Journal of Mathematical Systems, Estimation, and Control © 1998 Birkhäuser-Boston Vol. 8, No. 2, 1998, pp. 1–14

Weak Attractor for Damped Abstract Nonlinear Hyperbolic Systems^�

Gabriella A. Pintér

Abstract This paper is concerned with a class of damped abstract nonlinear hyperbolic systems that arise in the study of certain smart material structures. The present work can be considered as a continuation of the work of H.T Banks, D.S.Gilliam and V.I. Shubov in which the existence and uniqueness of weak solutions for this class of systems was recently established. In particular, with the addition of one technical assumption, we prove the existence of a weak dynamical system, a weak compact global attractor, the existence of a global Lyapunov function and make some statements concerning the asymptotic behavior of solutions for these systems. We note that, even though the existence of a strong dynamical system for this class has not been proven, it would not imply the existence of a weak dynamical system which is typically harder to characterize. The advantage of a weak dynamical system is that it is often easier to prove the existence of the weak compact attractor.

Key words: abstract hyperbolic systems, weak dynamical system, weak compact attractor

AMS Subject Classifications: 35B40

1 Introduction

In this work we consider a class of abstract nonlinear damped hyperbolic systems evolving in a complex separable Hilbert space. This class of nonlinear systems, first studied in the recent papers [3, 4], arise as dynamical models for smart material structures, or more precisely, for elastomers. These are rubber based products with a variety of applications in modern

�Received November 5, 1996; received in final form June 26, 1997. Summary appeared in Volume 8, Number 2, 1998. This paper was presented at the Conference on Computation and Control V, Bozeman, Montana, August 1996. The paper was accepted for publication by special editors John Lund and Kenneth Bowers.

material sciences. One such application is the development of active and passive vibration devices. The nonlinearity in these systems comes from a nonlinear relationship between stress and strain that these elastomers are known to exhibit. The study of these systems is also important for the development of computational methodologies for the identification and control of smart material structures. For a detailed discussion see [4, 6].

The class of systems can be described by damped nonlinear hyperbolic equations of the form

w_{tt} + A_1w + A_2w_t + N^∗g(N w) = f(t) (1.1)

w(0) = φ_0 (1.2)

w_t(0) = φ_1 (1.3)

in a separable Hilbert space H. The equation is actually to hold in the sense of a larger space V^∗ the dual of V. Here A_1, A_2 and N are unbounded linear operators, g is a continuous nonlinear operator in H and f is a, possibly distributional, external forcing term. Precise conditions on the spaces and operators involved are given in Section 3.

The global in time existence and uniqueness of the weak solution for the problem (1.1)-(1.3) was established in [3, 4]. As a continuation of this work, we have adopted all the notation introduced in [4]. In [4] the authors were primarily interested in proving existence and uniqueness of solutions, therefore they did not treat the question of whether the systems define a weak or strong dynamical system, nor did they consider the asymptotic behavior of solutions. In the present work we examine some of these issues and show, in particular, that the problems define a weak dynamical system and prove the existence of a weak compact attractor. We note that it is usually easier to prove that the system defines a strong dynamical system in the state space, but theorems guaranteeing the existence of an attractor usually require proving that the trajectories of the system are precompact in the state space [8, 10, 13]. This property is essential to insure the existence of a limit point for bounded trajectories. However, this precompactness is often difficult to establish. One alternative is to use the weak topology on the state space, in which case boundedness suffices for precompactness of the trajectories. This idea was introduced and developed in several papers [9, 7, 12, 1, 2]. Once the existence of a weak dynamical system is shown, it is sufficient to prove that the system is bounded and point dissipative to insure the existence of a weak compact attractor.

