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Abstract

The problem of minimax guaranteed �ltering ��� is considered for
general time�delayed linear systems with uncertain input and out�
put disturbances belonging to a ball in a Hilbert space� information
about initial states being absent� Such problems were regarded un�
der joint constraints for initial states and disturbances in papers
�	� 
� as well� The conditions for in�nite�dimensional informational
sets to be bounded are given� The integral and di�erential evolu�
tionary equations for the parameters of mentioned sets are derived�
and a �nite�dimensional approximation scheme for the problem is
developed�

Key words� minimax guaranteed �ltering� informational sets� hereditary di�er�
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� Introduction

This paper is concerned with the state estimation of a hereditary linear
system� when there are uncertain input and output disturbances belonging
to a ball in a Hilbert space� whereas initial state of the system is completely
unknown	 The uncertain quantities are not modelled as random variables
or stochastic processes	 In this case the initial states and disturbances are
only known to lie in the given convex compacts in appropriate vector spaces	
The estimation problem consists in construction of an informational set
containing all possible states of the system and determined by the system
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dynamics� the bounds on the given ball� and available observation	 This
approach� also known as the process of guaranteed estimation� leads to an
observer in the form of an evolution equation with set�valued solutions	
For linear systems this approach was taken for the �rst time in 
�� �� ��
and independently in 
�� ��	 For systems with delays� the state estimation
problem was studied in 
��� when initial states and disturbances are jointly
constrained by an ellipsoid in a Hilbert space	

Other approaches based on stochastics can be found in papers 
�� ��
��� ���	 It had been usually supposed up till now that either the system
had a more simple form or the joint constraints for the initial states and
disturbances are present	 In paper 
�� the conditions of boundedness for the
informational sets are given in terms of the restoration operator continuity
and the spectral observability of stationary systems without information
about initial states	 However� there was considered only a static problem	
In this work� the initial states for non�stationary equations are assumed
to be also unknown	 The de�ning correlations for the in�nite�dimensional
informational sets are obtained� and the necessary and su�cient conditions
for them to be bounded are given	 These are analogous to the conditions
presented in paper 
���	 The evolutionary equations are derived for the
parameters of the informational sets and their approximations	 Finally�
the �nite�dimensional approximation scheme for the problem is discussed	
In section �� for later use� we derive the de�ning correlations describing
the structure of informational sets	 It is done for an abstract problem in
a Hilbert space	 The obtained formulas are used further in our speci�c
case for the derivation of evolutionary equations in section �	 Section � is
devoted to some technical and numerical aspects of the problem	

� Problem Formulation

Let a linear system with delays be described by the equations�

�x � A�t�xt �B�t�v�t�� y � G�t�xt � C�t�v�t�� t � 
t�� t��� ��	��

where x � Rn� y � Rm is a measurable output vector	 The uncertain vector
function v�t� is constrained by the inequality

kv���kLq
�

t��t�� � �� ��	��

The matrices B�t�� C�t� are supposed to be piecewise continuous with
rank C�t� � m for each t	 The symbol xt is used in formulas ��	�� as the
functional element xt��� � x�t � ��� � � 
�h� ��� belonging to the Hilbert
space

H � Rn � Ln� ��h� ��� ��	��

�
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The linear operator A�t� is de�ned for continuous functions on 
�h��� by the
formula

A�t�xt �

NX
i��

Ai�t�xt��hi� �

Z �

�h

A�t� ��xt���d�� � � h� � � � � � hN � h�

��	��
with the matrices Ai���� A��� �� being piecewise continuous	 The linear
operator G�t� has the same form as in ��	�� with symbol G instead of the
A	

One has to describe the evolution of the in�nite�dimensional informa�
tional set Xt � X �t� y����	

De�nition ��� The informational set Xt � X �t� y���� of states xt��� of
system ����� that are consistent with measurement data y��� � fy���� t� �
� � tg and with inequality ����� is the collection ��� ��	 of all those elements
xt��� � H for each of which there exists a function v��� � Lq��t�� t� satisfying
����� and an initial state xt���� � H that generate the above element xt���
and the given signal y��� in accordance with equations ������

Symbol � will be used further for the designation of the projection
from H onto Rn	 So Xt � �Xt is a �nite�dimensional informational set
considered in paper 
��	 It is well known 
��� that the solution of the �rst
equation ��	�� may be represented as

x�t� � U�t� t���t� ��� �

NX
i��

Z t��hi

t�

U�t� ��Ai������ � hi�d�

�

Z �

�h

Z t���

t�

U�t� ��A��� ����� � ��d�d� �

Z t

t�

U�t� ��B���v���d�� ��	��

where the fundamental matrix U�t� �� is determined by the equation

	U�t� ��
	t � A�t�Ut��� ��� t � �� U�t� t� � I� U�t� �� � �� t � ��
��	��

Equation ��	�� uniquely de�nes 
��� ��� the strongly continuous semigroup
U�t� ��� t � � � in space H with properties�

