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Local Controllability of a Nonlinear Shallow
Spherical Shell*

M.E. Bradley
February 26, 1998

Abstract

We consider the problem of local controllability from the origin
for a coupled nonlinear shell via boundary controls.

1 Introduction and Problem Statement

We consider the problem of controlling a nonlinear model of a thin, shallow
spherical shell from the origin to a point in some neighborhood of the origin
by means of boundary controls. The motion of the shell in question is
described by the following system of nonlinear equations in @ = (0, pg) X
(0, 00):

Uy + FU + b2 (p)us — L(u) + HTA’w' — % L(v)
v

, (1.1)
wie — e(v' + 2)e + b3 (p)we + £[L(v)p]
2(1
~ (o) + L - S0 — Lwspy =
where we have introduced the notation,
v=%+uw; s=N+9Ny; N=u' -% I%’UQ; } (1.2)
No=7—%; Lw)=u"+ 45— 25

Here, R denotes the radius of the middle surface of the spherical cap,
v € (-1, %) is Poisson’s ratio, v and w represent meridional and radial
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displacements, respectively, with respect to arclength, p = Rf. We assume
the shallowness condition for this shell, 8 € [0,6y], where 8y is sufficiently
small so that sinfly = 6y and py = Rfy < % Since this is a problem
in one spatial dimension, we denote differentiation with respect to p by
', The functions b; € L*(0,pp) represent a light damping in the system
and are assumed to be positive (but not necessarily uniformly positive) on
(0, po). Moreover, we assume that these functions are “sufficiently small”
in L*(0, pp), as will be described more fully later. Also, e = %hz, where h
is the thickness of the shell.

To control from the origin to a point, we impose the initial conditions

U(O, ) =0, ut(0>' ) =0, ’IU(O, ) =0, wt(o)' ) =0. (13)

We will control the shell by means of boundary controls, implemented
through moments and forces applied to the open edge of the shell, while
keeping the shell clamped at the apex:

v=w=w'=0, at p=0 for t>0 (1.4)
and
S =a
ev' =ay at p = po, t > 0. (1.5)
eL(v) —vs —evy =as

In order to handle the nonconstant, singular coefficients in this model,
we will need to adapt the traditional Sobolev spaces to incorporate these
factors. We now recall the appropriate weighted Sobolev spaces, which
were first introduced with regard to the linear problem associated with
(1.1) in [8].

Function spaces

The first step is to introduce an appropriate replacement for the space
L?(0, po). This space will be the pivot space for finding the duals of the
other Hilbert spaces, soon to be introduced.

Po 2
L%(O,po) with norm ||u||i% = {/0 u?p dp} . (1.6)

We now describe what will be the state space for our variable u:

u

NG

lulls = { I [“7 ¥ <u'>2p} dp}%. (18)

ui.m) = {u s vEe LOm, w0 =0, ()

with norm
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Note that since % and u'\/p are in L2(0, po), we have that uu’ € L'(0, po)
and hence the function
P d

p
%(UQ)dr =u?(po) + 2/ uu'dr (1.9)
PO

Po

u?(p) = u?(po) +

is absolutely continuous on [0, pg]. In particular, this implies that «(0) is
well-defined for all u € Z/{;.
For the variable w, we define the space:

W2(0,p0) = {w : wy/p € Ly(0,p0), w €U0, p0)} (1.10)

with norm .

Po 2
by = { [ wtoap + 10ty ) (1.11)
0

By the same argument as was used for w, we have that w € Wg implies
that w is absolutely continuous on [0, po].

We define the product space which will be the state space for the velocity
terms, [ug, we] by:

Vi0,p0) = {(u,w) € L2x L2 : v=2%+w €L0,p)
(1.12)
or, equivalently, w' € L2(0,po)}
with norm )
1w, w)llvy = {llullfs + lwllZs +ellvll32}2. (1.13)

For the space of the controls, we define 4 = [L?([0,T]; R,,)]*, where

3 3 @i ; .
R7, is the usual R° with a weight of po:

(I, 12, 15], [kl,kz,kg])Rizo = (liky + laka + I3k3)po. (1.14)

Finally, we introduce the state space for the system, £, which is defined
as
E=Uy x W x V). (1.15)

Note : We will henceforth drop the specification (0, pp) in the notation
of the above spaces.