The paper is organized in the following manner. In Section 2 we have included the necessary definitions and a theorem from [9] which give the extensions of the usual concepts and statements to weak dynamical systems. In Section 3 we give all necessary assumptions about the problem (1.1)-(1.3). In Section 4 (as we mentioned earlier) we prove that (1.1)-(1.3)

NONLINEAR HYPERBOLIC SYSTEMS

gives rise to a weak dynamical system. In Section 5 we state and prove our main result concerning the existence of a weak compact attractor. Section 6 is devoted to showing the existence of a Lyapunov function and describing the asymptotic behavior of weak solutions.

2 Weak Dynamical Systems and Weak Compact Attractor

To examine the behavior of weak solutions we introduce the notion of a weak dynamical system [9, 12].

Definition 2.1 Let X be a reflexive Banach space, and let X̃ denote the space X endowed with the weak topology. A weak dynamical system on X̃ is a function T: IR^+ × X̃ → X̃ with the following properties:

(i) T (0)x = x for all x ∈ X.

(ii) T (t + τ)x = T (t)T (τ)x for all t, τ ∈ IR^+, x ∈ X.

(iii) T (.)x : t → T (t)x is continuous from IR^+ into X̃ for fixed x ∈ X.

(iv) T (t) : x → T (t)x is weakly sequentially continuous for fixed t ∈ IR^+ (i.e. if x_n → x weakly in X, then T (t)x_n → T (t)x weakly in X).

In Section 3 we show that (1.1)-(1.3) gives rise to a weak dynamical system on V × H. Definition 2.2 A set K ⊂ X̃ is a weak compact attractor for T (t) in X̃, if it is maximal, weak compact, invariant and weakly attracts the bounded sets of X̃; i.e. for any bounded set B ⊂ X and any ε > 0, there is a t_0 = t_0(ε, B, K) such that T (t)B ⊂ Ñ_ε(K) for t ≥ t_0, where Ñ_ε(K) is a weak ε-neighborhood of K.

Definition 2.3 The weak dynamical system T(t) is said to be weak point dissipative if there is a bounded set K ⊂ X̃, which weakly attracts the points of X.

Definition 2.4 A set K is said to be weakly stable if, for any ε > 0, there is a δ(ε) > 0 such that T (t)Ñ_δ(K) ⊂ Ñ_ε(K), for all t ≥ 0.

Theorem 2.1 Let X be a separable reflexive Banach space, T (t) : IR^+ × X → X be a weak dynamical system with T (t, .) weak point dissipative. Also assume that γ^+(B) (the set of positive semi-trajectories starting from B) is a bounded subset of X. Then there exists a weak compact attractor which is weakly stable and weakly connected.

3 Formulation of Problem

Using the same notations as in [4], we assume that there is a sequence of separable Hilbert spaces V, V_2, H, V^∗, V^∗_2 that form a Gelfand quintuple [5, 14]: V → V_2 → H → V^∗_2 → V^∗. The embedding V → V_2 is dense and continuous with ‖φ‖_{V2} ≤ c‖φ‖_V for φ ∈ V and V_2 → H is a dense compact embedding with ‖φ‖ ≤ c̃‖φ‖_{V2} . We denote by ⟨ , ⟩_V�_{,V} , etc., the usual duality products [14]. These duality products are the extensions by continuity of the inner product in H which is denoted by ⟨ , ⟩. The norm in H will be denoted by ‖ · ‖ while those in V, V_2 etc. will have an appropriate subscript. The operators A_1 and A_2 are defined in terms of their sesquilinear forms σ_1 : V × V → Cl and σ_2 : V_2 × V_2 → Cl . That is, A_1 ∈ L(V, V^∗), A_2 ∈ L(V_2, V^∗_2 ) and ⟨A_1φ, ψ⟩_V�_{,V} = σ_1(φ, ψ), ⟨A_2φ, ψ⟩_V�_{2 ,V2} = σ_2(φ, ψ).