U�t� ��U��� �� � U�t� ��� � � � � t� U�t� t� � id�

	U�t� ��x
	t � AtU�t� ��x� ��	��

where At is a linear unbounded operator determined by the equality Atx �
�A�t�x� �x���� with everywhere dense in H domain W of de�nition	 The set
W consists of all absolutely continuous n�vector functions whose the deriva�
tives belong to Ln� ��h� ��	 We note that the two�parameter semigroup op�
erator U�t� �� satis�es the di�erential equation in ��	�� not only for x � W �
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but also for all x � H if t� � � h	 In addition� from ��	�� it turns out that
operator U�t� �� under the condition t � � � h being the Hilbert�Schmidt
one has the integral representation

U�t� ��x � �

Z �

�h

U��t� �� �� ������d� � U�t� �� ��l � ��t � � � ��

���t� � � �� 
�h� ����

Z �

�h

U��t� �� ������d� � U�t� ��l�� �h � � � ����	��

Here x � �l� ������ U��t� �� �� is a piecewise continuous function being equal
to zero when t � � � the symbol ���� A� means a characteristic function for
set A	 The semigroup operator U�t� �� enables us to write the formula

z�t� � U�t� t��z� �

Z t

t�

U�t� ����B���v���d�� ��	��

which is equivalent in fact to the representation ��	��	 The integral in ��	��
is taken in Bochner
s sense	 The formula has meaning for each z� � H� but
only for z� � W we have z�t� � W � �t � t�� with the observation operator
G�t�z�t� � G�t�xt being bounded	 We may put

W � f���� ����� � Rn �Hn
� ��h� �� � �� � ����g�

where Hn
� ��h� �� is a Hilbert space of functions with the inner product


�� 
�Hn
�
�

Z �

�h

������
��� � ������ �
����d��

From now on the symbol � means the transposition	 Sometimes for technical
reasons one requires more smooth initial states z� � Rn�Hn

� ��h� ��� where
the Hilbert space Hn

� ��h� �� has the inner product


�� 
�Hn
�
�

Z �

�h

������
��� � ������ �
��� � ������ �
����d��

If so� then de�nition �	� have to be slightly modi�ed	

� The De�ning Correlations for Linear Systems in a

Hilbert Space

Let linear bounded operators Ti � Bi 	 H�Mi � Bi 	 B� i����� be given�
where Bi� i����� B� H are real Hilbert spaces	 Consider equations

x � T��� T�v� y �M���M�v� ��	��

�
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in which the element v is constrained by a priori restriction

kvkB� � �� ��	��

where k � kB� is a norm in space B�	 Introduce some de�nitions	

De�nition ��� A pair ��� v� is said to be consistent with the element y if
the second equality in �
��� and inequality �
��� are ful�lled for this pair�
A set of all consistent pairs will be denoted by �y�

De�nition ��� A set Xy 
 H is called the informational one being con�
sistent with the element y if it is the image of �y according to the �rst
equality in �
���� i�e� Xy � fx � H � x � T��� T�v� ��� v� � �yg�

Given realized element y� the above sets are non�void� convex� and the
set �y is closed	 For further constructions we accept the following

Assumption ��� The operator S �M�M�
� has the continuous inverse

in space B�

Let us introduce a new inner product in space B as 
f� g�� � 
f� S��g��
where 
�� �� is the original product	 The corresponding norm will be denoted
by k � k�	 The following assertion gives the structure of set �y	

Lemma ��� A pair ��� v� � �y i


v � v� � �v� �v � kerM�� v� �M�

�S
���y �M����

kvk� � kv�k� � k�vk� � ��� ��	��

Proof� Note that kv�k � ky �M��k� � �	 If conditions ��	�� hold then
we have kvk � � by virtue of v���v	 Since this fact take place� the second
equality in ��	�� is obvious� and therefore ��� v� � �y	 Let the last inclu�
sion be ful�lled	 In view of correlationsM�v

� � y �M��� v � v� � �v �
kerM�� v���v� we get conditions ��	��	 Q	E	D	

Corollary ��	 An element x � Xy i


x � T�M
�

�S
��y��T��T�M

�

�S
��M����T� �v� ky�M��k

�
��kvk

� � ���
��	��

where  � � id�M�
�S

��M� is the orthogonal projection of B� onto kerM��

Generally� the set Xy is not closed	 However� its support function
��f�Xy� � supf
f� x� � x � Xyg characterizing a convex set with an