2 Statement of the Main Result

We now state the main theorem of this paper.
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Theorem 2.1 The system (1.1) with b;(p) sufficiently small, is locally con-
trollable from the origin on the space € = Upl X Wg X Vp1 within the class

of controls a € U for T > Tg, where Ty is the time for exact controllabil-
ity for the linearized system corresponding to (1.1). That is to say, given
homogeneous initial data,

U(O,p) = 'lU(O,p) = ut(O,p) = 'lUt(O,p) =0 (21)

and T > T(), there exist boundary controls a € U such that the reachable
set for the system (1.1) contains some ball of radius R > 0 in the space &:

{[w(T, p), w(T, p), ue(T, p), w(T, p)] : a € U} D Br(E). (2.2)

Remark: We note that the system (1.1) is well-posed for the time reversed
system, t— — t. Consequently, we have for b?(p)— — b?(p) that this is
equivalent to driving a sufficiently small initial state to the origin in time
T > Ty.

An outline for the proof is as follows. First, we develop the abstract
formulation of the system (1.1) in terms of the underlying semigroup. We
will then prove exact controllability for the linearized system corresponding
to (1.1), extending the results in [14] to the present model. Following this,
we prove that the nonlinear abstract model is well-posed on a space E which
is norm equivalent to £. We then will construct a control to state mapping
and prove that this mapping is a homeomorphism of a neighborhood of the
origin in the control space U onto a neighborhood of the origin in the state
space E.

3 Abstract Formulation of the System (1.1)

In order to prove the main result, we will use a technique developed first
by Lee and Markus (see [10]) for systems of ordinary differential equations.
This technique has since been adapted for infinite dimensional systems.
(See, for example, [5, 12, 6]. We note that the results in [6] correspond
to global controllability results. This work is also quite beneficial for the
current problem, with modifications on the assumptions). To employ this
technique, we first must put the system (1.1) into an abstract o.d.e. frame-
work over the Hilbert spaces defined above. To do this, we will recall several
operators, which have previously been developed in [8, 14] for the linear
system and in [1] for the nonlinear system.

The operators A, M,B and P. Let the operators A, M and B be as
in [8] and P as in [14]. We recall here some of the properties of these
operators. By Section 3 in [8], we have that
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(i) A i;}lpositive, self-adjoint on L7 x L2, continuous on U} x W2 — U} x
W .
P )

(ii) M is positive, self-adjoint on L2 x L2, and is an isomorphism V) onto
V3l (duality w.r.t. L2 x L?);

(ili) E= D(Az) x D(M?=) is norm equivalent to & = U} x W? x V%;

u —u(po)
(iv) B~ [ ] = | —v(po) | : D(AY?) =U} x W2—R3 .
b w(po)

From [14], we have that P is a self-adjoint perturbation on L? x L2, which
satisfies
L 2 2., 72 :
P:U, x W;— Ly x L7 is continuous. (3.1)

Note: Throughout this work, the notation || - || without subscript will de-
note the operator norm over the appropriate space(s) as indicated by the
operator in question.

The nonlinear boundary operator f. We define the nonlinear operator
f:D(AY?)—R3  as in [1]:

—30%(po) u
flu) = 0 ,ou = (ww); v = 54w, (3:2)
0 R
Then we have that
(Bf@, [;ﬁ] ) = S ol (3.3)

Moreover, by [1](Lemmas 4.1 & 4.2), we have that f, as defined in (3.2) is
continuous on D(A'/?)—R3 and is Frechét differentiable with derivative,

[(3 +w') (5 + 75)](po)
Df(u)h] = 0 . heD(AY?). (3.4)
0

The nonlinear operator F. We define the operator F : D(AI/Q)—>[V;]'
as in [1]:
L=y 5 9

1
(fuyg) = _(’Ulvagl)L% - T(v ’ p)L?J + E(vsygl)Lg
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1+
’y(vza g2)L/2J + (’US,gé)L%
1
ha ’y(v27g2)L/2,

2R
]_ —
= —Wva)y - 5700 g -
+ (08, 09)1, (3.5)
where (-, ) represents the duality pairing between Vp1 and [Vpl]’, u= (u,w),
= F+o.
By Lemmas 5.1 & 5.2 in [1], we have that F : D(A1/2)—>[V;]’ is

g = (91,92) and v,
continuous and continuously Frechét differentiable, with derivative given

(L =) (vvn, &)z
- HTWhQ]avg)Lg

by
(DF@b].g) =~ ([v'vn + voj).g1)z
- G von, )iy + (vlby + A8
(3.6)

+ (vn(v? + 8),v9)r2
for g € V; and with v, = h—R1 + R}, where h = (hy, hs) € V;.
Remark: We note that both Df(u) and DF(u) are continuous near the
origin, with Df(0) = 0 in R} and DF(0) =0in [V,]".
We now introduce the perturbation operator, P : V;—>L3 X L%, which

is bounded and self-adjoint over L2 x L2:
u '\ _ (bp) 0 u
&(w>—( 0 1 )\ w) (37)

Combining the above definitions proves
Proposition 3.1 The abstract second order model of the system (1.1) with

= —Flw (38)

u=(u,w) and a € U is given by
Mu, + (A+P)v + Py, + B(a) + B(f(u)
where the operators A, B, M, and P are as in [8] and f, F and P, are

defined in (3.2), (3.5) and (3.7), respectively.

