation depicted. The slab was located in Ω̃ = [z_1, z_2] = [.33, .89] and Figure 2 depicts the incoming pulse before it has reached the slab. Figure 3 is a plot of E(t, z) at t = 5 nsec. and the field at this time consists of the partially reflected (at the z = z_1 interface) field in free space and the partially transmitted field inside the slab. In Figure 4 we see the initiation of precursor formation (the familiar Brillouin precursors) in the slab while Figure 5 reveals a clearer precursor pair formulation. Numerous simulations similar to these were carried out and compared to other methods (e.g., Fourier series solutions) to verify the accuracy of our computational packages before we began testing of the inverse problem algorithms.

Figure 2: Electric Field E at Time t = .7 nsec.

Figure 3: Electric Field E at Time t = 5 nsec.

ELECTROMAGNETIC DISPERSION

Figure 4: Electric Field E at Time t = 7 nsec.

Figure 5: Electric Field E at Time t = 10 nsec.

To test our inverse algorithms, we used simulations as described above to generate “simulated data” - see [10] for a general description of this procedure for testing inverse algorithms - to which “relative noise” was added before it was employed as “observations” in (13). We report here briefly on one such test. The simulated data was generated with “true” values (“water” - see [2]): σ^∗ = 10^{−5}, τ^∗ = 8.1×10^{−12}, ϵ^∗_s = 80.1, ϵ^∗_∞ = 5.5 with f = 1.8 × 10^9 Hz as the carrier frequency in (15) and pulse duration of t_f = 3.3 nsec. “Data” was produced over the time interval [0, T ] with T = 10 nsec and sampling at t_i = i~Δt, i = 1, . . . , 100, ~Δt = .1 nsec. Several different levels of relative noise were added to test performance of the algorithm in the presence of increasing noise.

For no noise in the data, the algorithm essentially converged from initial estimates σ^0 = 1.5 × 10^{−5}, τ^0 = 10 × 10^{−12}, ϵ^0_s = 73, ϵ^0_∞ = 6, to the true values τ̄ ≈ τ^∗, ϵ̄_s ≈ ϵ^∗_s , ϵ̄_∞ ≈ ϵ^∗_∞ with the exception for σ̄ = 0. It was found in this case as well as in other tests that the data was such that the algorithm either converged to σ̄ = 0 with convergence to ϵ̄_∞ ≈ ϵ^∗_∞ or to σ̄ ≈ σ^∗ with ϵ̄_∞ = 0. That is, sensitivity of the solutions to σ and ϵ_∞ in this range of values tested was such that it was not possible to identify σ and ϵ_∞ independently. Results for several levels of noise are presented in the table below. As expected, the performance deteriorated with increasing noise levels.

Noise Estimated Values Level σ̄ τ̄ ϵ̄_s ϵ̄_∞ 2% 1.69 × 10^{−5} 8.43 × 10^{−12} 79.88 0 3% 9.29 × 10^{−5} 8.9 × 10^{−12} 79.8 0 5% 9.47 × 10^{−5} 9.8 × 10^{−12} 79.64 0

Table 1: Estimated Parameters in the Presence of Noise

Acknowledgement

The authors are grateful to Dr. Richard Albanese for numerous enlightening discussions and suggestions on the efforts presented here.

References

[1] R.A. Albanese, R.L. Medina and J.W. Penn. Mathematics, medicine and microwave, Inverse Problems, 10 (1994), 995-1007.

[2] R. Albanese, J. Penn and R. Medina. Short-rise-time microwave pulse propagation through dispersive biological media, J. of Optical Society of America A, 6 (1989), 1441-1446.

ELECTROMAGNETIC DISPERSION

[3] R. Assous, P. Degond, E. Heintze, P. A. Raviart and J. Segr., On a finite-element method for solving the three-dimensional Maxwell equations, J. of Computational Physics, 109 (1993), 222-237.

[4] H.T. Banks. Representations for solutions of linear functional differential equations, J. Differential Eqns, 5 (1969), 399-409.