Let L_T denote the space of functions w : [0, T ] → H such that

w ∈ C_W ([0, T ], V_2) ∩ L^∞([0, T ], V)

(W means weak continuity), and

w_t ∈ C_W ([0, T ], H) ∩ L^2([0, T ], V_2),

where the time derivative w_t is understood in the sense of distributions with values in a Hilbert Space (see, e.g., [11]). The space L_T is equipped with the norm

‖w‖_{LT} = ess sup_{t∈[0,T ]} (‖w_t(t)‖ + ‖w(t)‖_V ) + (∫_T 0 ‖w_t(t)‖^2_{V2} dt )_{1/2} . (3.1)

Definition 3.1 We say that w ∈ L_T is a weak solution of the problem (1.1) – (1.3) if it satisfies the equation: ∫_t 0 [ − ⟨w_τ (τ), η_τ (τ)⟩ + σ_1 (w(τ), η(τ)) + σ_2 (w_τ (τ), η(τ)) +

+⟨g (N w(τ)) , N η(τ)⟩ ] dτ + ⟨w_t(t), η(t)⟩ =

= ⟨φ_1, η(0)⟩ + ∫_t 0 ⟨f(τ), η(τ)⟩_V�_{2 ,V2} dτ, (3.2) for any t ∈ [0, T ] and any η ∈ L_T , as well as the initial condition

w(0) = φ_0. (3.3)

NONLINEAR HYPERBOLIC SYSTEMS Equivalently, ⟨w_{tt}, η⟩_V�_{,V} + σ_1(w, η) + σ_2(w_t, η) + ⟨g(N w), N η⟩ = ⟨f, η⟩_V�_{2 ,V2} (3.4) is satisfied for all η ∈ L_T and for almost all t ∈ [0, T ].

We make the following assumptions (these assumptions are the same as in [4] except that in A5) we require the real part of σ_2 to be strictly coercive and in A6), since we are interested in the existence of a weak attractor, we assume that f does not depend on t; moreover, we introduce one additional assumption A12) ):

A1) The form σ_1 is a Hermitian sesquilinear form: for φ, ψ ∈ V σ_1(φ, ψ) = σ_1(ψ, φ). (3.5) A2) The form σ_1 is V bounded: for φ, ψ ∈ V |σ_1(φ, ψ)| ≤ c_1‖φ‖_V ‖ψ‖_V . (3.6) A3) The form σ_1 is strictly coercive on V: for φ ∈ V Re σ_1(φ, φ) = σ_1(φ, φ) ≥ k_1‖φ‖^2_V , k_1 > 0. (3.7) A4) The form σ_2 is bounded on V_2: for φ, ψ ∈ V_2 |σ_2(φ, ψ)| ≤ c_2‖φ‖_{V2} ‖ψ‖_{V2} . (3.8) A5) The real part of σ_2 is strictly coercive and symmetric on V_2: Re σ_2(φ, φ) ≥ k_2‖φ‖^2_{V2} , k_2 > 0 (3.9) Re σ_2(φ, ψ) = Re σ_2(ψ, φ), for any φ, ψ ∈ V_2. (3.10) A6) The forcing term f is time-independent, f ∈ V^∗_2 . A7) The operator N satisfies N ∈ L(V_2, H) with ‖N φ‖ ≤ √ ~k ‖φ‖_{V2} (3.11) and the range of N on V is dense in H.

Note that (3.11) together with V_2 → H implies N ∈ L(V, H) with ‖N φ‖ ≤ √ k ‖φ‖_V (3.12) with k = c̃^2k̃.

A8) The nonlinear function g : H → H is a continuous nonlinear mapping of real gradient (or potential) type. This means that there exists a continuous Frechet-differentiable nonlinear functional G : H → IR^1, whose Frechet derivative G^′(φ) ∈ L(H, R^1) at any φ ∈ H can be represented in the form G^′(φ)ψ = Re⟨g(φ), ψ⟩ for any ψ ∈ H. (3.13) We also require that there are constants C_1, C_2, C_3 and ε > 0 such that − 1 2 k^{−1}(k_1 − ε)‖φ‖^2 − C_1 ≤ G(φ) ≤ C_2‖φ‖^2 + C_3, (3.14) where k is from (3.12) and k_1 from (3.7).