The first-order model corresponding to (3.8) is
(0 ) = [acten o] (2) -7 (0)
dt u,; _Mil(A + P) 0 u, 2 u, (3 9)
- 5@ - B =5 ( L),
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or equivalently,

() = A(w) + Po(w) + B(a) + BI) + F(w),  (3.10)

where u = (u,u,) € E. Here, for convenience, we have introduced the
boundary operator B : U/—[E]’, the interior nonlinear operator F; :
E—E and the perturbation operator Py : E—E, which are defined as:

B() = ( _M—OlB(-) ): Pa(u) = ( —M‘lOPg(ut) )

and  Fi(u) = ( _Mﬂf(u) )

4 Proof of Main Result

(3.11)

Exact controllability of linearized system

It was proven in [14] that the linearized version of system (3.10) with the
operator Po =0 (i.e. Py = f = F =0), is exactly controllable on the space
E. We extend this result to the linearized system for (3.10) with P, # 0.

Lemma 4.1 Let b3(p) and b3(p) sufficiently small in L>(0, po). Then the
linear system (3.10) with f = F =0, given by

w(t) = Au(t) + Pau(t) + B(a), u(0) =uy =0, (4.1)

is exactly controllable on the space E in time T > To sufficiently large.
This Ty is related to the constants Ty, C of equation (4.3) in [14] by

- 1
To=To + 5”732” (4.2)
Proof: Since P, : C([0,T]; E)—C([0,T]; E) is a self-adjoint, lower order

perturbation of the operator A, the “controllability inequality” (see (4.3)
in [14]) becomes

T
/ |1B*e* (T=Dn||,dt + |Pih||s > Cr||hlls  forallhe E, (4.3)
0
so that

T
/0 IB*eA T Dhjdt > (Cr— 1P h]le (4.4)

Cr|],
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where Cp = C(T = Ty) > 0 and Cr = C(T — Ty — ZIPs1) > 0 as long as
T>Ty+ LIP5l =To+ S [1Pa] (4.5)
0+ Pl =To + P2l .

But this holds whenever (||b7(p)|lL=(0,p0) + 1103(P)||L>(0,p0)) 18 sufficiently
small. In particular, (4.4) implies that the perturbed system, (4.1) is ex-
actly controllable using the same controls as for the unperturbed system
(i.e. with Py =0).

Remark: Since P is a lower order perturbation of the operator A, we
may include it as part of the generator of the semigroup for the linearized
system:

A=A+ P (4.6)

For use in the proof of Theorem 2.1, we introduce four operators which
will simplify the writing of the solution to (3.10). Similar operators are
developed in the arguments found in [6] for a global controllability result
concerning semilinear waves.

Let (La)(t) : U—C(]0,T]; E) be given by

(La)(t) = /0 eAt=T)B(a(r))dr (4.7)
and Lra = (La)(T). Also, let (Ru)(t) : C([0,T]; E)—C([0,T];E) be
given by .

(Ru)(t) = /0 A=) y(r)dr (4.8)

with Rru = (Ru)(T'). With these definitions and Lemma 4.1, we have the
continuity of the operators £, L7, R, Rr, and in particular,

L1 : U{—E is continuous
and (4.9)
Rr : C([0,T]; E)—E is continuous.

Lemma 4.2 Well-posedness. Let

[u(O,p),w(O,p),ut(O,p),wt(O,p)] =w €k

be given and let a € U. Then the system (1.1) admits a unique weak solution
ll(t) = ['U/(t, p)v w(ta p)a Ut (ta p): we (t7 p)] € C([07 T]7 E) .

Proof: By the results of [1], we have a solution of the form:
u(t) = etug + La + f(w))(t) + RFi(u)(t), (4.10)

8
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where £ and R are as in (4.7) and (4.8), respectively.

Construction of the control to state map. By Lemma 4.1, we know
that given any desired terminal state, u(7) = up, for the system (4.1)
there exists a control a € U so that

Lra = (La)(T) = ur. (4.11)

We note that by its very nature, a € [N(Lr)]* C U, which denotes the
orthogonal compliment of the null space of L7 in U:

U=N(Lr)®NLr)*. (4.12)

Here, @ denotes the orthogonal decomposition of ¢//. We will follow the
notation as in [6], defining the pseudoinverse,

LF = (Lrlweepyr) " E—N (L)), (4.13)
where
L7 ey = L restricted to [NV (Lp)]*,
ETE# = Identity on E,

(4.14)
L¥ L1 =TIy = orthogonal projection of E onto [N(Lr)]*,

| £F L7 = Identity on [NV(L7)]*.

