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Weak Attractor for Damped Abstract
Nonlinear Hyperbolic Systems*

Gabriella A. Pintér

Abstract

This paper is concerned with a class of damped abstract non-
linear hyperbolic systems that arise in the study of certain smart
material structures. The present work can be considered as a con-
tinuation of the work of H.T Banks, D.S.Gilliam and V.I. Shubov in
which the existence and uniqueness of weak solutions for this class
of systems was recently established. In particular, with the addi-
tion of one technical assumption, we prove the existence of a weak
dynamical system, a weak compact global attractor, the existence
of a global Lyapunov function and make some statements concern-
ing the asymptotic behavior of solutions for these systems. We note
that, even though the existence of a strong dynamical system for
this class has not been proven, it would not imply the existence of
a weak dynamical system which is typically harder to characterize.
The advantage of a weak dynamical system is that it is often easier
to prove the existence of the weak compact attractor.

Key words: abstract hyperbolic systems, weak dynamical system, weak compact
attractor

AMS Subject Classifications: 35B40

1 Introduction

In this work we consider a class of abstract nonlinear damped hyperbolic
systems evolving in a complex separable Hilbert space. This class of non-
linear systems, first studied in the recent papers [3, 4], arise as dynamical
models for smart material structures, or more precisely, for elastomers.
These are rubber based products with a variety of applications in modern
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material sciences. One such application is the development of active and
passive vibration devices. The nonlinearity in these systems comes from
a nonlinear relationship between stress and strain that these elastomers
are known to exhibit. The study of these systems is also important for
the development of computational methodologies for the identification and
control of smart material structures. For a detailed discussion see [4, 6].

The class of systems can be described by damped nonlinear hyperbolic
equations of the form

wy + A1w + Aswy + N g(Nw) = f(t) (1.1)
w(0) = o (1)
we(0) = ¢y (1.3)

in a separable Hilbert space H. The equation is actually to hold in the sense
of a larger space V* the dual of V. Here A;, A> and A/ are unbounded linear
operators, g is a continuous nonlinear operator in H and f is a, possibly
distributional, external forcing term. Precise conditions on the spaces and
operators involved are given in Section 3.

The global in time existence and uniqueness of the weak solution for the
problem (1.1)-(1.3) was established in [3, 4]. As a continuation of this work,
we have adopted all the notation introduced in [4]. In [4] the authors were
primarily interested in proving existence and uniqueness of solutions, there-
fore they did not treat the question of whether the systems define a weak
or strong dynamical system, nor did they consider the asymptotic behav-
ior of solutions. In the present work we examine some of these issues and
show, in particular, that the problems define a weak dynamical system and
prove the existence of a weak compact attractor. We note that it is usually
easier to prove that the system defines a strong dynamical system in the
state space, but theorems guaranteeing the existence of an attractor usu-
ally require proving that the trajectories of the system are precompact in
the state space [8, 10, 13]. This property is essential to insure the existence
of a limit point for bounded trajectories. However, this precompactness is
often difficult to establish. One alternative is to use the weak topology on
the state space, in which case boundedness suffices for precompactness of
the trajectories. This idea was introduced and developed in several papers
[9, 7, 12, 1, 2]. Once the existence of a weak dynamical system is shown,
it is sufficient to prove that the system is bounded and point dissipative to
insure the existence of a weak compact attractor.

The paper is organized in the following manner. In Section 2 we have
included the necessary definitions and a theorem from [9] which give the
extensions of the usual concepts and statements to weak dynamical sys-
tems. In Section 3 we give all necessary assumptions about the problem
(1.1)-(1.3). In Section 4 (as we mentioned earlier) we prove that (1.1)-(1.3)
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gives rise to a weak dynamical system. In Section 5 we state and prove our
main result concerning the existence of a weak compact attractor. Section
6 is devoted to showing the existence of a Lyapunov function and describing
the asymptotic behavior of weak solutions.

2 Weak Dynamical Systems and Weak Compact At-
tractor

To examine the behavior of weak solutions we introduce the notion of a
weak dynamical system [9, 12].

Definition 2.1 Let X be a reflexive Banach space, and let X denote the
space X endowed with the weak topology. A weak dynamical system on

X is a function T: RT x X — X with the following properties:
(i) T(0)x =z for all x € X.
(i)) T(t + 1)z = T()T (1) for allt,7 € R, z € X.
(iii) T()x :t — T(t)x is continuous from R' into X for fired x € X.
(

(iv) T(t) : x — T(t)x is weakly sequentially continuous for fized t € R*
(i.e. if x, — = weakly in X, then T (t)z,, — T(t)z weakly in X).