A9) The nonlinear function g also satisfies ‖g(φ)‖ ≤ ~C_1‖φ‖ + ~C_2, φ ∈ H, (3.15) for some constants C̃_1, C̃_2.

An additional condition is necessary for uniqueness of solutions. A10) For any φ ∈ H the Frechet derivative of g exists and satisfies g^′(φ) ∈ L(H, H) with ‖g^′(φ)‖_{L(H,H)} ≤ ~C_3. (3.16) A11) We assume that for any u, v ∈ L_T , the following inequality is satisfied for any t ∈ [0, T ]: ∫_t 0 { Re⟨g(N u(τ)) − g(N v(τ)), N u(τ) − N v(τ)⟩ +k_1k^{−1}‖N u(τ) − N v(τ)‖^2 } dt (3.17)

+a ((∫_t 0 ‖u(τ) − v(τ)‖^2 dt )_{1/2}) ≥ 0, where a(ξ) ≥ 0 is a continuous function in ξ ≥ 0 such that i) a(0) = 0, ii) there exists a first derivative such that a^′(0) = 0.

Note that (3.17) is satisfied if, for example,

Re⟨g(φ) − g(ψ), φ − ψ⟩ + k_1k^{−1}‖φ − ψ‖^2 ≥ 0 (3.18) for any φ, ψ ∈ H, where k and k_1 are the constants in (3.12) and (3.7).

A12) The embedding V → V_2 is compact.

NONLINEAR HYPERBOLIC SYSTEMS

4 The Weak Dynamical System

At this point we recall the following result from [4].

Theorem 4.1 Under conditions A1)-A11) the system (2.1) has a unique

weak solution w ∈ L_T for every initial condition ( φ_0 φ_1 ) ∈ V × H. The weak solution satisfies ⟨w_{tt}, η⟩_V�_{,V} + σ_1(w, η) + σ_2(w_t, η) + ⟨g(N w), N η⟩ = ⟨f, η⟩_V�_{2 ,V2} (4.1) for all η ∈ L_T and for almost all t ∈ [0, T ]. Moreover, w ∈ C_W ([0, T ], V).

Using this Theorem we can define the solution operator S_t : V × H → V × H by S_t ( φ_0 φ_1 ) = ( w(t) w_t(t) ) , where w is the weak solution of (1.1) corresponding to the initial condition ( φ_0 φ_1 ) . Now we can prove the following theorem:

Theorem 4.2 If conditions A1)-A12) are satisfied, then {S_t, t ≥ 0, V ×H} is a weak dynamical system in the sense of Definition 2.1.

Proof: It is clear that {S_t, t ≥ 0, V × H} satisfies the semigroup properties (i)-(ii) (since by A6) f does not depend on t). Weak continuity in t (i.e. property (iii) ) also comes immediately from Theorem 4.1. So the main difficulty lies in establishing property (iv), the weak continuous dependence

on initial conditions. Suppose that ( φ^n_0 φ^n_1 ) ∈ V × H and ( w^n(t) w^n_t (t) ) are the corresponding weak solutions of (1.1). We want to show that if ( φ^n_0 φ^n_1 ) → ( φ_0 φ_1 ) weakly in V × H, then ( w^n(t) w^n_t (t) ) → ( w(t) w_t(t) )

weakly in V × H, where ( w(t) w_t(t) ) is the weak solution corresponding to ( φ_0 φ_1 ) . To achieve this, we closely follow the steps of the proof of

Theorem 6.1. in [4]. There it is shown, that for given initial condition ( ψ_0 ψ_1 ) the Galerkin approximations w^N (t), w^N_t (t) satisfy the following

inequality:

‖w^N_t (t)‖^2 + ε‖w^N (t)‖^2_V + k_2 ∫_T 0 ‖w^N_τ (τ)‖^2_{V2} dτ ≤ C̃(ψ_0, ψ_1, f, T ). (4.2)

Using the weak convergences w^N (t) ⇁ w(t) in V, w^N_t (t) ⇁ w_t(t) in H and w^N_t ⇁ w_t in L^2([0, T ], V_2) (see Lemma 5.1. in [4]), and the lower semicontinuity of norms we get:

‖w_t(t)‖^2 + ε‖w(t)‖^2_V + k_2 ∫_T 0 ‖w_τ (τ)‖^2_{V2} dτ ≤

lim_{N→∞}‖w^N_t (t)‖^2 + ε‖w^N (t)‖^2_V + k_2 ∫_T 0 ‖w^N_τ (τ)‖^2_{V2} dτ ≤ C̃(ψ_0, ψ_1, f, T ). Since weak convergence of ( φ^n_0 φ^n_1 ) implies norm boundedness, there exist K_1, K_2 such that ‖φ^n_0 ‖_V ≤ K_1 and ‖φ^n_1 ‖ ≤ K_2. Thus, we can conclude that there exists C > 0 depending on K_1, K_2, f, T such that

‖w^n_t (t)‖^2 + ε‖w^n(t)‖^2_V + k_2 ∫_T 0 ‖w^n_τ (τ)‖^2_{V2} dτ ≤ C(K_1, K_2, f, T ) (4.3)

for every n ≥ 1. It follows from (4.3) that {w^n} is bounded in L^∞([0, T ], V) ⊂ L^2([0, T ], V) and that {w^n_t } is bounded in L^2([0, T ], V_2). So there exists a subsequence such that w^n −→ w weakly in L^2([0, T ], V) (4.4) w^n_t −→ w_t weakly in L^2([0, T ]), V_2). (4.5) Now we can establish the following convergences: a) w^n(t) → w(t) weakly in V_2 (4.6) uniformly in t ∈ [0, T ]; b) w^n_t (t) → w_t(t) weakly in H (4.7) uniformly in t ∈ [0, T ]; c) w^n_t → w_t strongly in L^2([0, T ], H); (4.8) d) there exists h ∈ L^2([0, T ], H) such that g(N w^n) → h weakly in L^2([0, T ], H); (4.9)

NONLINEAR HYPERBOLIC SYSTEMS

Assuming A12), i.e. V → V_2 is compact, (4.6)-(4.9) can be obtained by the same arguments as the similar convergences in [4] for Galerkin approximations, since in that case {w^n} ⊂ C_W ([0, T ], V) implies that {w^n} ⊂ C([0, T ], V_2). However, (4.6)-(4.9) can also be established without the assumption A12), but then we have to utilize a different version of the Ascoli-Arzela Theorem (see [2] p.253). Once the above convergences are obtained, we can again proceed similarly as in [4] and complete the proof. The only place where the additional assumption A12) plays a crucial role (and therefore cannot be omitted) is the following: in the calculations

showing that ( w w_t ) is a weak solution corresponding to ( φ_0 φ_1 ) we need

that w^n(0) = φ^n_0 → φ_0 strongly in V_2. (4.10)

(This is needed for example to get that σ_2(w^n(0), w^n(0)) → σ_2(φ_0, φ_0).) Since originally φ^n_0 → φ_0 only weakly in V, (4.10) does not necessarily take place unless we assume that the embedding V → V_2 is compact. Q.E.D.

5 Existence of a Weak Attractor

In this section we prove the following theorem:

Theorem 5.1 Under conditions A1)-A12) the weak dynamical system {S_t, t ≥ 0, V × H} possesses a weak compact attractor K which is weakly stable and weakly connected.