�
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accuracy of the closure 
��� may be easily calculated if the following as�
sumption takes place	

Assumption ��
 The element f � H is an observable direction� i�e��
T �� f � imM�

�� where symbol imA means the image of operator A�

It is known 
��� that assumption �	� is equivalent to the inequality

kM��k � �j
f� T���j �� � B�� � � �� ��	��

The calculation of the support function is carried out sequentially	 First
one needs to maximize it in v� next in � with regard to correlations ��	��	
Denote by  the orthogonal projection of B onto imM� with respect to
the inner product 
�� ���	 We have

��f jXy� � supf
f� x� � x � Xyg � 
f� T�M
�
�S

��y� � sup
�
f
�

�S��M�T
�
� f�M��� � ��

� � ky�k�� � k y �M��k
�
��
���
f� Pf ����g

� 
 ��� �id� ��S��M�T
�

� f� y� � �
f� Pf � � k �S�

�M�T
�
� f�k

�
��
������ � ky�k���

���� ��	��

where
y� � �id� �y� P � T� �T

�

� � M�

�� � T
�

� f� ��	��

When calculating we used the elementary equalities maxzf
f� z� � ��� �
kzk�����ag�max�fkfk� � ��� � ������ag � ��kfk� � a�����	 The maxi�
mum here is reached at �� � �kfk�kfk� � a������� z� � ��fkfk��	 So�
the following assertion is true	

Theorem ��� Under assumption 
�� the support function of the set Xy is
�nite and given by formulas �
���� �
����

From this theorem it follows that if assumption �	� is ful�lled for each
f � H� i	e	 imT �� 
 imM�

�� then the set Xy is bounded in the norm 
��� for
every element y � B	 The condition imT �� 
 imM�

� may be called as one
of the continuous observability �cf	 
����	 For non�observable directions we
have

Theorem ��� Given a non�observable direction f � H� the support func�
tion ��f jXy� � �� i
 T �� f�kerM� and ky�k� � �� In the latter case the
set Xy � fxg� i�e� it consists of a single point x�

Proof� If 
T �� f� �� � � for some � � kerM� then it follows from ��	��
that ��f jXy� � ��	 Suppose that T �� f�kerM� and the element f � H is

�
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a non�observable direction	 From ��	�� there exists such a sequence f�ng
that � � nkM��nk � 
f� T��n� �n � �� �� � � �	 Putting ��n � ��n
kM��nk�
qn � ��� ��n� kM�

��nk � � � � we will chose the element �� and the number
�� so that k y�M�qnk�� � ���ky�k�� �n	 We can do it if ky

�k� � �	 By
virtue of the inequality 
f� T� ��n� � �n from ��	��� it immediately follows
that ��f jXy� � ��	 Finally� if ky�k� � �� then Xy � fxg� where x has
the form as in ��	�� with v � �� M�� �  y	 Q	E	D	

For further consideration one needs to examine regular approximations
of the set Xy	

De�nition ��
 A set X �k
y is said to be the �k � informational one if it

consists of all elements x given by formula �
��� under the condition

�k�k�B� � ky �M��k
�
� � kvk

�
B�
� �� � k� ��	��

For every k � � the closed convex sets X �k
y 
� � if the number � is

su�ciently small	 We have inclusion X ��k
y 
 X ��k

y if �� � ��	 Moreover

���� X
�k
y � X �k

y � ��	��

where X �k
y is the set given by ��	��� ��	�� with � � �	 If the condition �	�

holds the support function of the latter set has the form ��	��� ��	�� with
�� � k instead of ��	

Let us �nd the support function of the closed set X �k
y 	 In just the same

way as was done in formula ��	��� we get

��f jX �k
y � � 
f� T�M

�

�S
��y� � sup

�
f
f� �T� � T�M

�

�S
��M���� � ��

�

�k � ky �M��k
�
� � �k�k�����
f� Pf ����g � 
f�Q�

�y� � ��
� � k

�
y� �id� ��y���
���
f�Q�

�f �
���� ��	���

where

Q�
� � T�M

�
�S

���id� �� � T�M�M
�
�S

��� Q�
� � P �K��

 � �M�S��� K� � �T� � T�M
�

�S
��M��M��T

�

� �M
�

�S
��M�T

�

� ��

M� �M�M�M
�
�� M� � �M

�
�S

��M� � �id���� ��	���

The operator Q�
� is self�adjoint and non�negative de�ned	 The following

assertion is true	

Lemma ���� The operators M� and  � from �
���� strongly converge to
M� and  �M�S�� respectively as �	 ��

�
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Proof� The operator  � is self�adjoint as 
 �f� g�� � 
 
�f� S��g� � 
f� �g��	

The operatorM� satisfy the conditions� M�� �M�� if �� � ���

M� � S � �S�� � ���S��M�M
�
�S

����� � S�

Therefore 
���� there exists the strong limit lim���M�f � M�f �f �
whereM� is a bounded self�adjoint operator	 Let us show thatM�S�� �
 � i	e	 the last operator represents the orthogonal projection from formula
��	��	 If f � M�l then 
f� 

�f �� � 
f� f �� � �
l� l� ���
l�M�l�	 Passing
to the limit in this equality we get that the self�adjoint with respect to

�� ��� operator id �M�S�� vanishes on the subspace imM�	 In addition�
M�S��f � � if f � ker�M�

�S
��� � �imM��

�	 Hence� it follows that
M�S�� �  	 So� lim�� �  

�f �  f �f � with the convergence being re�
garded in the norm of space B	 Q	E	D	

From formulas ��	��� ��	��� ��	���� ��	��� and the Lemma �	��� it im�
mediately follows that

lim
�� k� �

��f jX �k
y � � ��f jXy� ��	���

for the observable direction f	 Moreover� if the system ��	�� is continuously
observable� i	e	� imT �� 
 imM�

�� then we have the equivalent equality 
���

T� � !M� ��	���

for some linear bounded operator ! � B 	 H	 Therefore� � � !�f and the
convergence in ��	��� is uniform in all f � kfk � �	 By virtue of the fact
that the Hausdor� distance between convex bounded sets can be expressed
by the support functions 
�� we obtain

Theorem ���� For each element y and k � � the sets X �k
y 	 X �k

y as

�	 � in Hausdor
 metric if the latter set is bounded� Besides� X �k
y 	 Xy

as k 	 � in the same metric�

� The Evolutionary Equations for the Parameters of

the Support Function of the In�nite�Dimensional In�

formational Set

In this section� we return to the original problem for equations ��	�� and
attach the operators of system ��	�� to the concrete form with regard to
formulas ��	�� � ��	��	 We have here B� � H� B� � Lq��t�� t�� B � Lm� �t�� t��
where H is Hilbert space ��	��	 The space W will be endowed with Hn

� or

�
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Hn
� �norm	 The following equalities take place�

T��t� � U�t� t��� T��t�v �

Z t

t�

U�t� ����B���v���d��

M���� � G���U��� t��� M����v � G���T����v � C���v���� ��	��

In these formulas the parameter t is added to the operators Ti� i � �� �	
The point in the designation of the operators Mi� i � �� �� means that
they are functions considered on the time interval 
t�� t�	 Note that the
symbolM�

����� now depends on �� and we have

M�

����� � B����

Z t

�

U �G��� ������d� � C ��������� t� � � � t�

where

UG�t� �� �

NX
i��

Gi�t�U�t�hi� ���

Z �

�h

G�t� ��U�t��� ��d� � G�t�U�t� �����

Therefore� the equality S�t�� � y is the integral equation

S�t����� � L��������� �

Z t

t�

K��� ������d� � y���� t� � � � t� ��	��

where

L����� � C���C ����� K��� �� � C���B����U �G��� ��

�UG��� ��B���C
���� �

Z 	��

t�

UG��� ��B���B
����U �G��� ��d��

� � � � minf�� �g� ��	��

Here the integral kernel K��� �� is a piecewise continuous symmetric matrix
function	 For solving the equation ��	�� let us introduce the resolvent kernel
R��� �� t� as a solution to the matrix integral equations

R��� �� t� �

Z t

t�

K��� ��L���R��� �� t�d� � K��� �� � R��� �� t�

�

Z t

t�

R��� �� t�L���K��� ��d�� ��	��

As it follows from Fredholm theory 
���� the solution to the equation ��	��
being unique has the symmetric property� R���� �� t� � R��� �� t�	 So� with
the help of the resolvent kernel we can write the solution to equation ��	���

���� t� � S���t�y��� � L����y��� �

Z t

t�

R��� �� t�L���y���d��� ��	��

�
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Let equality ��	�� de�ne a family of strongly continuous in t operators
in the space Lm� 
t�� t��	 Then from representation ��	�� we have that the
function R��� �� t� is piecewise continuous in �� � � t � t�	 Moreover� it is
smooth in t	 To be more exact we establish

Lemma ��� Let us assume that a vector function y��� is continuous in a
point t and besides so do the coe�cients of equations ����� in this point�
Then