In Section 3 we show that (1.1)-(1.3) gives rise to a weak dynamical system

onV x H.

Definition 2.2 A set K C X is a weak compact attractor for T(t)
in X, if it is mazimal, weak compact, invariant and weakly attracts the
bounded sets of X ; i.e. for any bounded set B C X and any e > 0, there is
a ty = to(e, B, K) such that T(t)B C N.(K) for t > ty, where N.(K) is a
weak e-neighborhood of K.

Definition 2.3 The weak dynamical system T(t) is said to be weak point
dissipative if there is a bounded set K C X, which weakly attracts the
points of X.

Definition 2.4 A set K is said to be weakly stable if, for any e > 0,
there is a 6(¢) > 0 such that T(t)Ns(K) C N.(K), for all t > 0.

Theorem 2.1 Let X be a separable reflevive Banach space, T(t) : IRT x
X — X be a weak dynamical system with T(t,.) weak point dissipative.
Also assume that vT(B) (the set of positive semi-trajectories starting from
B) is a bounded subset of X. Then there exists a weak compact attractor
which is weakly stable and weakly connected.
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3 Formulation of Problem

Using the same notations as in [4], we assume that there is a sequence of
separable Hilbert spaces V, Vs, H, V*, V5 that form a Gelfand quintuple
[5, 14]:
Vo Vy = H— V) — V"

The embedding V — V» is dense and continuous with |||y, < ¢||¢|lv for
¢ € Vand Vo, — H is a dense compact embedding with ||¢|| < é|l¢]lv,-
We denote by (, )y« p, etc., the usual duality products [14]. These duality
products are the extensions by continuity of the inner product in H which
is denoted by (, }. The norm in H will be denoted by || - || while those in
V, Vs etc. will have an appropriate subscript. The operators A4; and A
are defined in terms of their sesquilinear forms o; : ¥V xV — C and o :
Vo x Vo — €. That is, A; € E(V, V*),Az € E(V2,V;) and (Aﬂp,l/))v*’v =

a1(, ), (A2, V)vy v, = 02(0,9).
Let L1 denote the space of functions w : [0,7] — H such that

w e CW([O)T]v VZ) n LOO([O)TL V)
(W means weak continuity), and
w; € Cyw ([0, T], H) N L*([0,T], Va),

where the time derivative w; is understood in the sense of distributions
with values in a Hilbert Space (see, e.g., [11]). The space Lt is equipped
with the norm

1/2

T
lwller =ess sup ([lwe(8)]] + lw(®)]lv) + (/0 Ith(t)II?;Zdt> - 31

te[0,T]

Definition 3.1 We say that w € L is a weak solution of the problem
(1.1) - (1.3) if it satisfies the equation:

/ [— (0, (7), 12 (7)) + 01 ((r),1(7)) + 02 (w0, (7), (7)) +
g (Nu(r) ,Nnm)] dr + (wy(8),n(t)) =

= (o1, 1(0) + / () s wodr, (32)

for any t € [0,T] and any n € L, as well as the initial condition

w(0) = go. (3.3)
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Equivalently,

(wie, Mv= v +a1(w,n) + o2 (wi,n) + (gNw), Nn) = (f,m)v; v,

is satisfied for all n € L1 and for almost all t € [0,T].

(3.4)

We make the following assumptions (these assumptions are the same as
in [4] except that in A5) we require the real part of o5 to be strictly coercive
and in A6), since we are interested in the existence of a weak attractor, we
assume that f does not depend on t; moreover, we introduce one additional
assumption A12) ):

A1)

A2)

A3)

Ad)

A5)

A6)
AT)

The form o7 is a Hermitian sesquilinear form: for ¢, € V

a1(e, ) = 01(¥, ).
The form oy is V bounded: for @, € V
o1 (e, ) < ellelvlilly-
The form o is strictly coercive on V: for ¢ € V
Reai(p,¢) = 01(p,9) 2 killelly, ki > 0.
The form o2 is bounded on Vs: for ¢, € Vs

o2 (2, )] < eallellvallllv, -

The real part of o5 is strictly coercive and symmetric on Vs:

Reas(p, @) > kalloll},, k2 >0
Reoa(p,v) = Reoa(1, p), for any ¢, € Vs.