Proof: We prove that weak solutions satisfy an inequality which guarantees the boundedness of γ^+(B) when B ⊂ V × H is bounded and the weak point dissipativeness of the weak dynamical system {S_t, t ≥ 0, V × H}. Then by Theorem 2.1 the proof is complete. We proceed formally. Choosing η = w_t in (4.1) and taking real part we obtain: d dt { 1 2 ‖w_t‖^2 + 1 2 σ_1(w, w) + G(N w) } + Re σ_2(w_t, w_t) = Re⟨f, w_t⟩_V�_{2 ,V2}

(5.1) where we have used the fact that due to (3.13) we have d dt G(N w) = Re⟨g(N w), N w_t ⟩. Using A5) and multiplying by 2 we get: d dt { ‖w_t‖^2 + σ_1(w, w) + 2G(N w) } + 2k_2‖w_t‖^2_{V2} ≤ 2δ‖w_t‖^2_{V2} + 1 2δ ‖f‖^2_V�_2 .

(5.2)

Choosing δ such that k_2 − δ > 0 we get 2(k_2 − δ)‖w_t‖^2_{V2} ≥^{2(k2−δ)}_{c̃} ‖w_t‖^2. Let l =^{2(k2−δ)}_{c̃} . Multiplying by e^{lt} and then integrating from 0 to t we obtain:

e^{lt}‖w_t(t)‖^2 − ‖w_t(0)‖^2 + ∫_t 0 e^{ls} d ds σ_1(w(s), w(s))ds

+ ∫_t 0 2e^{ls} d ds (GN w(s))ds ≤ 1 2δ ∫_t 0 e^{ls}‖f‖^2_V�_2 ds. Using integration by parts we have:

e^{lt}‖w_t(t)‖^2 − ‖φ_1‖^2 + e^{lt}σ_1(w(t), w(t)) − σ_1(w(0), w(0)) − ∫_t 0 le^{ls}σ_1(w(s), w(s))ds + 2e^{lt}G(N w(t)) − 2G(N w(0))

− ∫_t 0 2le^{ls}G(N w(s))ds ≤ 1 2δ ∫_t 0 e^{ls}‖f‖^2_V�_2 ds, (5.3)

which gives (using A3), A2) ):

‖w_t(t)‖^2 + k_1‖w(t)‖^2_V + 2G(N w(t)) ≤ e^{−lt} ( ‖φ_1‖^2 + c_1‖φ_0‖^2_V + 2G(N w(0)) )

+l ∫_t 0 e^{l(s−t)}σ_1(w(s), w(s))ds + 2l ∫_t 0 e^{l(s−t)}G(N w(s))ds

+ 1 2δ ∫_t 0 e^{l(s−t)}‖f‖^2_V�_2 ds. (5.4)

By A8), A7), A3) we obtain:

‖w_t(t)‖^2 + k_1‖w(t)‖^2_V + 2 [ − 1 2 k^{−1}(k_1 − ε)k‖w(t)‖^2_V − C_1 ] ≤

e^{−lt} [ ‖φ_1‖^2 + c_1‖φ_0‖^2_V + 2C_2k‖φ_0‖^2_V + 2C_3 ] + lc_1 ∫_t 0 e^{l(s−t)}‖w(s)‖^2_V ds

+2l ∫_t 0 e^{l(s−t)}(C_2k‖w(s)‖^2_V + C_3)ds

+ 1 2δ ∫_t 0 e^{l(s−t)}‖f‖^2_V�_2 ds. (5.5)

This gives ‖w_t(t)‖^2 + ε‖w(t)‖^2_V ≤ e^{−lt}K + ( 2lC_3 +

‖f‖^2_V�_2 2δ ) ∫_t 0 e^{l(s−t)}ds

NONLINEAR HYPERBOLIC SYSTEMS

+2C_1 + L ∫_t 0 e^{l(s−t)}(‖w(s)‖^2_V + ‖w_s(s)‖^2)ds, (5.6)

where K = [ ‖φ_1‖^2 + c_1‖φ_0‖^2_V + 2C_2k‖φ_0‖^2_V + 2C_3 ] , and L = lc_1 + 2lC_2k.