	S�t�y���
	t jt�t� K��� t�y�t�

and
	���� t�
	t jt�t� �S

���t�K��� t���t� t��

where
���� t� � S���t�y���� y��� � Lm� 
t�� t���

Proof� We get S���t � ��y��� � S���t�y��� � �S���t � ��
S�t � �� �
S�t��S���t�y��� and� therefore� the operator S���t� is strongly continuous
in the point t	 Note that the operator norms kS���t � ��k in Lm� 
t�� t��
are uniformly bounded in the neighborhood of the point t	 So� using the
equalities ��	�� � ��	�� and passing to the limit yields

lim

� �

����� t � ��� ���� t��
� � lim

� �

f�S���t� ��
S�t� ��

�S�t��S���t�y���
�g � �S���t�K��� t���t� t��

Q	E	D	
We can assert that the di�erential equalities of Lemma �	� hold for al�

most all t � 
t�� t��

Corollary ��� The resolvent kernel R��� �� t� satis�es the conditions

	R��� �� t�
	t � �R��� t� t�L�t�R�t� �� t� ��	��

for every given �� �� where function R��� �� is continuous� and all t � � ��
except for a �nite number of points�

Proof� First note from ��	��� ��	�� that

R��� �� t� � L�����S���t�K��� ���

As the matrix function K��� �� is piecewise continuous� we can apply the
Lemma �	� for y��� � K��� �� and ���� t� � L���R��� �� t� with � being
�xed	 Q	E	D	

��
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Consider function R�t� �� t� in more detail	 Formulas ��	��� ��	�� yield

K�t� �� � G�t�UG�t� ��� UG�t� �� � U�t� ���
�B���C ����

�

Z �

t�

U�t� ����B���B����U �G��� ��d�� R�t� �� t� � G�t�F �t� ��L
������

F ��t� �� � S���t�U�G�t� ��� F �t� ��L����� � UG�t� �� �W�t� ���

W�t� �� �

Z �

t�

UG�t� ��L���R��� �� t�d�� ��	��

Now we pass to the derivation of the evolutionary equations	 The above
notations and formulas ��	��� ��	�� produce the following equalities

M����T
�

� �t� � U
�

G�t� ��� P �t� �

Z t

t�

�U�t� ����B���B�����U��t� ��

�UG�t� ��F
��t� ���d��

From Corollary �	� it follows that the term W�t� �� is di�erentiable in t	
Therefore� we get

W�t� �� � U�t� ��W��� �� �

Z t

�

U�t� ��F ��� ��R��� �� ��d��

F ���� �� � L���GP ����

where the designation GP �t� � C�t�B��t���G�t�P �t� is introduced	 Using
formulas ��	��� Fubini
s theorem� and substituting W�t� �� into the expres�
sion for P�t�� we can transform it and come to the conclusion	

Lemma ��� The operator P �t� satis�es the integral equation

P �t� �

Z t

t�

U�t� �����B���B����� � �GP �����L���GP ����U��t� ��d�� ��	��

where the integral term

P�t� �

Z t

t�

U�t� ���GP �����L���GP ���U��t� ��d� ��	��

is uniquely de�ned by the bilinear form


f�P�t�g�H �

Z t

t�

�GP ���U��t� ��f��L���GP ���U��t� ��gd�� ��	���

We have P �t�f � W �f � H� and GP �t� is an integral operator	 There�
fore� the conjugate operator �GP �t��� and the term ��	�� are correctly de�
�ned for almost all t � t�	 Besides� P �t� is strongly continuous in t� and
the inequality

kGP ���U��t� ��fkLm
�

t��t� � kkfkH �f � H ��	���

��
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takes place uniformly in t � 
t�� t��	 The solution to equation ��	�� is unique
in a class of operators with the named properties	

Note that the uniqueness of the solution is proved by using of Gron�
wall
s lemma as it was done in the work 
���	 Moreover� from work 
���
it follows that P �t� � N�

S � where N
�
S is a cone of self�adjoint and non�

negative Hilbert�Schmidt operators in L�H�	 The equation ��	�� may be
called by the integral Riccati one with zero initial conditions	 It can be
easily transformed in a di�erential form	 We also have to be careful when
the terms with G�t� are conjugated because of the unboundedness of the
G�t� on space H	

Now consider operators ��	��� for the approximating sets	 We introduce
the operator

M�t� �� � S���t�M���� � L����G���U��� t��

�

Z t

t�

R��� �� t�L���G���U��� t��d��� ��	���

Di�erentiating with respect to t yields�

	M�t� ��
	t � �L���R��� t� t�L�t�G�t�E�t��

E�t� � U�t� t��� V�t�� V�t� �

Z t

t�

F �t� ��G���U��� t��d�� ��	���

If we di�erentiate the operator V�t� using the �rst equality ��	���� then the
following representation can be obtained