The forcing term f is time-independent, f € V.

The operator N satisfies

N € L(Va, H) with Nl < VE ¢l

and the range of A" on V is dense in H.

Note that (3.11) together with Vs — H implies

N € L(V,H) with [INo]| < VEelly

with k = &k.

(3.9)

(3.10)

(3.11)

(3.12)
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A8) The nonlinear function g : H — H is a continuous nonlinear mapping
of real gradient (or potential) type. This means that there exists a
continuous Frechet-differentiable nonlinear functional G : H — IR*,
whose Frechet derivative G'(¢) € L(H,R') at any ¢ € H can be
represented in the form

G'(p)Y = Re(g(p),) for any ¢ € H. (3.13)
We also require that there are constants C;, Cs, C3 and € > 0 such
that
1
—516_1(161 —o)llell? = C1 < G(p) < Callell* + Cs, (3.14)

where k is from (3.12) and k; from (3.7).
A9) The nonlinear function g also satisfies
lg(@)ll < Cillell + Co, ¢ € H, (3.15)
for some constants C’l, C’g.
An additional condition is necessary for uniqueness of solutions.
A10) For any ¢ € H the Frechet derivative of g exists and satisfies
9'(p) € L(H,H) with ||g'(0) | c(r,20) < Cs. (3.16)
A11) We assume that for any u,v € L, the following inequality is satisfied
for any t € [0,T:

| {Retotvutm) = s utr) - ()
kYN () —NU(T)||2} dt (3.17)

+a (( / lur) — ()P dt)1/2> >0,

where a(£) > 0 is a continuous function in & > 0 such that
i) a(0) =0,
ii) there exists a first derivative such that a'(0) = 0.
Note that (3.17) is satisfied if, for example,
Re(g(p) = 9(¥), =) + kbl — ¥I* > 0 (3.18)

for any ¢,% € H, where k and k; are the constants in (3.12) and
(3.7).

A12) The embedding V — Vs is compact.
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4 The Weak Dynamical System
At this point we recall the following result from [4].

Theorem 4.1 Under conditions A1)-A11) the system (2.1) has a unique
weak solution w € Lt for every initial condition 220 €V xH. The
1

weak solution satisfies

(Weg, M)y+ v + o1 (w,n) + aa(wy,n) + (g Nw), Nn) = (f, W)v;,vz (4.1)
for all m € L1 and for almost all t € [0,T]. Moreover, w € Cyw ([0,T],V).

Using this Theorem we can define the solution operator Sy : V x H —

Y x 'H by
s( 2 )=(mid )

where w is the weak solution of (1.1) corresponding to the initial condition

< 220 ) Now we can prove the following theorem:
1

Theorem 4.2 If conditions A1)-A12) are satisfied, then {St, t > 0,V xH}

is a weak dynamical system in the sense of Definition 2.1.

Proof: It is clear that {S, ¢ > 0,V x H} satisfies the semigroup properties
(i)-(ii) (since by A6) f does not depend on t). Weak continuity in ¢ (i.e.
property (iii) ) also comes immediately from Theorem 4.1. So the main
difficulty lies in establishing property (iv), the weak continuous dependence

on initial conditions. Suppose that < (’02 ) € V x H and ( wn(t) )
Y1 wit(t)
are the corresponding weak solutions of (1.1). We want to show that if

< ig ) . < Z? ) weakly in V x H, then < z;gg ) - ( uii((tt)) )

weakly in V x H, where 5((?) is the weak solution corresponding
t
to < 220 ) To achieve this, we closely follow the steps of the proof of
1

Theorem 6.1. in [4]. There it is shown, that for given initial condition
< ZO > the Galerkin approximations w® (t), w{ (t) satisfy the following
1

inequality:

T
lwf (O + ellw™ @O + kz/o lw (DI}, dr < Clo, v, £,T). (4.2)
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Using the weak convergences w¥ (t) — w(t) in V, wl¥(t) — w(t) in H
and w — w; in L2([0,T],Vs) (see Lemma 5.1. in [4]), and the lower
semicontinuity of norms we get:

T
lwe()[* + ellw(®)]I5 + k2/0 lwe (7)1, dr <

T
lim oo [lwf (D)1 + ellw™ @)1 + k2/ lw? (7)1, dr <
0

C (o, %1, f,T).