We will henceforth restrict our attention to controls a € [N(Lr)]*, re-
defining our problem to consider only this subset of the controls. We note
that once such a control is found for our system, any control a € &/ which
produces the desired terminal state may be written in the form IIta = a
with a € [./\/’(ACT)]‘L

We now return to the solution to the nonlinear system, (3.10), which is
guaranteed to exist by Lemma 4.2:

u(t) = La(t) + Lf(u(a))(t) + RF;(u(a))(t); u(0)=uy=0, (4.15)
where a € [N (L7)]*. Defining the control to state map My : Y—E by
Mryp(a) = Lra+ Ly f(u(a)) + ReFi(u(a)), (4.16)

we wish to show that there exist constants, », R > 0 such that My :
B,(IN(Lr)]*)—Bg(E) is a homeomorphism. To do this, we will employ
the implicit function theorem for Banach spaces (see [2]).

We first show that M7 (0) = 0. Since up = 0 and a = 0 together imply
that u(t) = 0, and since F;(0) =0 and f(0) = 0, we have M7 (0) = 0.
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Differentiability of the Map M.
To prove that Mt is Frechét differentiable in a neighborhood of the
origin, we will need the following lemma.

Lemma 4.3 The solution u(t) = u(a,t) is differentiable with respect to
the control a in a neighborhood of the origin, with derivative,

d

d—: = [[ — £LDf(u) — RDF;(u)] L. (4.17)
Proof: We begin by formally differentiating the equation (4.15) with re-
spect to the control a:

du du du
e L+ ﬁDf(u(a))E + RDfi(u(a))E, (4.18)
or equivalently,
d
[I-LDf - RD}‘i]d—: =L. (4.19)

Claim: The operator, I — LD f(u) — RDF;(u), is boundedly invertible on
a ball of radius R in E, Bz(E), for some R > 0, sufficiently small.

Proof of Claim: Since D f(u) and DF;(u) are both continuously Frechét
differentiable in a neighborhood of the origin, with Df(0) = 0 in ¢ and
DF;(0) =0 in E, we have that, for h € E,

I DFi(w)[h]llc o112y < Crlllulleo,zye) Ml eo,rm) (4.20)

and
1D f(w)h]l, < Ca(llulleo,rm)Bllowo, e (4.21)

where C;(||ullco,11,2))——0 as ||ul|c(po,21,2y—0. In fact, it follows from the
results in [1],that

Ci(llalleo.mimy) = C - (ullcqo,rimy + ||u||g([0,T];E))’
(4.22)

Ca(llalleqo.miey) = C - lulleqoziz)-
Consequently, we may take ||[ul|o o) < R, sufficiently small so that
1—CR||L|| - C(R+ RY)|R| > 0. (4.23)
Then, for u € C([0,T]; B5(E)) we have the invertibility of the operator
[I — LD f(u) — RDF;(u)], as desired.

We can see now that the derivative, 22 as given by (4.18) is well-defined
for a € [N(Lr)]* and may be written as in (4.17), as desired.
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Lemma 4.4 The control to state map, M as defined in (4.16) is Frechét
differentiable in a neighborhood of the origin in [N'(L7)]*, with derivative
DMr(a) given by

DMr(a)[u] = L[] i)
4.24
+{LyDf(u) + ReDFi(u)} [I — LD f(u) — RDF;(w)] " L]y].

Moreover, DMr(0) is well-defined and boundedly invertible for
pe (Lo

Proof: Differentiating equation (4.16) with respect to a, substituting
(4.17) in for 22 gives us (4.4), which is a well-defined and bounded op-

a

erator for ;€ U. Then, for u € [N(L7)]t, we have

DMr(0)[p] = Lrp. (4.25)

Since L is invertible on [N (£7)]", with inverse £, as defined in (4.13),
we have the lemma.

Completion of the proof of Theorem 2.1

By an application of the implicit function theorem, we have that M :
B,(IN(Lr)]*)—Bg(E) is an homeomorphism for some 7, R > 0. This
guarantees the existence of a solution to the equation

Mr(a) =ur (4.26)
for any ur € Bgr(E) via control a € [N'(L7)]*. Consequently, we have the
local controllability of system (3.10), or equivalently, for system (1.1), as
desired.
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