V�t� �

Z t

t�

U�t� ���GP �����L���G���E���d�� ��	���

Doing the same with the operatorM�
����S

��M����� we get

M�

����S
��M���� �

Z t

t�

�G���U��� t���
�M�t� ��d�

�

Z t

t�

�G���E�����L���G���E���d��

Observe that T� � T�M�
�S

��M� � U�t� t���
R t
t�
UG�t� ��M�t� ��d� � E�t�	

Hence� from ��	���� ��	���� ��	��� we have

K��t� � E�t�M��t�E
��t�� M��t� � �

Z t

t�

�G���E�����L���G���

�E���d� � � id���� ��	���

��
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Using the evolutionary representation

E�t� � U�t� ��E��� �

Z t

�

U�t� ��F ��� ��G���E���d�

and di�erentiability ofM��t�� yield

K��t� � U�t� t��U
��t� t���

�� �

Z t

t�

U�t� ���F ��� ��G���K����

��G���K������F ���� �� � L���G���K�����U��t� ��d��

Adding this equality to ��	�� we get

Q�
��t� � U�t� t��U

��t� t���
�� �

Z t

t�

U�t� �����B���B�����

��GQ�
�����

�L���GQ�
�����U

��t� ��d�� ��	���

This integral equation has the same structure as the equation ��	��� but its
initial state is Q�

��t�� � ��� id	 The uniqueness of the solution also takes
place� and it has property ��	��� as in Lemma �	�	 However� Q�

��t�f �
W �f � H� and the operator GQ�

��t� is integral only if t � t��h	 Therefore�
equations ��	���� ��	��� should be understood in a weak sense on the initial
interval 
t�� t� � h� as in ��	���	 In what follows it is necessary to bear this
fact in the mind	

Let us derive an equation for the value

"z��t� � Q�
��t�y � ��t� � ���t�� ��	���

Here we have

��t� � T��t�M
�

����S
��y �

Z t

t�

UG�t� ������ t�d��

���t� � E�t�M��t�M
�
����S

��y�

Using Lemma �	� and taking into account formulas ��	��� ��	��� we get

��t� �

Z t

t�

U�t� ���GP �����L����y��� �G��������d�� ��	���

Note that

M�

����S
��y �

Z t

t�

M��t� ��y���d� �

Z t

t�

M���� ���y��� �G��������d��

��



B	I	 ANAN
EV

From this formula and the evolutionary representation for E�t�� M��t� we
derive the following one�

���t� �

Z t

t�

U�t� ����G���K������L����y��� �G���"z�����

�F ��� ��G���������d��

Now adding the last formula with ��	���� we have

"z��t� �

Z t

t�

U�t� ���GQ�
�����

�L����y��� �G���"z�����d�� ��	���

The linear integral equations ��	���� ��	��� have the unique solution	 The
last one represents the center of the ellipsoidal set X �k

t with the support
function ��	���	 It remains still to get an equation for the value

���t� � 
y� S���id� ��y� �

Z t

t�

y�������� t�d�

�

Z t

t�

y����M�t� ��d�M��t�M
�

����S
��y�

By analogy with the foregoing we have

���t� �

Z t

t�

�y��� �G���"z������L����y��� �G���"z�����d�� ��	���

Now discuss the possibility of passing to the limit as �	 � in equations
��	���� ��	���� ��	���	 Denote by L�X�Y � the set of all bounded linear op�
erators from one Banach space X to another Y� L�X�X� is shortened with
L�X�	 We can prove the following

Theorem ��� Let system ����� be continuously observable at moment
t
 � t� � h that means according to �
��
� the existence of the operator
!�t
� � L�Lm� �t�� t
��H� for which

U�t
 � t�� � !�t
�G���U��� t��� ��	���

Then all the values Q�
��t�� Q

�
��t�� and �

��t� strongly converge for each t � t

to Q��t�� Q��t�� and ��t� respectively� Moreover� these satisfy the equations

Q��t� � U�t� t
�Q��t
�U
��t� t
� �

Z t

t�

U�t� �����B���B�����

��GQ�����
�L���GQ�����U

��t� ��d� �

"z�t� � Q��t�y � U�t� t
�"z�t
� �

Z t

t�

U�t� ���GQ�����
�L����y���

��
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�G���"z����d� �

��t� � ��t
� �

Z t

t�

�y��� �G���"z�����L����y��� �G���"z����d�� ��	���

Proof� First note that system ��	�� will be continuously observable at each
moment t � t
 as the equality like ��	��� holds for the operator !�t� �
U�t� t
�!�t
�	 Using Lemma �	�� we get the following strong limits

lim
�� �

K��t� � �!�t�� T��t�M
�
����S

���M�����!�t� � T��t�M
�
����S

����

� K��t�� lim
�� �

���t� � �!�t�� T��t�M
�

����S
���M����S��y � ���t��

Therefore� the corresponding operators Q�
��t�� Q

�
��t� and value �

��t� also
have the strong limits for every t � t
 	 Moreover� slightly modifying the
proof of Lemma �	�� we can establish the uniform convergence of the con�
tinuous in t functions K��t�f� ���t� with range in H on 
t
 � t�� for arbitrary
t� � t
	 In spite of the operator G�t� for given t is not continuous on H�
using the property Q�

��t�f � W �f � W � we can assert the convergence of
the products G���Q�

���� � L�H� L
m
� �t
 � t���� G���"z

���� in space Lm� �t
 � t��	 It
is su�cient to prove that for the operator G�t�xt � G��t�xt��h� with one
time delay	 Passing to the limit under the integral sign yields the necessary
equations ��	���	 Q	E	D	

Remark ��	 Further we will suppose that moment t
 in ��	��� is increased
by h	 It will give us the opportunity to consider Q��t
� � N

�
S and to write

with the help of the integral representation ��	�� the following formula

Q��t�f � �

Z �

�h

E���t� ������d� �E��t�l�

Z �

�h

E��t� �� ������d�

�E��t� ��l�� t � t
 � ��	���

where f � �l� ����� � H	 Here we have E���t� � E��t� � �� E���t� �� �� �
E��t� �� �� is a non�negative symmetric Hilbert�Schmidt kernel	 We use the
fact that the composition of an integral operator and an arbitrary bounded
one is again an integral operator 
���	

Along with formula ��	��� one can get a representation for "z�t� �
�e�t�� e��t� ��� � H� t � t
� with e��t� �� � Hn

� �see equations ��	��� and
e�t� being absolutely continuous in t	 The inner product 
g�Q��t�f � is also
absolutely continuous in t	 For the corresponding approximate expressions
we will add symbol � to the designations	

In the following section we deduce di�erential equations for Ei and ei	
However� the integral equations ��	��� are more convenient 
��� ��� with a
view to the �nite�dimensional approximation	

To �nish this section let us discuss condition ��	��� of continuous ob�
servability	 This condition is hard enough to check	 Nevertheless� for the

��
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systems with constant coe�cients the following result from 
�� takes place	
The stationary system ��	�� is continuously observable for each su�ciently
large t � �nn� � �n� �� t�� where n is the dimension of the system� i� it
is spectral completely observable� i	e	�

rank

�
G���
#���

�
� n �� � C�

G��� �

NX
i��

Gi exp���hi� �

Z �

�h

G��� exp����d��

#��� � �I �
NX
i��

Ai exp���hi��

Z �

�h

A��� exp����d��

Here C is the set of all complex numbers	

� A Decomposition of the De�ning Correlations and

a Finite�Dimensional Approximation Scheme

In many papers on optimal control for retarded di�erential equations 
��
�� ��� ��� as well as on the estimation problems 
�� for theirs the de�ning
partial di�erential systems are deduced	 In our case it can be easily done	
To this end� we multiply the �rst equation ��	��� from the left by g �
�m�
���� and from the right by f � �l� ������ where g� f � H	 Since the
term Q��t
�U��t� t
�f � W for all f � H� with the help of ��	�� one can
di�erentiate the obtained scalar integral equation for almost all t � t
 	 We
get

d
g�Q��t�f �
dt � 
g�AtQ��t�f � � 
f�AtQ��t�g� � ��g�
�B�t�B��t��f

��GQ��t�g�
�L�t�GQ��t�f�

Substituting here equality ��	��� for Q��t� and varying the elements g� f �
yield ����� � 
��� � ��

�E��t� � A�t�Q��t��
� � �A�t�Q��t��

��� �B�t�B��t�� �C�t�B��t�

�G�t�Q��t��
���L�t��C�t�B��t� � G�t�Q��t��

��� ��	��

where

A�t�Q��t��
� �

NX
i��

Ai�t�E��t��hi� �

Z �

�h

A�t� ��E��t� ��d�� ��	��

The expression G�t�Q��
� has the same form as ��	�� with symbol G instead

of the A	 Besides� we have ����� � �� m � ��

	E��t� ��
	t � 	E��t� ��
	� � �A�t�Q��t�#
������

��G�t�Q��t�#
������L�t��C�t�B��t� � G�t�Q��t��

��� ��	��

��
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and �l � �� m � ��

	E��t� �� ��
	t � 	E��t� �� ��
	� � 	E��t� �� ��
	�

��G�t�Q��t�#
������L�t�G�t�Q��t�#

����� ��	��

Here operator # is a projection from H onto Ln� ��h� ��	 Therefore�

G�t�Q��t�#
���� �

NX
i��

Gi�t�E��t��hi� �� �

Z �

�h

G�t� ��E��t� �� ��d�� ��	��

Equations ��	��� ��	��� ��	�� are to be solved with the initial conditions
E��t
� �� ��� E��t
� ��� E��t
� and the boundary ones