n
Since weak convergence of SO% implies norm boundedness, there exist

1
K1, K, such that ||pp]ly < Kp and ||} < Ks. Thus, we can conclude
that there exists C' > 0 depending on K1, Ko, f,T such that

T
lwf (I + ellw™ (B)]5 + k2/0 lw} (7)Il}dr < C(Ky, K, £,T)  (4.3)

for every n > 1. It follows from (4.3) that {w™} is bounded in L*°([0, 7], V)
C L*([0,T),V) and that {w}} is bounded in L?([0,7T],V2). So there exists
a subsequence such that

w" — w weakly in L*([0,T1],V) (4.4)
wi' — wy weakly in L*([0,T1]), Va). (4.5)
Now we can establish the following convergences:

a)
w"(t) — w(t) weakly in Vo (4.6)

uniformly in ¢ € [0, T];

b)
wy (t) — we(t) weakly in H (4.7)

uniformly in ¢ € [0, T7;

c)
wi' — wy strongly in L*([0, T], H); (4.8)

d) there exists h € L?([0,7],H) such that

g(Nw™) — h weakly in L*([0,T], H); (4.9)
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Assuming A12), i.e. V — Vs, is compact, (4.6)-(4.9) can be obtained
by the same arguments as the similar convergences in [4] for Galerkin
approximations, since in that case {w"} C Cw([0,T],V) implies that
{w™} C C([0,T],V2). However, (4.6)-(4.9) can also be established with-
out the assumption A12), but then we have to utilize a different version of
the Ascoli-Arzela Theorem (see [2] p.253). Once the above convergences
are obtained, we can again proceed similarly as in [4] and complete the
proof. The only place where the additional assumption A12) plays a crucial
role (and therefore cannot be omitted) is the following: in the calculations

showing that ( ;u ) is a weak solution corresponding to < io ) we need
t 1
that
w™(0) = @ — o strongly in V. (4.10)

(This is needed for example to get that oz(w™(0),w™(0)) — o2(p0, o))
Since originally ¢ff — o only weakly in V, (4.10) does not necessarily take

place unless we assume that the embedding V — V), is compact.
Q.E.D.

5 Existence of a Weak Attractor

In this section we prove the following theorem:

Theorem 5.1 Under conditions A1)-A12) the weak dynamical system
{St,t > 0,V x H} possesses a weak compact attractor K which is weakly
stable and weakly connected.

Proof: We prove that weak solutions satisfy an inequality which guaran-
tees the boundedness of y*(B) when B C V x H is bounded and the weak
point dissipativeness of the weak dynamical system {S; ¢t > 0,V x H}.
Then by Theorem 2.1 the proof is complete. We proceed formally. Choos-
ing n = wy in (4.1) and taking real part we obtain:

d (1 1
G {3l + J01(00) + GOVw) f + Rea(u ) = Rl by v,

dt 2
(5.1)
where we have used the fact that due to (3.13) we have

d
2 GWw) = Re(g(Nw), N'wy).

Using A5) and multiplying by 2 we get:

d 1
77 Ulwill® + o1 (w,w) + 2G(Nw)} + 2ks [[willy, < 28Jwell, + S5l1f115;-

(5.2)
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Choosing 6 such that ky — 6§ > 0 we get 2(ky — 68)||w][3, > 2(’”'2—57‘5)||wt||2.

Let [ = M Multiplying by e and then integrating from 0 to ¢ we
obtain:

e (0)1? = )P + [ e o (wlo).ws))ds

t t
d 1
ls ls 2
+/0 2¢!* - (GNw(s))ds < _25/0 e || £ ds.
Using integration by parts we have:

e we®)* = llorl* + e'or (w(t), w(t)) — o1 (w(0), w(0))

—/0 le' oy (w(s), w(s))ds + 2" G(Nw(t)) — 2G(Nw(0))

t t
_ / 2el (N w(s))ds < 2—15 / |1 £113ds, (5.3)
0

0
which gives (using A3), A2) ):

lwe (B + krllw ()]} + 2G(Nw(t)) <
e (leull” + erlipoll?y + 2G(Nw(0)))

t t
—H/ el (w(s), w ds+2l/ =DG(Nw(s))ds
0 0

I
— =D £ 113 ds. 4
w5 [N (54)
By A8), A7), A3) we obtain:

1
a1 + llw @l + 2 | -3 = @l - €4 | <
t
e flon? + callolly + 2Cablleull, +2C5] +ler [0 o) s
0
t
+2l/ D (Cokffw(s) ]S + Cs)ds
0