[5] H.T. Banks and J.A. Burns. Hereditary control problems: Numerical methods based on averaging approximations, SIAM Journal on Control & Optimization, 16 (1978), 169-208.

[6] H.T. Banks, S. Gates, G.I. Rosen and Y. Wang. The identification of a distributed parameter model for a flexible structure, ICASE Report 86- 71, NASA Langley Res. Center, Hampton, VA, September 1986; SIAM Journal on Control & Optimization, 26 (1988), 743-762.

[7] H.T. Banks and K. Ito. A unified framework for approximation and inverse problems for distributed parameter systems, Control Theory and Advanced Technology, 4 (1988), 73-90.

[8] H.T. Banks, K. Ito and Y. Wang. Well-posedness for damped second order systems with unbounded input operators, Differential and Integral Equations, 8 (1995), 587-606.

[9] H.T. Banks, M.Q. Jacobs, and C.E. Langenhop. Characterization of the controlled states in W^1_2 of linear hereditary systems, SIAM J. Control, 13 (1975), 611-649.

[10] H.T. Banks and K. Kunisch. Estimation Techniques for Distributed Parameter Systems. Boston: Birkhäuser, 1989.

[11] H.T. Banks, R.C. Smith and Y. Wang. Smart Material Structures:

Modeling, Estimation and Control. Paris/Chichester: Masson/J. Wiley, 1996.

[12] H.T. Banks and Yun Wang. Damage detection and characterization in smart material structures, CRSC-TR93-17, N. C. State University, November 1993; in Control and Estimation of Distributed Parameter Systems, Birkhäuser ISNM, 118 (1994), 21-43.

[13] H.T. Banks, Y. Wang, D.J. Inman and J.C. Slater. Approximation and parameter identification for damped second order systems with unbounded input operators, CRSC-TR93-9, N. C. State University, May 1993; Control: Theory and Advanced Technology, 10 (1994), 873-892.

[14] R.S. Beezley and R.J. Krueger. An electromagnetic inverse problem for dispersive media, J. Math. Phys., 26 (1985), 317-325.

[15] J.E. Dennis Jr. and Robert B.Schnabel. Numerical Methods for Unconstrained Optimization. Princeton, NJ: Prentice Hall, 1983.

[16] G. Duvaut and J. L. Lions. Inequalities in Mechanics and Physics.

Heidelberg: Springer-Verlag, 1976.

[17] E.H. Grant, R.J. Sheppard and G.P. South. Dielectric Behavior of Biological Molecules in Solution. London: Oxford University Press, 1978.

[18] J.D. Jackson. Classical Electrodynamics,, 2nd Ed. New York: John Wiley & Sons, 1975.

[19] B.V. Kapitonov. Stabilization and exact boundary controllability for Maxwell’s equations, SIAM J. Control and Optimization, 32 (1994), 408-420.

[20] K.A. Kime. Boundary controllability of Maxwell’s equations in a spherical region, SIAM J. of Control and Optimization, 28 (1990), 294- 319.

[21] J. Lagnese. Exact boundary controllability of Maxwell’s equations in a general region, SIAM J. of Control and Optimization, 27 (1989), 374-388.

[22] T.M. Roberts and M. Hobart. Energy velocity, damping, and elementary inversion, J. Opt. Soc. Amer. A, 9 (1992), 1091-1101.

[23] D.L. Russell. The Dirichlet-Neumann boundary control problem associated with Maxwell’s equations in a cylindrical region, SIAM J. of Control and Optimization, 24 (1986), 199-229.

[24] J.A. Stratton. Electromagnetic Theory. New York: McGraw-Hill, 1941.

Center for Research in Scientific Computation, N.C. State University, Raleigh, NC 27695-8205

Center for Research in Scientific Computation, N.C. State University, Raleigh, NC 27695-8205

Mathematical Products Division, Armstrong Laboratory/OES, Brooks AFB, TX 78235

Communicated by John Lund