Let ε̃ = min(1, ε), L_1 =^L_{ε̃} , K_1 =^K_{ε̃} , K_2 = ( 2lC_3 + ‖f‖^2_V�_2 (2δ)^{−1}

)_1 ε̃l and K_3 =^{2C1}_{ε̃} . With these, using Gronwall’s inequality, we get:

‖w_t(t)‖^2 + ‖w(t)‖^2_V ≤ K_1e^{−lt} + K_2(1 − e^{−lt}) + K_3

+L_1 ∫_t 0 e^{l(s−t)} [ K_1e^{−ls} + K_2(1 − e^{−ls}) + K_3 ] e ∫_t s L1e^l(^θ�^t) dθds ≤ K_1e^{−lt} + K_2(1 − e^{−lt}) + K_3

+L_1 ∫_t 0 ( e^{−lt}(K_1 − K_2) + (K_2 + K_3)e^{l(s−t)} ) e^{L1l} ds ≤ K_1e^{−lt} + K_3 + K_2(1 − e^{−lt}) + L_1e^{L1l} |K_1 − K_2|te^{−lt}

+L_1e^{L1l}

K_2 + K_3 l . (5.7)

Here only K_1 =^1_{ε̃} ( ‖φ_1‖^2 + c_1‖φ_0‖^2_V + 2C_2k‖φ_0‖^2_V + 2C_3 ) depends on the initial conditions (L_1, K_2, K_3 are independent of them), so given any Φ = ( φ_0 φ_1 ) ∈ V × H and ε > 0 there exists a t_0 > 0 such that for t > t_0, we

have |e^{−lt}K_1| <^ε_2 and |K_1 − K_2|te^{−lt} <^ε_2 , so

‖w_t(t)‖^2 + ‖w(t)‖^2_V ≤ ε + K_3 + K_2 + L_1e^{L1l} (K_2 + K_3) l^{−1}. (5.8)

This means that the weak dynamical system is weak point-dissipative, i.e., a ball of radius R = √ K_3 + K_2 + L_1e^{L1}l

K_2 + K_3 l in V × H attracts the trajectories starting from any element of V × H. (Actually, (5.7) shows strong point dissipativeness, which implies weak point dissipativeness.) The estimate (5.7) also shows that the dynamical system is bounded. To justify that these estimates are true for the weak solution we have to consider the Galerkin approximations and their properties (see Lemma 5.1 [4]). Q.E.D.

6 Asymptotic Behavior of Weak Solutions

Our first observation is that the system (1.1)-(1.3) possesses a Lyapunov function, i.e. there exist a function F : V × H → IR such that

F (S_t (Φ)) ≤ F (Φ) (6.1)

G.A. PINTÉR

for every Φ = ( φ_0 φ_1 ) ∈ V × H, t ≥ 0. Indeed, take F (( u v )) = 1 2 ‖v‖^2 + 1 2 σ_1(u, u) + G(N u) − Re⟨f, u⟩_V�_{2 ,V2} . For the weak solution ( w w_t ) of (1.1)-(1.3), (5.1) gives: d dt { 1 2 ‖w_t‖^2 + 1 2 σ_1(w, w) + G(N w) } − Re⟨f, w_t⟩_V�_{2 ,V2} ≤ − Re σ_2(w_t, w_t) ≤ −k_2‖w_t‖^2_{V2} .

Integrating from 0 to t we get: 1 2 ‖w_t‖^2 + 1 2 σ_1(w, w) + G(N w) − Re⟨f, w⟩_V�_{2 ,V2} ≤ 1 2 ‖w_t(0)‖^2 + 1 2 σ_1(w(0), w(0)) + G(N w(0)) − Re⟨f, w(0)⟩_V�_{2 ,V2} −k_2 ∫_t 0 ‖w_τ ‖^2_{V2} dτ, which shows that F is decreasing, so it satisfies (6.1).