I
+%/0 D £l ds. (5.5)

This gives

A
w6 + <)} < =K + (2103+ WWos ) [ cte-nas
0

10
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t
+26+ L / =D ([u(s)[13 + [lw(5)][2)ds, (5.6)
0

where K = [||@1||2 + 61“()00”%; + 202]{,'”()00“% + 203], and L = lCl + 2l02]€

Lot £ = min(1,e), L = £, K1 = %, Ky = (205 + 1} (26) ) 4

él

and K3 = % With these, using Gronwall’s inequality, we get:
lwe () + [lw(@)]3 < Kie™ + Ka(1 —e™") + K3
t t 1(6—t)
+L1/ ol(s=1) [Kle_ls + Ko(1— 6—13) n K3] efs Lie af g
0
<KieT" + Ky(1—e ) + Ks
t
w / (e*“(K1 ~Ko) + (Ko + K3)e’(8*t>) e ds
0
S Kleilt + K3 + K2(1 — eilt) + Lle% |K1 — K2|t€7”
Ky, + K
+L16%$.

Here only K1 = £ ([lo1]l® + cilloolld + 2C2k|lpoll} + 2C3) depends on the
initial conditions (L, K, K3 are independent of them), so given any ® =

(5.7)

< zo ) € V x 'H and ¢ > 0 there exists a tp > 0 such that for t > tg, we
1

have [e7"K1| < £ and |K; — Kalte™ < £, s0
L
lwe (1> + w3 < e + K3 + Ko + Lie T (Ky + K3) 1" (5.8)

This means that the weak dynamical system is weak point-dissipative, i.e.,
a ball of radius

Ky + K.
R= \/K3 + K +Lle%%
in V x 'H attracts the trajectories starting from any element of V x H. (Ac-
tually, (5.7) shows strong point dissipativeness, which implies weak point
dissipativeness.) The estimate (5.7) also shows that the dynamical system
is bounded. To justify that these estimates are true for the weak solution

we have to consider the Galerkin approximations and their properties (see
Lemma 5.1 [4]). Q.E.D.

6 Asymptotic Behavior of Weak Solutions

Our first observation is that the system (1.1)-(1.3) possesses a Lyapunov
function, i.e. there exist a function F' : V x H — IR such that

F(5: () < F(®) (6.1)
11
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for every ® = ( zo ) €V xH, t > 0. Indeed, take
1

F(( Z )) N %||v||2+%f71(u,u)+G(NU)_Re<f’“)vz*v"2'

For the weak solution < uu)) ) of (1.1)-(1.3), (5.1) gives:
t

d

1 1
E {5“11},5“2 —+ 50’1(’[1},’[11) + G(Nw)} - Re(f: wt)Vg‘,Vz

S —R80'2(1Ut,wt) S _k:z“wt“?/z

Integrating from 0 to t we get:

1 1
§||wt||2 + 50'1(11),10) + G(NU)) - Re(f7w>V§,V2 <

S lwe(O)” + S o1 (w(0), w(0)) + GNw(0)) — Re(f, w(0))v; v,

t
Tk / o, |12, dr,
0

which shows that F' is decreasing, so it satisfies (6.1).
Let w(®) denote the weak w-limit set of & € V x H, i.e.

w(®) = Ny>o (UtZSSt(fb)w) .

Since trajectories are bounded, we know that w(®) is invariant under S,
ie. Si(w(®)) = w(P) (see [9], Lemma 2.1). Since our Lyapunov function is
bounded on compact subsets of V x H and the map ¥ — F(¥) — F(S:(¥))
is lower semicontinuous in V x ‘H, where V x H is equipped with the weak
topology, it follows that if ¥ € w(®) then

F(Sy(¥)) = F(T) for all t > 0, (6.2)

i.e., in the w-limit set the Lyapunov function is constant along trajectories
(see [7], Proposition 3.1.). However, our Lyapunov function can satisfy

(6.2) only if ¥ = < 4

0 > is a stationary solution of (1.1). So we arrive at

the following:

Theorem 6.1 Let ( v
Wt

any sequence {tp}, t, — 00, there exists a subsequence again denoted by

{t.} such that
(o) )=v=(7)

12

) be the weak solution of (1.1)-(1.3). Then for
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weakly in V X H as t, — oo, where ¥ is a stationary solution of (1.1).
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