E��t� �� � E��t�� E��t� �� �� � E��t� ��� ��	��

Since the partial di�erential Riccati system ��	��� ��	��� ��	�� arises from
the �rst equation in ��	���� it has a unique and inde�nitely extendable
solution	 Note that the ��approximating operator Q�

��t� satisfying the in�
tegral equation ��	��� can also be represented in the form like ��	��� when
t � t� � h	 So� for the Q�

��t� we can get the partial di�erential system as
for the Q��t�	 But on the initial segment 
t�� t� � h� the operator Q�

��t� is
not integral and not Hilbert�Schmidt	

Let us deduce the di�erential equations for the estimate "z�t� � �e�t��
e��t� ��� � H	 Doing as above� from ��	��� we have

�e�t� � A�t�"z�t� � �C�t�B��t� � G�t�Q��t��
���L�t��y�t��G�t�"z�t���

	e��t� ��
	t � 	e��t� ��
	� � �G�t�Q��t�#
������L�t��y�t�

�G�t�"z�t��� t � t
� ��	��

where

A�t�"z�t� �

NX
i��

Ai�t�e��t��hi� �

Z �

�h

A�t� ��e��t� ��d�� e��t� �� � e�t��

��	��
Using the obtained decomposition we can get the parameters of the �nite�
dimensional set Xt � �Xt	 Under condition ��	��� the support function of
Xt has the form

��l j Xt� � l�e�t� � �� � ��t������l�E��t�l�
���� l � Rn� ��	��

Here vector e�t� and matrix E��t� satisfy equations ��	�� and ��	��	 For
the set Xt to be bounded for all y���� it is necessary and su�cient that

Z t

t�

!�t� ��G���U��� t��d� � �U�t� t��� ��	���

��
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where !�t� �� is a n �m�matrix function with elements from L��t�� t�	 It
is clear that condition ��	��� implies ��	��� as we can set !�t� �� � �!�t�	
But it is not known yet whether condition ��	���� when it is ful�lled for all
t � t
� we will also consider the equation for the optimal approximating
estimate�

"xd�t� � Ud�t�"z��� �

Z t

�

Ud�t� ���GdQ�d����
�L

��y��� �Gd"xd����d��

This �nite�dimensional integral equation may be examined as an approxi�
mation for the initial equation

"z�t� � U�t�"z��� �
R t
�
U�t� ���GQ�����

�L

��y����G"z����d�� ��	���

Now the convergence result can be formulated as follows	

Theorem 	�� For each y��� � Lm� �t�� t�� generated by the system �����
the sequence "xd�t� converges to the solution "z�t� of ������ in the space
C��� t��H� of all continuous functions with the range in H�

For a detailed proof of the theorem� see paper 
���	
We also obtain the convergence of the value

�d�t� � ���� �

Z t

�

�y��� �Gd"xd����
�L�y����Gd"xd����d�

to the initial ��t� from the equation ��	���	 Therefore� from above formulas�
theorems �	�� �	� and results of sections �� � it immediately follows that

��f jXtd� � 
f� "xd�t�� � ��� � �d�t��
���

�
f�Q�d�t�f �
��� 	 ��f jXt�

uniformly in f � kfk � �� as d 	 �	 The approximating informational set
Xtd is calculated for the �nite�dimensional system in Rn
d���

��xd � Ad�xd �Bv� y � �Gd�xd � Cv� t � ��

with xd � Jd�xd � Hd� Xtd � Jd �Xtd	
By virtue of the fact that the Hausdor� distance between convex boun�

ded sets may be expressed by the support functions 
��� we have Xtd 	 Xt�
t � �� as d 	 � in Hausdor� metric� if system ��	�� is continuously
observable in the sense ��	���	

��
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As a numerical example we consider the equations

�x � ��v�t � h�� �x�t� h��� y � �x�t� � ��t��

This system describes the tra�c problem for two transport vehicles	 The
second example deals with the problem of damping for an oscillatory system
with the help of delayed feedback	 The equations are

�x � ���x� cy� y � �x�t� h� � v�t��

Computer simulation results for these examples concerning the evolution
of the approximating informational sets will be published elsewhere	
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