Let ω(Φ) denote the weak ω-limit set of Φ ∈ V × H, i.e.

ω(Φ) = ∩_{s≥0} ( ∪_{t≥s}S_t(Φ)^w ) . Since trajectories are bounded, we know that ω(Φ) is invariant under S_t, i.e. S_t(ω(Φ)) = ω(Φ) (see [9], Lemma 2.1). Since our Lyapunov function is bounded on compact subsets of V × H and the map Ψ → F (Ψ) − F (S_t(Ψ)) is lower semicontinuous in V × H, where V × H is equipped with the weak topology, it follows that if Ψ ∈ ω(Φ) then

F (S_t(Ψ)) = F (Ψ) for all t ≥ 0, (6.2)

i.e., in the ω-limit set the Lyapunov function is constant along trajectories (see [7], Proposition 3.1.). However, our Lyapunov function can satisfy (6.2) only if Ψ = ( ψ 0 ) is a stationary solution of (1.1). So we arrive at the following:

Theorem 6.1 Let ( w w_t ) be the weak solution of (1.1)-(1.3). Then for any sequence {t_n}, t_n → ∞, there exists a subsequence again denoted by {t_n} such that ( w(t_n) w_t(t_n) ) → Ψ = ( ψ 0 )

NONLINEAR HYPERBOLIC SYSTEMS

weakly in V × H as t_n → ∞, where Ψ is a stationary solution of (1.1).

Acknowledgement

The author is very grateful to Professor D.S. Gilliam and Professor V.I. Shubov for their valuable suggestions, continuous support and encouragement during the preparation of this paper.

References

[1] J. Ball. Stability theory for an extensible beam, J. Diff. Eqns., 14 (1973), 399-418.

[2] J. Ball. On the asymptotic behavior of generalized processes, with applications to nonlinear evolution equations, J. Diff.Eqns, 27 (1978), 224-265.

[3] H.T. Banks, D.S. Gilliam, and V.I. Shubov. Well-posedness for a one dimensional nonlinear beam, CRSC-TR94-18, October, 1994, to appear in Computation and Control IV. Boston: Birkhäuser.

[4] H.T.Banks, D.S. Gilliam, and V.I. Shubov. Global solvability for damped nonlinear hyperbolic systems, CRSC-TR95-25, August, 1995, Differential and Integral Equations 10 (1997), 309-332.

[5] H. T. Banks, K. Ito, and Y. Wang. Well-posedness for damped second order systems with unbounded input operators, CRSC-TR93-10, June 1993, Differential and Integral Equations, 8 (1995), 587–606.

[6] H.T. Banks, R.C. Smith, Y. Wang. Smart Material Structures, Modeling, Estimation and Control. Paris: Wiley, Masson, 1996.

[7] C.M. Dafermos. Asymptotic behavior of solutions of evolution equations, in Nonlinear Evolution Equations. New York: Academic Press, 1978.

[8] J. Hale. Asymptotic Behavior of Dissipative Systems. Providence, RI:

American Mathematical Society, 1988.

[9] J. Hale and N. Stavrakakis. Compact attractors for weak dynamical systems, Applicable Analysis, 26 (1988), 271-287.

[10] O.A. Ladyzhenskaya. Attractors for Semigroups and Evolution Equations. Cambridge: Cambridge University Press, 1991.

[11] J.L. Lions. Optimal Control of Systems Governed by Partial Differential Equations. New York: Springer-Verlag, 1971.

[12] M. Slemrod. Asymptotic behavior of a class of abstract dynamical systems, J. Diff. Eqns., 7 (1970), 584-600.

[13] R. Temam. Infinite-Dimensional Dynamical Systems in Mechanics and Physics. New York: Springer Verlag, 1988.

[14] J. Wloka. Partial Differential Equations. Cambridge: Cambridge Univ. Press, 1992.

Department of Mathematics, Texas Tech University, Lubbock, TX 79409 Communicated by John Lund